
  

  

Abstract— This paper presents a method for shaping the 
transient trajectory of in-cylinder oxygen fraction at intake 
valve closing (IVC) when combustion mode is switched from one 
to another in Diesel engines.  To achieve this purpose, based on a 
non-equilibrium transient trajectory shaping (NETTS) control 
method, the fuel injection amount was adjusted within a given 
range (accommodated by adjusting fuel injection timing 
accordingly).  Through air-path and fuel-path cooperative 
control, the transient trajectory of in-cylinder oxygen fraction 
can be bounded by a series of shaped-boundaries during 
tracking error converging.  The dwell time between two 
consecutive combustion mode switching events can be 
effectively reduced.  To evaluate the control algorithm, 
co-simulations were conducted using a GT-Power (a 
high-fidelity industry standard 1-D computational engine model 
software package) engine model and Matlab/SIMULINK. 

I. INTRODUCTION 
F late, advanced combustion modes, including 
homogenous charge compression ignition (HCCI), low 

temperature diffusion combustion (LTDC), and premixed 
charge compression ignition (PCCI), have been widely 
regarded as important combustion alternatives for the future 
internal combustion engines primarily due to their promising 
high fuel efficiencies and very low engine-out emissions 
[1][2][3][7][9][10][11].  During advanced multi-mode 
combustion engine transient operations, the desired engine 
in-cylinder conditions (ICCs), such as in-cylinder gas 
temperature, gas amount, and oxygen fraction, often 
instantaneously jump during combustion mode switching to 
avoid undesirable intermediate combustion events 
[1][13][14][16].  In the non-equilibrium period, the shapes of 
ICC trajectories after the (frequent) controller switching 
significantly affect the combustion events, so as to the engine 
fuel efficiency, emissions, drivability, and combustion noise.  
Therefore, it is necessary to ensure that the transient 
trajectories of ICC tracking errors travel through certain 
regions in the in-cylinder condition state-space during the 
combustion mode transitions. 

Under this requirement, in comparison to air-path loop 
control, fuel-path loop control provides the possibility in 
dealing with the rapid transient operation control when 
combustion mode is switched from one to another.  
Particularly, unlike air-path control, in direct injection (DI) 
engines, the fueling parameter control is almost instantaneous 
and precise (except injection pressure which, however, does 
not affect the combustion if its variations are small).  The fuel 
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can be delivered to the combustion chamber precisely as 
desired in a given combustion cycle [20].  It has been 
demonstrated, by adjusting fuel injection timing accordingly, 
the engine indicated mean effective pressure (IMEP) can be 
maintained at the same level even with different fuel injection 
amounts [5].  Therefore, for transient operation control, a 
range for fuel injection amount adjustment exists without 
necessarily affecting the engine drivability.  Even though 
changing injection timing may influence engine-out 
emissions to some extent, however, during such a short 
combustion mode transition period, emission becomes trivial 
comparing to the smoothness and stability of the combustion 
and engine operations.  Thus, the authority of fuel-assisted 
control exists in handling the ICC transient trajectory shaping 
problem within a certain range. 

 
Fig. 1 A Typical Numerical Example for NETTS Control 

Algorithm [18]. 
To deal with such a NETTS control problem by the 

authority of fuel injection, we use a novel smooth transient 
trajectory shaping control method.  As illustrated in Fig. 1, the 
objective of this method is to prevent the tracking error 
transient trajectory from violating the shaped-boundaries with 
input constraint consideration [18].  Such a control method is 
derived based on Barrier Lyapunov Functions (BLFs) [8][6] 
and backstepping techniques.  The BLF candidate is a kind of 
positive definite function with a logarithmic form.  A typical 
BLF candidate is as follows: 

𝑉� = 1
2
𝑙𝑜𝑔 𝑘𝑏

2

𝑘𝑏
2−𝑧1

2 + 𝑀, (1) 

where 𝑘𝑘𝑏 is a positive constant called barrier parameter, 𝑧1 is 
one of the arguments of the system to be bounded / shaped 
(typically it’s the tracking error), 𝑀  is a positive definite 
function with respect to the other arguments/states in the 
system.  Provided that the initial condition of |𝑧1| is smaller 
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than 𝑘𝑘𝑏 , if we are able to find a control law, which can 
guarantee the derivative of 𝑉�  is negative definite, then 𝑉�  
cannot go to infinite.  From another aspect, |𝑧1|  cannot 
approach 𝑘𝑘𝑏 .  Otherwise, 𝑉�will go to infinite, which is a 
contradiction.  Motivated by such a BLF, smooth transient 
trajectory shaping method with input constraint concern was 
investigated in [19]. In this paper, in conjunction with the 
authority of rapid fuel-path control and the smooth transient 
trajectory shaping method, a fuel-assisted, in-cylinder oxygen 
fraction transient trajectory shaping control method is 
proposed.  

The rest of this paper is organized as follows.  The models 
of intake and exhaust manifolds and in-cylinder (at IVC) 
oxygen fractions are illustrated in section II.  In section III, 
fuel-assisted in-cylinder oxygen fraction transient trajectory 
shaping method is proposed and described in details.  To 
validate the proposed method, co-simulations between 
GT-Power (a high-fidelity industry standard 1-D engine 
computational model software) and Matlab/SIMULINK were 
conducted.  Conclusive remarks are provided in section IV. 

