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Gaussian Mixture PHD Smoother for Jump Markov Models in Multiple
Maneuvering Targets Tracking

Wenling Li, Yingmin Jia, Junping Du and Fashan Yu

Abstract— This paper presents a Gaussian mixture prob-
ability hypothesis density (GM-PHD) smoother for tracking
multiple maneuvering targets that follow jump Markov models.
Unlike the generalization of the multiple model GM-PHD
filters, our aim is to approximate the dynamics of the linear
Gaussian jump Markov system (LGJMS) by a best-fitting
Gaussian (BFG) distribution so that the GM-PHD smoother
can be carried out with respect to an approximated linear
Gaussian system. Our approach is inspired by the recognition
that the BFG approximation provides an accurate performance
measure for the LGJMS. Furthermore, the multiple model
estimation is avoided and less computational cost is required.
The effectiveness of the proposed smoother is verified with a
numerical simulation.

I. INTRODUCTION

Tracking of multiple targets in the random finite set (RFS)
formulation has received much attention in the literature, and
multi-target tracking based on RFS have found increasing
applications such as radar tracking, sonar tracking, speaker
tracking and multi-target tracking from image observations.
Based on the finite set statistics (FISST) theory [1], the
problem of tracking an unknown and time-varying number
of targets in the presence of uncertain data association can be
formulated in a rigorous Bayesian framework by constructing
the multi-target transition density and multi-target likelihood
function. However, the optimal multi-target Bayes filter is
generally intractable due to the existence of multiple set
integrals and the combinatorial nature of the multi-target
densities. To alleviate this intractability, the probability hy-
pothesis density (PHD) filter has been proposed as a first
order moment approximation to the multi-target posterior
density [2]. It should be pointed out that the PHD filter
still requires solving multi-dimensional integrals and does
not have closed-form solutions in most practical applications.
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The sequential Monte Carlo (SMC) or particle technique
has been used to implement the PHD filter in [3] and [4].
The main drawbacks of this approach are the large number of
particles and the unreliability of the clustering techniques for
extracting state estimates. To overcome these disadvantages,
the Gaussian mixture PHD (GM-PHD) filter was developed
for linear Gaussian target dynamics and Gaussian birth model
[5], in which the weights, means and covariances are propa-
gated analytically by the Kalman filter (KF). Similar idea has
been extended to accommodate nonlinear target dynamic and
measurement models using the extended Kalman filter (EKF)
and the unscented Kalman filter (UKF). The convergence
properties of two implementations were analyzed in [6] and
[7]. In [6], the convergence results for the mean-square error
as well as weak convergence of the empirical particle mea-
sure to the true PHD measure have been obtained. Specially,
these results show how order of the mean-square error is
reduced as the number of particles increases. As shown in
[7], the GM-PHD filter can approximate the true PHD filter
to any desired degree of accuracy under the linear Gaussian
assumption of the dynamic model. The generalizations to the
jump Makov models have also been proposed for tracking
multiple maneuvering targets in [8]-[11]. As mentioned in
[8], the existing multiple model GM-PHD filters are not
interacting and how can the PHD filter be combined with the
interacting multiple model (IMM) approach [12] remains an
interesting and challenging problem in both theory and prac-
tice. The main difficulty encountered in combining the IMM
approach with the PHD filter is that the mode probabilities
in the IMM cannot be derived in the PHD filter since the
random finite sets are used in the PHD filter. Recently, the
backward smoothing PHD recursion has been derived to im-
prove the tracking performance by employing the physical-
space approach [13]. The particle implementation and the
Gaussian mixture implementation have been carried out in
[14] and [15], respectively. Furthermore, the authors in [16]
extended the particle implementation to the multiple model
PHD recursion. To our knowledge, the GM-PHD smoother
has not been developed for tracking multiple maneuvering
targets.