II. OXYGEN MASS FRACTION MODELS 
In this section, the control-oriented models of oxygen 

fraction are described. 

A. Manifold Oxygen Fraction Model 
In [6], the models of air-path oxygen fractions were given 

as follows: 
�̇�𝐹𝑒 = 𝑅𝑇𝑒

𝑃𝑒𝑉𝑒
(𝐹𝐹𝑒𝑜 − 𝐹𝐹𝑒), (2) 

�̇�𝐹𝑖 = 𝑅𝑇𝑖
𝑃𝑖𝑉𝑖

[(𝐹𝐹𝑎 − 𝐹𝐹𝑖)𝑊𝑎 + (𝐹𝐹𝑒 − 𝐹𝐹𝑖)𝑊𝑒𝑔𝑟], (3) 

where 𝐹𝐹𝑒  is the exhaust manifold oxygen fraction, 𝐹𝐹𝑖  is the 
intake manifold oxygen fraction, 𝑊𝑎  is the mass flow rate 
from ambience, and 𝑊𝑒𝑔𝑟  is the mass flow rate from EGR. 

B. In-cylinder Oxygen Fraction Model 
Fig. 2 shows the engine breathing and gas exchanging 

process for a cylinder.  The control-oriented dynamic model 
of the in-cylinder gas oxygen fraction at IVC is derived as 
follows [17].  Based on the mass conservation, the following 
difference equations can be derived: 
𝑚𝑚𝑐(𝑘𝑘 + 1)𝐹𝐹𝑐(𝑘𝑘 + 1) 
= (𝑚𝑚𝑐(𝑘𝑘) + 𝑚𝑚𝑓(𝑘𝑘))𝐹𝐹𝑒𝑜(𝑘𝑘) + 𝑚𝑚𝑖𝑐(𝑘𝑘)𝐹𝐹𝑖(𝑘𝑘) +
𝑚𝑚𝑒𝑐(𝑘𝑘)𝐹𝐹𝑒(𝑘𝑘 + 1) −𝑚𝑚𝑐𝑒(𝑘𝑘)𝐹𝐹𝑒𝑜(𝑘𝑘), 

(4) 

𝑚𝑚𝑒(𝑘𝑘 + 1)𝐹𝐹𝑒(𝑘𝑘 + 1) = 𝑚𝑚𝑐𝑒(𝑘𝑘)�𝐹𝐹𝑒𝑜(𝑘𝑘) − 𝐹𝐹𝑒(𝑘𝑘)� +
𝑚𝑚𝑒(𝑘𝑘)𝐹𝐹𝑒(𝑘𝑘), 

(5) 

where 𝑘𝑘 is the number of engine cycle. 
With the assumption that the mass of inlet gas equals to 

that of outlet gas for both the cylinder and the exhaust 
manifold in each cycle [4][15], i.e., 
𝑚𝑚𝑐𝑒(𝑘𝑘) = 𝑚𝑚𝑖𝑐(𝑘𝑘) + 𝑚𝑚𝑒𝑐(𝑘𝑘) + 𝑚𝑚𝑓(𝑘𝑘), (6) 
we have 
𝑚𝑚𝑐(𝑘𝑘 + 1) = 𝑚𝑚𝑐(𝑘𝑘) + 𝑚𝑚𝑓(𝑘𝑘) + 𝑚𝑚𝑖𝑐(𝑘𝑘) + 𝑚𝑚𝑒𝑐(𝑘𝑘) −
𝑚𝑚𝑐𝑒(𝑘𝑘) = 𝑚𝑚𝑐(𝑘𝑘), 

(7) 

and also 
𝑚𝑚𝑒(𝑘𝑘 + 1) = 𝑚𝑚𝑒(𝑘𝑘). (8) 

 
Fig. 2 Engine breathing and gas exchanging process from the 

kth IVC to (k+1)th IVC. 
The oxygen fraction of the gas after combustion can be 

derived by: 
�𝑚𝑚𝑐(𝑘𝑘) + 𝑚𝑚𝑓(𝑘𝑘)�𝐹𝐹𝑒𝑜(𝑘𝑘) = 𝑚𝑚𝑐(𝑘𝑘)𝐹𝐹𝑐(𝑘𝑘) −𝑚𝑚𝑓(𝑘𝑘)𝜆𝑠, (9) 
i.e. 
𝐹𝐹𝑒𝑜(𝑘𝑘) = 𝑚𝑐(𝑘)𝐹𝑐(𝑘)−𝑚𝑓(𝑘)𝜆𝑠

𝑚𝑐(𝑘)+𝑚𝑓(𝑘)
, (10) 

where 𝜆𝑠  is the stoichiometric oxygen fuel mass ratio for 
complete combustion.  Thus, the dynamic model of 
in-cylinder oxygen fraction was generated as: 

𝐹𝐹𝑐(𝑘𝑘 + 1) = �1 − 𝑚𝑐𝑒
𝑚𝑐+𝑚𝑓

+ 𝑚𝑐𝑒
𝑚𝑒

∙ 𝑚𝑒𝑐
𝑚𝑐+𝑚𝑓

� 𝐹𝐹𝑐(𝑘𝑘) +
𝑚𝑒𝑐
𝑚𝑐

∙ �1 − 𝑚𝑐𝑒
𝑚𝑒
� 𝐹𝐹𝑒(𝑘𝑘) + 𝑚𝑖𝑐

𝑚𝑐
𝐹𝐹𝑖(𝑘𝑘) + ( 𝜆𝑠𝑚𝑐𝑒

𝑚𝑐(𝑚𝑐+𝑚𝑓)
−

𝜆𝑠
𝑚𝑐
− 𝑚𝑒𝑐

𝑚𝑐
∙ 𝑚𝑐𝑒
𝑚𝑒

∙ 𝜆𝑠
𝑚𝑐+𝑚𝑓

)𝑚𝑚𝑓(𝑘𝑘). 

 
(11) 

Here, we denote 𝑚𝑚𝑐𝑒 ,  𝑚𝑚𝑒𝑐 , 𝑚𝑚𝑖𝑐  , 𝑚𝑚𝑐 ,  𝑚𝑚𝑒  , 𝑚𝑚𝑓  as 
𝑚𝑚𝑐𝑒(𝑘𝑘), 𝑚𝑚𝑒𝑐(𝑘𝑘), 𝑚𝑚𝑖𝑐(𝑘𝑘) ,𝑚𝑚𝑐(𝑘𝑘) (or 𝑚𝑚𝑐(𝑘𝑘 + 1)), 𝑚𝑚𝑒(𝑘𝑘) (or 
𝑚𝑚𝑒(𝑘𝑘 + 1)), 𝑚𝑚𝑓(𝑘𝑘) respectively for simplicity. 

According to the discrete model above, the continuous 
mean-value models (MVM) can be easily derived as follows: 
�̇�𝐹𝑐 = (− 𝑊𝑐𝑒

𝑚𝑐+𝑚𝑓
+ 120(𝑊𝑒+𝑊𝑓)

𝑁𝑚𝑒
∙ 𝑊𝑒𝑐
𝑚𝑐+𝑚𝑓

)𝐹𝐹𝑐 +
𝑊𝑒𝑐
𝑚𝑐

�1 − 120(𝑊𝑒+𝑊𝑓)

𝑁𝑚𝑒
� 𝐹𝐹𝑒 + 𝑊𝑖𝑐

𝑚𝑐
𝐹𝐹𝑖 + 𝜆𝑠𝑊𝑐𝑒

𝑚𝑐(𝑚𝑐+𝑚𝑓)
−

𝑁𝜆𝑠
120(𝑚𝑐+𝑚𝑓)

− 120𝑊𝑒𝑐
𝑁𝑚𝑐

∙ 𝑊𝑐𝑒
𝑚𝑒

∙ 𝜆𝑠
𝑚𝑐+𝑚𝑓

𝑚𝑚𝑓. 

 
(12) 

In a typical control law design, the feedback EGR valve 
control signal depends on the value of oxygen fraction in the 
intake manifold.  Here we denote 𝑊𝑒𝑔𝑟  a function of 𝐹𝐹𝑖, i.e. 
𝑊𝑒𝑔𝑟 = 𝜑(𝐹𝐹𝑖 , 𝑡).  Thus, (2), (3), and (12) can be written in a 
nonlinear strict feedback form as: 

�̇�𝐹𝑐 = �−
𝑊𝑐𝑒

𝑚𝑚𝑐 + 𝑚𝑚𝑓
+

120�𝑊𝑒 + 𝑊𝑓�
𝑁𝑚𝑚𝑒

∙
𝑊𝑒𝑐

𝑚𝑚𝑐 + 𝑚𝑚𝑓
�𝐹𝐹𝑐

+
𝑊𝑒𝑐

𝑚𝑚𝑐
�1 −

120�𝑊𝑒 + 𝑊𝑓�
𝑁𝑚𝑚𝑒

�𝐹𝐹𝑒

+
𝑊𝑒

𝑚𝑚𝑐
𝐹𝐹𝑖

+ �
𝜆𝑠𝑊𝑐𝑒

𝑚𝑚𝑐�𝑚𝑚𝑐 + 𝑚𝑚𝑓�
−

𝑁𝜆𝑠
120�𝑚𝑚𝑐 + 𝑚𝑚𝑓�

−
120𝑊𝑒𝑐

𝑁𝑚𝑚𝑐
∙
𝑊𝑐𝑒

𝑚𝑚𝑒
∙

𝜆𝑠
𝑚𝑚𝑐 + 𝑚𝑚𝑓

�𝑚𝑚𝑓

= 𝑓𝑓1(𝐹𝐹𝑐 , 𝑡) + 𝑔1𝐹𝐹𝑖 , 

 
 

(13) 

kth IVC
Fuel 

Injection
EVO IVO EVC

(k+1)th 
IVC

𝐹𝐹𝑐𝑐(𝑘𝑘) 

𝑚𝑚𝑓𝑓(𝑘𝑘) 

𝐹𝐹𝑒𝑒(𝑘𝑘) 

𝐹𝐹𝑖𝑖(𝑘𝑘 + 1) 
𝐹𝐹𝑐𝑐(𝑘𝑘 + 1) 

𝑚𝑚𝑐𝑐𝑒𝑒(𝑘𝑘) 

𝑚𝑚𝑒𝑒𝑐𝑐(𝑘𝑘) 

𝑚𝑚𝑖𝑖𝑐𝑐(𝑘𝑘) 

𝑚𝑚𝑐𝑐(𝑘𝑘) 
𝑚𝑚𝑒𝑒(𝑘𝑘) 