In this paper, we attempt to propose a fixed-lag GM-
PHD smoother to address the problem of tracking an un-
known and time-varying number of maneuvering targets
with Markovian switching dynamics. We do not adopt the
multiple model scheme since the existing multiple model
GM-PHD filters are not interacting. Instead, our objective
is to approximate the dynamics of the linear Gaussian jump
Markov system (LGJMS) by a best-fitting Gaussian (BFG)
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distribution. Based on the BFG approximation, the multiple
model estimation for LGIMS is reverted to the single model
estimation for an approximated linear Gaussian system. Then
the fixed-lag GM-PHD smoother can be carried out with
respect to the approximated linear Gaussian system. This
is inspired by the recognition that the BFG approximation
provides an accurate predictor of the IMM performance [17]
and therefore more accurate tracking performance can be
expected. In addition, much less computational expense is
needed as the multiple model estimation is avoided. Similar
ideas have also been used to develop a GM-PHD filter
for LGIMS in our previous work [18]. Simulation results
are presented to illustrate the performance of the proposed
smoother in terms of tracking accuracy and computational
cost.

The rest of this paper is organized as follows. The multi-
target tracking problem is formulated in the RFS framework
and the smoothed PHD recursion is presented in Section II.
The BFG approximation for LGJMS is reviewed in Section
IIT along with the Gaussian mixture implementation to the
smoothed PHD recursion. In Section IV, the performance of
the proposed smoother is evaluated by a numerical example.
Conclusion is drawn in Section V.

II. RFS FORMULATION FOR MULTI-TARGET TRACKING

An RFS X is a finite set valued random variable, which
can be described by a discrete probability distribution and a
family of joint probability densities. Moreover, the discrete
distribution characterizes the cardinality of X whereas an
appropriate density characterizes the joint distribution of the
elements in X. Note that there is a nature way to model
the collections of individual targets and measurements with
RFSs to capture the time-varying feature of the number of
targets present and the number of measurements received at
each time step. Suppose that there are ny, targets with states
Tk,1s s Thong and m; measurements Zk1> "y Rkymy at
time step k, we can represent the multi-target state and multi-
target measurement as two RFSs [1]

X, £ {zp1,

Zy & {21,

7xk,nk} C X (1)
s Zkmy ) C 2 (2)

where X C R™ and Z C RP? denote the state and observation
space, respectively. Then, the multi-target tracking can be
formulated as a filtering process with state space X and
observation space Z.

The FISST theory provides a rigorous Bayesian formula-
tion to deal with multi-target tracking problems in the RFS
framework. Using the FISST approach, the optimal multi-
target Bayes recursion can be derived by propagating the
multi-target posterior density in time. However, this recursion
involves multiple integrals and the multi-target densities are
combinatorial, which makes it computationally intractable.
Inspired by the single-target tracking theory, this problem is
alleviated by approximating the multi-target posterior density
with its statistical moments and propagating the moments
instead.

The PHD recursion, which propagates the first order
moment or the intensity function of multi-target RFSs,
provides a computationally cheaper alternative to the op-
timal multi-target Bayes recursion under the assumption
that the clutter RFS and the predicted multi-target RFSs
are Poisson [5]. Specifically, given the posterior intensity
Vk—1|k—1(Zr—1|Z1:6—1) at time k — 1, the predicted inten-
Sity Vgjk—1(2k|Z1.x—1), the posterior intensity vy, (zx|Z1:1)
and the smoothed intensity vy (24| Z1.x) are calculated as
follows. For simplicity, v4;(24|Z1:5) is shortly denoted by
Va\b-

PHD Prediction:

Vklk—1 = /[psf($k|$k—1) + Brjp—1(Tk|zr-1)]
X Vp_1)k—1dTk—1 + Yk (Tk) (3)

where p; is the surviving probability. f(:|-) is the single-
target transition density. Byx—1(:|) and ~(-) denote the
intensity of the spawned target RFS and the intensity of the
spontaneously birth target RFS, respectively.

PHD Update:

Vil = (1 = Pa)Vi|k—1

Pah(z|Tk ) Vi1
+ Z e

)+ [ pah(2|zk) V-1 day
where py is the detection probability. A(-|-) is the single-
target measurement likelihood. xi(-) denotes the intensity
of the clutter RFS.
PHD Smoothing:

“4)

Vt+1|kf(mt+1‘xt)

dzii| (3)
Viti|t

Vel = Vi | (1 = ps) +ps/
where t = k — L. L is the time lag of the smoothing
algorithm. v4);, and v,y are the smoothed PHD at time
t and t + 1, respectively. Vgl is the filtered PHD at time ¢,
and vy is the predicted PHD at time ¢ + 1. Note that
this recursion is initialized with the filtering results at the
present time k& and stopped at time k& — L, which is called as
the fixed-lag smoothing.

Although the PHD recursion given by (3)-(5) operates on
the single-target state space and avoids the explicit problem
of data association, the PHD recursion still does not admit
closed-form solutions in general due to the multi-dimensional
integrals and hence numerical integration methods are re-
quired. In the following, the Gaussian mixture implementa-
tion is used to derive the fixed-lag PHD smoother.

III. GM-PHD SMOOTHER FOR MULTIPLE MANEUVERING
TARGETS TRACKING

In this section, we first review the BFG approximation
for LGIMS and derive the recursive formulas for calculating
the mean and covariance of the Gaussian distribution. Then,
we develop the fixed-lag GM-PHD smoother by applying
the Rauch-Tung-Striebel type smoothing algorithm to the
approximated linear Gaussian model.

3025



A. BFG approximation for LGIMS

Assume that the dynamics of each target can be char-
acterized by one of M hypothesized models with model
set M = {1,2,---, M}. Although all the targets share a
common model set, any two targets may be in different
motion status from time to time. The target motion model
can be described by

= Fi(ri+1)zr + Wi (Tey1) (6)

where x;, € R"™ is the target state at time k, Fy (7x11) denotes
the transition matrix of model r4y1. wi(rk4+1) is the additive
zero-mean white Gaussian noise with covariance Q(rg+1)-
r,+1 specifies the target motion model which is in effect
during the time interval [k, k4 1). The event that model 7 is
in effect during the sampling period [k, k + 1) is denoted by
My, |- The evolution of motion models follows a discrete-
time Markov chain with known transition probability ;; =
Pr{ri41 = j|rr = i} and initial motion model probabilities
p1,r = Pr{M7} for ¢,j,r € M. For notational simplicity,
we denote Fy(r) and Qg(r) by Fy and Q}, for ryp11 =7,
respectively.

The objective of the BFG approximation is to express
the dynamics of the LGIJMS (6) with the following linear
Gaussian model

Tp+1

Dpap + wi @)

where wy, is a zero-mean white Gaussian random vector with
covariance matrix . To be precise, we want to replace the
LGIMS (6) with a single BFG distribution (7) such that the
distribution of x; has the same mean and covariance under
both models, i.e.,

Tk+1 =

E{zi[A} = E{wk|B} (8)
Cov{zy|A} = Cov{zy|B} )

where “A” and “B” refer to models (6) and (7), respectively.
“E” and “Cov” denote the expectation and the covariance
operators, respectively.

Thus, the central problem is to determine the matrices ®j
and Y. As shown in [17], they can be derived as follows

M

Philr = Y TirDhii (10)
1=1
M

O = prr1rFy (11)
r=1
M

Ot1 = Y Purir [ (Ok + ewct )IFE]" + Q5]

r=1

— Opeper @l (12)

Y = O — PO, BT (13)

Eht1 = Prex (14)

where pi.1 1, is the probability of the event that model r is
effect during the sampling interval [k, k 4+ 1), and

Ek é E{l’HA}
O £ Cov{zy|A}

15)
(16)

It is observed that the recursive formulas have been
obtained for calculating the system matrix ®; and the
covariance matrix Y. In the following, we aim to obtain the
GM-PHD smoother based on the linear Gaussian model (7)
instead of the LGJMS (6). It should be pointed out that this
scheme does not provide an optimal estimation for LGIMS
but provides an accurate predictor alternative of an IMM
estimator [17].

B. GM-PHD smoother based on BFG approximation

Assume that the state dynamics and measurements of each
target can be modeled as

= N(zk; Pr—12k-1, Zk—1)
= N (z; Hixi, Ry,)

a7
(18)

f(ffk\xk—ﬂ
h(zk|w)

where ®;_; and X;_; are calculated by the above BFG
approximation at each time step. [} and R denote the
measurement matrix and the covariance matrix of the mea-
surement noise, respectively. Note that Hj, and Rj do not
evolve with time according to the switching parameter ry.
This is reasonable since the measurements from the sensors
remain the same with respect to the system states.