𝐹𝐹𝑖𝑖(𝑘𝑘) 
𝐹𝐹𝑒𝑒(𝑘𝑘) 

𝐹𝐹𝑒𝑒(𝑘𝑘 + 1) 
      𝑚𝑚𝑐𝑐(𝑘𝑘 + 1) 
      𝑚𝑚𝑒𝑒(𝑘𝑘 + 1) 
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�̇�𝐹𝑖 = 𝑅𝑇𝑖
𝑃𝑖𝑉𝑖

[(𝐹𝐹𝑎 − 𝐹𝐹𝑖)𝑊𝑎 + (𝐹𝐹𝑒 − 𝐹𝐹𝑖)𝑊𝑒𝑔𝑟] = 𝑅𝑇𝑖
𝑃𝑖𝑉𝑖

[(𝐹𝐹𝑎 −

𝐹𝐹𝑖𝑖𝑊𝑎+(𝐹𝐹𝑒𝑒−𝐹𝐹𝑖𝑖)𝜑(𝐹𝐹𝑖𝑖,𝑡)]=𝑓𝑓2𝐹𝐹𝑖𝑖,𝑡+𝑔2𝐹𝐹𝑒𝑒, 

 
 

(14) 
�̇�𝐹𝑒 = 𝑅𝑇𝑒

𝑃𝑒𝑉𝑒
𝑊𝑐𝑒(𝐹𝐹𝑒𝑜 − 𝐹𝐹𝑒) =

− 𝑅𝑇𝑒
𝑃𝑒𝑉𝑒

𝑊𝑐𝑒𝐹𝐹𝑒 + 𝑅𝑇𝑒
𝑃𝑒𝑉𝑒

𝑊𝑐𝑒

𝑚𝑐+𝑚𝑓
𝑚𝑚𝑐𝐹𝐹𝑐 −

𝑅𝑇𝑒
𝑃𝑒𝑉𝑒

𝑊𝑐𝑒

𝑚𝑐+𝑚𝑓
λs𝑚𝑚𝑓 =

𝑓𝑓3(𝐹𝐹𝑒 , 𝑡) + 𝑔3𝑚𝑚𝑓. 

 
 

(15) 

In Diesel engines, due to the high compression ratios, the 
influence from trapped residual gas in cylinder to in-cylinder 
oxygen fraction at IVC is minor comparing the burnt gas from 
external EGR loops.  With this consideration, 𝐹𝐹𝑐 in (12) is 
assumed to be mainly influenced by 𝐹𝐹𝑖, so the term 𝑚𝑚𝑓 and 𝐹𝐹𝑒 
in (13), which are related to the trapped residual gas and the 
gas from exhaust manifold during valve overlapping, are 
trivial.  Here we assume them as time-varying parameters. 

The density of in-cylinder charge at IVC is considered the 
same as the one in intake manifold [7][12].  By the ideal gas 
law, 𝑚𝑚𝑐 and 𝑚𝑚𝑒 can be approximated as below: 
𝑚𝑚𝑐 = 𝑝𝑖𝑉𝐼𝑉𝐶

𝑅𝑇𝑖
, (16) 

𝑚𝑚𝑒 = 𝑝𝑒𝑉𝑒
𝑅𝑇𝑒

. (17) 

By using the speed-density equation, the mass flow rate 
into the engine, 𝑊𝑖𝑐, can be calculated as 
𝑊𝑖𝑐 = 𝑁𝜂𝑣𝑝𝑖𝑉𝐼𝑉𝐶

120𝑅𝑇𝑖
. (18) 

Here, 𝑝𝑖 , 𝑝𝑒  and 𝑇𝑖 , 𝑇𝑒  are pressures and temperatures of 
intake manifold and exhaust manifold, respectively.  𝜂𝑣 is the 
engine volumetric efficiency.  𝑅 is the ideal gas constant. 

The mass flow rate from cylinder to exhaust manifold, 𝑊𝑐𝑒 , 
can be illustrated as: 
𝑊𝑐𝑒 = 𝑊𝑒 + 𝑊𝑓 + 𝑊𝑒𝑐 , (19) 
where 𝑊𝑒𝑐  is the mass flow rate from exhaust manifold to 
cylinder during intake and exhaust valve overlapping, 
illustrated as: 
𝑊𝑒𝑐 = 𝑁𝑚𝑒𝑐

120
. (20) 

Here, the mass flow from exhaust manifold to cylinder during 
intake and exhaust valve overlapping period can be derived 
by using the model developed in [12]: 
𝑚𝑚𝑒𝑐 = (𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝑉 + 𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝐵), (21) 
where 𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝑉  and 𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝐵 are the mass flow caused by the 
volume change and pressure difference, respectively.  The 
two terms can be written as: 
𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝑉 = 𝑑𝑖 ∙ 𝑞1, (22) 
𝛥𝑚𝑚𝑟𝑒𝑠𝑡𝐵 = 𝑆𝐺𝑁(𝑝𝑒 − 𝑝𝑖)𝐴𝐾�2𝑑𝐴𝐵𝑆(𝑝𝑒 − 𝑝𝑖) ∙
𝑑𝑡
𝑑𝜑
𝑞2, 

(23) 

where 

𝑞1 = ∫ 𝑑𝑉
𝑑𝜑
∙

𝛼𝐾𝑒𝑥ℎ
2

𝛼𝐾𝑒𝑥ℎ
2+𝛼𝐾𝑖𝑛𝑡

2 𝑑𝜑
𝐸𝑉𝐶
𝐼𝑉𝑂 , (24) 

𝑞2 = ∫ 𝛼𝐾_𝑒𝑥ℎ∙𝛼𝐾_𝑖𝑛𝑡

�𝛼𝐾_𝑒𝑥ℎ2+𝛼𝐾_𝑖𝑛𝑡2
𝑑𝜑𝐸𝑉𝐶

𝐼𝑉𝑂 . (25) 

Here, 𝑑𝑖  is the in-cylinder charge density during valve 
overlapping, and can be approximated by the intake manifold 
charge density calculated through the ideal gas law.  
𝐴𝐵𝑆(𝑝𝑒 − 𝑝𝑖) denotes the absolute value of pressure 

difference between intake manifold and exhaust manifold.  
𝐴𝐾  is the piston surface area.  𝛼𝐾𝑖𝑛𝑡  and 𝛼𝐾𝑒𝑥ℎ are piston 
surface area effective parameters.  𝜑 is the crank angle. 

III. FUEL-ASSISTED IN-CYLINDER OXYGEN FRACTION 
NETTS CONTROL 

A. Outline of Fuel-Assisted In-Cylinder Oxygen Fraction 
Transient Control 

In typical transient of combustion mode switching, to 
satisfy the engine performance and safety, the in-cylinder 
conditions need to be changed in a quite small time interval 
and within a shaped-boundary.  Here we define the desired 
(ideal) trajectory during switching as a jump. 

Assume that, without affecting the IMEP performance, by 
adjusting the injection timing, the fuel injection amount has a 
tunable range, �−∆𝑚𝑚𝑓 , +∆𝑚𝑚𝑓� . In the oxygen fraction 
reference switching, the initial value is 𝐹𝐹𝑐,0 and the objective 
value is 𝐹𝐹𝑐,𝑑.  Then, the control law can be designed in the 
following steps: 

Step 1 (before trajectory shaping). Apply typical air-path 
control method and the maximal fuel adjustment towards the 
objective reference 𝐹𝐹𝑐,𝑑, i.e., when 𝐹𝐹𝑐,𝑑  is smaller than 𝐹𝐹𝑐,0, 
the fuel amount is 𝑚𝑚�𝑓 + ∆𝑚𝑚𝑓, where 𝑚𝑚�𝑓 is the nominal fuel 
injection amount, and vice versa.  In such a way, the oxygen 
fraction can decrease in its fastest rate. 

Step 2 (trajectory shaping bound estimation). Based on the 
in-cylinder oxygen fraction model and smooth transient 
trajectory shaping method proposed later, a NETTS 
application range, ∆𝐹𝐹𝑐  around 𝐹𝐹𝑐,𝑑 , can be estimated with 
respect to ∆𝑚𝑚𝑓.  Within this range, ∆𝑚𝑚𝑓 is sufficient for the 
in-cylinder oxygen fraction smooth transient trajectory 
shaping. 

Step 3 (trajectory shaping). When the 𝐹𝐹𝑐  approaches the 
𝐹𝐹𝑐,𝑑 ± ∆𝐹𝐹𝑐 , the smooth transient trajectory shaping control 
law is activated.  Such a control law can guarantee the 𝐹𝐹𝑐 
travels within a shaped-boundary before it converges to 𝐹𝐹𝑐,𝑑. 

To be noted, in such a control method, the air-path loop 
control is also conducted simultaneously and the fuel-assisted 
control law is used to reduce the dwell time and guarantee the 
shape of the in-cylinder oxygen transient trajectory. 

B. The Systems under Consideration 
The main algorithm utilized here is to shape of the transient 
non-equilibrium tracking control error of nonlinear SISO 
strict feedback systems.  𝐹𝐹𝑖, 𝐹𝐹𝑐, 𝐹𝐹𝑒 and 𝑚𝑚𝑓 are denoted by 𝑥1, 
𝑥2, 𝑥3 and, 𝑢, respectively. 

Thus, the mass of oxygen fraction models in (13), (14), and 
(15) can be written as: 
�̇�𝑖 = 𝑓𝑓𝑖(�̅�𝑖) + 𝑔𝑖(�̅�𝑖)𝑥𝑖+1, 𝑖𝑖 = 1,2, (26) 
�̇�3 = 𝑓𝑓3(�̅�3) + 𝑔3(�̅�3)𝑢, (27) 
with the system output being 
𝑦 = 𝑥1. (28) 
Denote 𝑦𝑑  the desired reference and 𝑧1 = 𝑥1 − 𝑦𝑑  the 
tracking error.  �̅�𝑖  represents the state vector [𝑥1, … , 𝑥𝑖] .  
The following assumptions are made: 1) 𝑦𝑑 , �̇�𝑑 ,𝑦𝑑

(2),𝑦𝑑
(3) are 

bounded.  2) 𝑓𝑓𝑖,𝑔𝑖  are smooth functions and themselves and 
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their derivatives have known bounds in the definitional 
domain.  3) There exists a constant 𝑔0 such that: 
|𝑔𝑖| ≥ 𝑔0 > 0. (29) 

C. Smooth Transient Trajectory Shaping Method 
In step 2 and step 3, the smooth trajectory shaping method 

(STS) with control signal constraint [18][19] is used.  In this 
subsection, the application of STS with respect to the system 
(26)-(28) is described. 