To derive Gaussian mixture implementations of the PHD
recursion, the intensities of the birth and spawning RFSs are
assumed to be

ij Nmmvk,PJ ) (19)
Jﬂk
Brik—1 (z|€) = Zwﬁ WN (23 F@ k§+d5 kleg,k) (20)

=1

where J, 1, wfy P mf'%k and PJ J are given parameters that
determine the shape of the blrth intensity. Jg g, w@ > Fﬁ’ k>
dlﬁ7 . and Qlﬁy « are given parameters that determine the shape
of the spawning intensity. It should be mentioned that these
intensities are not assumed to be mode-dependent as in [10]
since the LGJIMS has been replaced by the linear Gaussian
model.

Under the above assumptions, the PHD smoothing recur-
sion (3)-(5) can be carried out as follows.

BFG Approximation Step: Given the mode probability py, ;,
the mean ¢, and the covariance Oy, at time step k, determine
the matrices ®; and X,

M

Pht1,r = Zﬂ'irpk,i 21
=1
M

O = prr1nFy (22)
r=1
M

Ors1 =D Prrir [Ff(Ok + el Y] + Qj

r=1

— Dpeper ®F (23)

Sk = Op1 — PORP] (24)

Ek4+1 = (I)kffk (25)
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Prediction Step: Given that the posterior intensity is a
Gaussian mixture

Ji
Vi = ) wRN (2 mi s Pl (26)
j=1

then the predicted intensity is also a Gaussian mixture with
the form

Vkt1k = Ve k+1lk T Vg, k+1)k + Vo1 (Trs1) (27)
where 7;11(x) is given by (19), and
Ji
Vs k+1lk = Ds ZwiN(ka; mi,kﬂ‘k, st‘}k+1‘k) (28)

_ o N 3l
Vg k+1lk = § , E , wkwﬁ>k+1N($k+1’mﬁ>k+1lk’Pﬁ,k+1\k

Jj=1 1=1
(29)
M g = Prmy (30)
Pg,k+1|k = (I)kngmq)g + X (31)
Mg = Fbpamiy + d g (32
Pg:lk+1|k = Fé,k+1plz|k[Fé,k+1]T + Q%,kﬂ (33)

Update Step: Given that the predicted intensity can be
represented as the form of

Jrt1(k

— 7 . [ 7
Vk+1|k = E wk+1|kN(xk+17mk+l|k?Pk+1\k)
=1

(34)

then the posterior intensity is updated as

Verter: = (L=palVieran + D Varsr(@er132) (35)

2E€Zp 41
where
Je+11k
o) i
Va+1(Tht1;2) = E wk+1(Z)
i=1

X N(xk+1§m§c+1|k+1(z)v P£+1|k+1) (36)

PaWj, 41k Tk (2)

) P w9

(37)
qlic+1(z) = N(z; ’élic+1|kv Hk+1pli+1|ng+1 + Ri+1)
(38)
Mk (2) = Mgy, + Kiga (2 = Z1pn) (39
Zhun = Hepmij (40)
Pt = (I = Kj He) Py, (41)
Kli+1 = Pli+1\k-HkT+1

X (Hk+1pli+1|kaT+1 + Rs1) ™! (42)

Smoothing Step: Assume that the smoothed PHD at time
step t + 1 are Gaussian mixtures, i.e.,

Jipt
e = Y wipN (e my,, P, (43)

i=1

Jit1)k+1
_ J e d J
Vitlk+1 = Z wt+1|k+1N(zt+1’mt+l|k+1’Pt+1|k+1)
i=1

(44)

Substituting (43) and (44) into the smoothed PHD recur-
sion (5) leads to

Jit
Vi1 = (1 = ps) szﬁ/\[(xt; m;\ﬁpg\t)
i=1

Jeje Jer1e+1

i i i
+Ds E , E , wt|twt+1|k+1N(Itamt\tapt\t)
1

i=1 =

v J
/N<xt+17mt+1k+1’Pt+1k+1)
Vi1t

X N((Et+1; (I)tl't, (I)t tﬁtcb’ir + Et)diftJrl

X

(45)