Before we introduce the smooth trajectory shaping method, 
a single Barrier Lyapunov Function (SBLF) method is 
presented.  By this method, the trajectory tracking error can 
be guaranteed within a single constant bound.  Then, by 
Theorem 1, the trajectory shaping method will be proposed 
with respect to a series of shaped-boundaries.  Based on the 
system in subsection III-B, SBLF method can be generated by 
the following steps: 

Step 1: choose the candidate Barrier Lyapunov Function 
as: 

𝑉1 = 1
2
𝑙𝑜𝑔 𝑘𝑏1

2

𝑘𝑏1
2 −𝑧1

2. 
(30) 

Note whereas |z1|  approaches to 𝑘𝑘𝑏1 , this Barrier 
Lyapunov Function will approach to infinity.  Provided the 
Lyapunov Function cannot be greater than its initial value 𝑉0, 
|z1| should be bounded by 𝑘𝑘𝑏1.  To satisfy such a condition, 
the derivative of the Barrier Lyapunov Function (BLF) is 
proved to be negative definite by the backstepping 
techniques. 

Take time derivative of V1: 
�̇�1 = 𝑧1�̇�1

𝑘𝑏1
2 −𝑧1

2 = 𝑧1(𝑓1+𝑔1(𝑧2+𝛼1)−�̇�𝑑)
𝑘𝑏1
2 −𝑧1

2 . (31) 

where the stabilizing function α1 is chosen as: 
𝛼1 = 1

𝑔1
(−𝑓𝑓1 − 𝑘𝑘1𝑧1 + �̇�𝑑). (32) 

and 𝑧𝑖+1 is defined as 
𝑧𝑖+1 = 𝑥𝑖+1 − 𝛼𝑖, 𝑖𝑖 = 1,2. (33) 
Then (31) can be written as: 
�̇�1 = − 𝑘1𝑧1

2

𝑘𝑏1
2 −𝑧1

2 + 𝑔1𝑧1𝑧2
𝑘𝑏1
2 −𝑧1

2. 
(34) 

By splitting the first term and completion of the square, (34) 
can be written as: 
�̇�1 = − 𝑘1𝑧1

2

2(𝑘𝑏1
2 −𝑧1

2)
− 𝑘1(𝑧1−𝑔1z2/𝑘1)2

2(𝑘𝑏1
2 −𝑧1

2)
+ 𝑔1

2𝑧2
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
≤

𝑁1(𝑧1) − 𝑘1𝑧1
2

4(𝑘𝑏1
2 −𝑧1

2)
+ 𝑔1

2𝑧2
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
, 

(35) 

where 𝑁1(𝑧1) = − 𝑘1𝑧1
2

4(𝑘𝑏1
2 −𝑧1

2)
 is negative definite with respect 

to 𝑧1, for |𝑧1| < 𝑘𝑘𝑏1. 
Step 2: Augment 𝑉1 as: 

𝑉2 = 1
2
𝑙𝑜𝑔 𝑘𝑏1

2

𝑘𝑏1
2 −𝑧1

2 + 1
2
𝑙𝑜𝑔 𝑘𝑏2

2

𝑘𝑏2
2 −𝑧2

2, 
(36) 

where 𝑘𝑘𝑏2 is chosen to be larger than |𝑧2(0)|. 
The derivative of 𝑉2 can be derived as: 

�̇�2 = 𝑁1(𝑧1) − 𝑘1𝑧1
2

4(𝑘𝑏1
2 −𝑧1

2)
+ 𝑔1

2𝑧2
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
+ 𝑧2�̇�2

𝑘𝑏2
2 −𝑧2

2 =

𝑁1(𝑧1) − 𝑘1𝑧1
2

4(𝑘𝑏1
2 −𝑧1

2)
+ 𝑔1

2𝑧2
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
+

𝑧2(𝑓2+𝑔2(𝑧3+𝛼2)−�̇�1)
𝑘𝑏2
2 −𝑧2

2 , 

 
(37) 

where 𝑧3 is defined by (33).  By choosing 𝛼2 as: 

𝛼2 = 1
𝑔2

(−𝑓𝑓2 − 𝑘𝑘2𝑧2 + �̇�1). (38) 

(37) can be rewritten as: 

�̇�2 ≤ 𝑁1(𝑧1) − 𝑘1𝑧1
2

4�𝑘𝑏1
2 −𝑧1

2�
+ 𝑔1

2𝑧2
2

2𝑘1�𝑘𝑏1
2 −𝑧1

2�
− 𝑘2𝑧2

2

𝑘𝑏2
2 −𝑧2

2 +
𝑔2𝑧2𝑧3
𝑘𝑏2
2 −𝑧2

2 = 𝑁1(𝑧1) + 𝑁2(𝑧2) + 𝑊1 + 𝑌1 −
𝑘2𝑧2

2

4(𝑘𝑏2
2 −𝑧2

2)
, 

(39) 

where  
𝑊1 = − 𝑘1𝑧1

2

4(𝑘𝑏1
2 −𝑧1

2)
+ 𝑔1

2𝑧2
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
− 𝑘2𝑧2

2

8(𝑘𝑏2
2 −𝑧2

2)
. (40) 

𝑌1 = − 𝑘2𝑧2
2

2(𝑘𝑏2
2 −𝑧2

2)
+ 𝑔2𝑧2𝑧3

𝑘𝑏2
2 −𝑧2

2. 
(41) 

𝑁2(𝑧2) = − 𝑘2𝑧2
2

8(𝑘𝑏2
2 −𝑧2

2)
, which is negative definite with respect 

to 𝑧2, for |𝑧2| < 𝑘𝑘𝑏2. 
The following task is to manipulate 𝑊1  negative by 

choosing proper 𝑘𝑘1  and 𝑘𝑘2 .  Let 𝐶  be a constant such that 
𝐶 ∈ (0, 1) and by choosing 

𝑘𝑘12 > 2𝑔12𝑘𝑏2
2

(𝑘𝑏1𝐶)2
+ 2, (42) 

i.e. 

𝑘𝑘1 > 2𝑔12𝑘𝑏2
2

𝑘1(𝑘𝑏1𝐶)2
+ 2

𝑘1
. (43) 

Modify the first term of 𝑊1 by substituting 𝑘𝑘1 with the right 
side of (43). Then, 

𝑊1 < − 𝑧1
2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
− 𝑧12𝑔12𝑘𝑏2

2

2𝑘1(𝑘𝑏1𝐶)2(𝑘𝑏1
2 −𝑧1

2)
+

𝑔1
2𝑧2

2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
− 𝑘2𝑧2

2

8(𝑘𝑏2
2 −𝑧2

2)
. 

(44) 

When z12 > (𝑘𝑘𝑏1𝐶)2, then the sum of the second and the third 
terms of 𝑊1 in (44) is negative.  Thus, 
𝑊1 < − 𝑧1

2

2𝑘1(𝑘𝑏1
2 −𝑧1

2)
. (45) 

When z12 < (𝑘𝑘𝑏1𝐶)2, then choose 𝑘𝑘2 as: 

𝑘𝑘2 > 4𝑔12𝑘𝑏2
2

𝑘1(𝑘𝑏1
2 −(𝑘𝑏1𝐶)2)

. (46) 

Submit the right side of (46) into 𝑘𝑘2 of the last term of 𝑊1.  
Then the last two terms of 𝑊1  can be easily shown being 
negative.  Consequently, 𝑊1 satisfies (45) as well. 

For 𝑌1, by completion of the square, we can get: 
𝑌1 = − 𝑘2(𝑧2−𝑔2z3/𝑘2)2

2(𝑘𝑏2
2 −𝑧2

2)
+ 𝑔2

2𝑧3
2

2𝑘2(𝑘𝑏2
2 −𝑧2

2)
. (47) 

By the manipulation above, the derivative of 𝑉2 satisfies: 
�̇�2 ≤ 𝑁1(𝑧1) + 𝑁2(𝑧2) − 𝑘2𝑧2

2

4(𝑘𝑏2
2 −𝑧2

2)
+ 𝑔2

2𝑧3
2

2𝑘2(𝑘𝑏2
2 −𝑧2

2)
. (48) 

Step 3: Noting the last two terms of (35) and (48) are 
similar, we can use the same techniques by augmenting the 
Lyapunov Function by: 

𝑉3 = ∑ 1
2
𝑙𝑜𝑔

𝑘𝑏𝑗
2

𝑘𝑏𝑗
2 −𝑧𝑗

2
3
𝑗=1 . (49) 

where 𝑘𝑘𝑏𝑗 is bigger than �𝑧𝑗(0)�. 
For the augmented 𝑉3, similar procedure is conducted as 

above, and the stabilization functions are chosen as: 
𝑢 = 1

𝑔3
(−𝑓𝑓3 − 𝑘𝑘3𝑧3 + �̇�2). (50) 

with 𝑘𝑘3 satisfying: 

𝑘𝑘3 > 4𝑔2
2𝑘𝑏3

2

𝑘2(𝑘𝑏2
2 −�𝑘𝑏2)𝐶�

2
)
. (51) 

Then, the derivative of 𝑉3 becomes: 
�̇�3 ≤ ∑ 𝑁𝑗�𝑧𝑗�2

𝑗=1 − 𝑘3𝑧3
2

2(𝑘𝑏3
2 −𝑧3

2)
. (52) 
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As 𝑘𝑘𝑏𝑖  is chosen greater than |𝑧𝑖(0)|, according to (49), 
when |𝑧𝑖|  approaches to 𝑘𝑘𝑏𝑖 , 𝑉3  will go to infinite.  Here 
𝑖𝑖 = 1,2, and 3.  However, the conditions that the initial value 
of 𝑉3 is finite and �̇�3 is negative definite can ensure that 𝑉3 
must be finite.  Thus, the control law here can guarantee 
|𝑧𝑖| stay within its respective bound 𝑘𝑘𝑏𝑖.  The final Lyapunov 
function 𝑉3 is denoted as the overall Lyapunov function, i.e.: 

𝑉 = 𝑉3 = ∑ 1
2
𝑙𝑜𝑔 𝑘𝑏𝑖

2

𝑘𝑏𝑖
2 −𝑧𝑖

2
3
𝑖=1 . (53) 

In the overall Lyapunov function, for a clear interpretation, 
we use index 𝑖𝑖 in 𝑘𝑘𝑏𝑖 and 𝑘𝑘𝑖 instead of index 𝑗 (which is only 
used in the augmentation proof process) in 𝑘𝑘𝑏𝑗 and 𝑘𝑘𝑗, to be 
consistent with the states 𝑧𝑖. 