As discussed in [15], the second term on the right hand
side of (45) can be implemented using the Rauch-Tung-
Striebel type smoothing algorithm [19]. More precisely,

Ji1e
— % . i
Vilk+1 = (1—ps) E wt\tN(mtvmﬂt’ Pt|t)
=1
Jeit Jep1ik+1

4, R 2} %,
+p8§ : E : wt\k+1N(zt+1vmt|k+1vPt|k+1)

i=1  j=1
(46)
where
wiiiﬂ
wz|twg+l|k+lN(mi+1\k+l; M4 Pt1+1‘t)
B j Tt j . i
T+1 (mi-‘rl\kﬂ—l) + Zl:l N(m§+1‘k+17 mi+1|ta Pt+1|t)
47
Miprpe = Py, (48)
Pti+1\t = (I)tptﬁtq)? + 2 (49)
My = Mije + DEm] g — ®emiy,) (50)
Ptl|7é+1 - Ptl\t + Dz(Pt]+1\k+1 - (I)tptz\tq) - Et)[Dz]T (51
Dj = P, ®,[®. P}, ®] + %" (52)

Remark 1: It is worth noting that the pruning scheme
is required before and after the smoothing step since the
number of Gaussian components increase without bound
as time progresses. A simple pruning procedure has been
provided by truncating components that have weak weights
to mitigate this problem. For the detail, see [5].

Remark 2: An advantage of the BFG approximation is
that it is restricted to linear dynamic models but places
no such restriction on the measurement equation. Thus
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it is possible to handle nonlinear measurements by using
nonlinear filters. This coincides with the requirements in the
target tracking community: the target dynamics are often
described by a linear kinematics model while measurements
are nonlinear with respect to the target states.

IV. SIMULATION RESULTS

In this section, we present a numerical example to compare
the proposed smoother with the corresponding filter in terms
of tracking accuracy and computational cost.

Tracking model: Consider a two-dimensional scenario with
an unknown and time-varying number of targets, which is
similar to the example provided in [10]. The target state is
denoted by ) = [pak Pk Pyk Py.kl”» Where (poi py.k)
represents the Cartesian coordinates in the horizontal plane
and (pz,k Py,x) represents its velocities. The target dynamics
is described by the coordinated turn model

1 s g Lcos(eT)
W w
0 cos(wI) 0 —sin(WT
7 o M 1 @ : -1 + w1 (W)
0 Sin(ZUT) 0 cos()wT)

(53)

where w denotes the turn rate and 7" = 1 is the sampling
time period. wy_1(w) is zero-mean white Gaussian noise
with covariance matrix

A
g 5 0 0
= T 0 0
Quy=o*w) |2 | p 2| Y
3 2
o o Z T

Three models corresponding to different turn rates are
used. Model 1 is a coordinated turn model with a turn rate of
0°/s and ¢(0) = 5. Model 2 is a coordinated turn model with
a clockwise turn rate of 4°/s and o(4) = 20. Model 3 is a
coordinated turn model with a counterclockwise turn rate of
4° /s and o(4) = 20. The switching between three models is
governed by a first order Markov chain with known transition
probability matrix

0.8 0.1 0.1
M= (0.1 08 0.1 (55)
0.1 0.1 0.8

The measurement consisting of range and bearing is given
by

\/(pac,k - 51)2 + (py,k - Sy)2

—+ v
arctan[(p%k - Sx)/(py,k’ - Sy)] ¥

2k = (56)
where [s;, s,] is the location of the sensor, and the measure-
ment noise vy, is assumed to be zero-mean white Gaussian
with R = diag{100% (7/180)2}. The sensor is located at
[6,10] km, and the average number of clutter returns per
unit volume is taken as A\, = 1.04 x 10™* (rad km)~!. In
this work, the cubature Kalman filter (CKF) [20] and the
Rauch-Tung-Striebel type cubature Kalman smoother (CKS)
are used to handle nonlinear measurements.

The number of targets is time-varying due to target ap-
pearance and disappearance in the scene at any time. The
spontaneous birth RFS is Poisson with intensity

Vi (€) :0’1[N(£;m}yﬂp’y)+N(£;m'2y7p’y):| (57)

where m! = [10, 0, 20, 0]", m2 = [0, 0, 30, 0]" and
P, = diag{10°, 10%, 106, 10%}.

The intensity of the Poisson RFS of spawn births is given
by

Brir—1(x[€) = 0.05N (25, Qp)

where Q3 = diag{10%, 400, 10%,400}.

Simulation results: In the simulations, the survival and
the detection probabilities are set to p;, = 0.99 and p; =
0.98, respectively. The pruning threshold has been taken as
Tty = 0.01, the merging threshold Uty = 5, the weight
threshold wry, = 0.5 and the maximum number of Gaussian
terms Jmax = 10 (see [5] for the meanings of these parame-
ters). The criterion known as optimal subpattern assignment
(OSPA) metric is used for performance evaluation. It has
been shown in [21] that the OSPA metric joint captures the
differences in cardinality and individual elements between
two finite sets.

Target 1 starts at time & = 1 with initial position at [10, 20]
km and ends at time k = 100; Target 2 is spawned from
target 1 at time k£ = 30 and ends at time 70; Target 3 starts
at time k = 5 with initial position at [0,30] km and ends
at time k = 85; Target 4 is spawned from target 3 at time
k = 40 and ends at time 80. To verify the performance of
the proposed smoother with a lag of 1 time step, 100 Monte
Carlo runs are performed.

The position estimates of the proposed smoother and the
corresponding filter for one trial shown in Fig. 1 indicate that
the smoother provides more accurate tracking performance.
We compare the performance of the proposed GM-PHD
smoother with that of the GM-PHD filters, namely, the BFG-
based GM-PHD filter [18] and the multiple model GM-PHD
filter without interacting [10]. The OSPA distance for p = 2
and ¢ = 200 is shown in Fig. 2 (see [21] for the meanings
of these parameters). It can be seen from Fig. 2 that the
proposed smoother gives the best estimates. Specially, the
BFG-based GM-PHD filter performs better than the multiple
model GM-PHD filter without interacting. This is expected
since the former provides an accurate predictor of the IMM
estimator. Note here that we do not compare our results
with that of the particle implementation due to its high
computational expense.

To assess the computational cost of the proposed method,
we compute the averaged CPU time in MATLAB 7.1 on
a 2.80 GHz 4 CPU Pentium-based computer operating
under Windows XP (Professional). The proposed smoother
consumes approximately 3.17 s per sample run over 100
time steps, while the BFG-based GM-PHD filter and the
multiple model GM-PHD filter require 1.94 s and 11.72 s,
respectively. From the above comparisons, a modest conclu-
sion can be drawn that the proposed method achieves better
performance with less computational cost than the multiple

(58)
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model scheme without interacting. In addition, the proposed
GM-PHD smoother outperforms the corresponding filter with
a moderate increase in the computational load.

x10
3.2 T T T
@ Q True tracks
o O PHD-BFG-CKF estimates
al *  PHD-BFG-CKS estimates
281 7
26 7
E
2
g
5 241 7
o
o
8
>
221 7
*
oL i
1.8 7
16 I I I I I I I I I
-4000 -2000 0 2000 4000 6000 8000 10000 12000 14000 16000

X coordinate (m)

Fig. 1: Position estimates of the PHD-BFG-CKF and the PHD-BFG-CKS.

T T
—#— PHD-BFG-CKS|
—+— PHD-BFG-CKF

PHD-MM-CKF [1

=200, p=2)

OSPA (c

10 20 30 40 50 60 70 80 90 100
Time (s)

Fig. 2: Performance comparison with respect to OSPA metric.

V. CONCLUSION

In this paper, a novel GM-PHD smoother for tracking
an unknown and time-varying number of targets that follow

jump Markov models has been proposed. The mechanism of

the smoother differs from the previously proposed multiple
model GM-PHD filters without interacting. Instead, the BFG
distribution is used to approximate the dynamics of the
LGIMS, which has been shown to be in close agreement
with the performance of an IMM estimator. Therefore, the
proposed approach achieves better estimates than that of the
multiple model scheme without interacting. Moreover, the
requirement of multiple model estimation is avoided and a
low computational cost is consumed.
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