In the preceding SBLF algorithm, the tracking error can be 
bounded by a constant bound during converging.  By using a 
series of Barrier Lyapunov Functions with a set of deceasing 
barrier parameters, the tracking error can be further shaped in 
transient period.  Motivated by this, Theorem 1 was 
introduced in [18][19] for such a trajectory shaping purpose. 

Theorem 1: Given a desired strictly decreasing boundary 
set:  𝐾 =
�𝑘𝑘𝑏1,1, 𝑘𝑘𝑏1,2, … , 𝑘𝑘𝑏1,𝑚�𝑘𝑘𝑏1,𝑙 > 𝑘𝑘𝑏1,𝑙+1 > 0, 𝑙 = 1, … ,𝑚𝑚− 1� a
nd a buffer set  ∆= �∆𝑙�0 < ∆𝑙< 𝑘𝑘𝑏1,𝑙, 𝑙 = 1, … ,𝑚𝑚� , if the 
condition |𝑧1(0)| ≤ 𝑘𝑘𝑏1,1 − ∆1< 𝑘𝑘𝑏1,1 is satisfied, then a 
series of control laws exists such that the tracking error has 
the following non-equilibrium trajectory-shaping property: 
Once 𝑧1 enters the region �|𝑧1| ≤ 𝑘𝑘𝑏1,𝑙 − ∆𝑙� , 𝑙 = 1,2, …𝑚𝑚, 
it will be bounded by 𝑘𝑘𝑏1,𝑙  until the equilibrium point is 
achieved.  Here, the 𝑘𝑘𝑏1,𝑙 and ∆𝑙 (𝑘𝑘𝑏1,𝑙 > ∆𝑙) are the constant 
boundary and buffer size for the 𝑙th control law. 

Proof.  The proof of Theorem 1 is straightforward.  Once 
the tracking error enter �|𝑧1| ≤ 𝑘𝑘𝑏1,𝑙 − ∆𝑙�, a new control law 
can be generated by the BLF as illustrated above, with respect 
to the new barrier parameter 𝑘𝑘𝑏1,𝑙. 

During control law switching transient, a smooth 
approximation is conducted as in (54), with which the control 
signal can be assured smooth by replacing 𝑘𝑘𝑖,𝑙 with 𝑘𝑘�𝑖,𝑙(𝑡). 

𝑘𝑘�𝑖,𝑙(𝑡) = 𝑘𝑘𝑖,𝑙 + �𝑘𝑘𝑖,𝑙+1 − 𝑘𝑘𝑖,𝑙� �
1−𝑐𝑜𝑠�

𝜋�𝑡−𝑡𝑙�
𝑎𝑙

�

2
�

𝑛−1

> 0. 
(54) 

Here, 𝑎𝑙 is the approximation duration. 
As detailed in [18][19], by choosing the buffer condition 

properly (large enough), the stability and barrier conditions 
during transient and after switching can be guaranteed. 

Remark 1: By (32), (33), (38), and (50), the bound of 
control signal can be estimated with respect to 𝑘𝑘𝑖,𝑙, 𝑘𝑘𝑏𝑖,𝑙 and 
the bounds of 𝑓𝑓𝑖 , 𝑔𝑖 , and their derivatives in definitional 
domain.  With such an estimation, given fuel adjustment 
range ∆𝑚𝑚𝑓, the in-cylinder oxygen fraction range ∆𝐹𝐹𝑐 can be 
determined, as mentioned in step 2 of subsection III-A. 

IV. SIMULATION STUDIES 

To show the effectiveness of the fuel-assisted control law, 
simulations through a high-fidelity, industry standard, 1D 
computational, GT-Power engine model were conducted.  
The speed of engine is constantly at 2500 rpm and the 
parameters used in the simulation are shown in Table 1.  In 

the simulation, two in-cylinder oxygen fraction, 𝐹𝐹𝑐, trajectory 
switching methods were implemented separately.  The first 
one is controlled only by the air-path mechanism for 
comparison purpose.  For the air-path loop, a straightforward 
control law (feedforward control) was applied through a high 
pressure loop EGR flow rate control based on steady-state 
calibration.  In the second case, besides the air-path control, 
fuel-assisted control was added to improve the transient 
performance.  In this simulation, the reference of 𝐹𝐹𝑐 jumped 
from 0.12 to 0.1. 

Case 1: Air-path feedforward control.  As shown in Fig. 3, 
the EGR valve was adjusted to the destination position once 
the reference jumped at 1 second.  Due to the large time 
constant of the air-path loop, it took more than 2.5s for the 
transient process (we assume the tracking error converged if it 
is within 0.003). 

 
Fig. 3 Air-path feedforward control. 

Case 2: Fuel-assisted air-path control.  As shown in Fig. 4, 
the fuel injection amount was set to be the maximal adjustable 
value to reduce the dwell-time at the beginning of reference 
jumping.  When the tracking error approaches a pre-designed 
range (0.11-0.1), the smooth transient trajectory shaping 
technique was applied. 

By the comparisons with results in Fig. 5, the fuel-assisted 
transient trajectory shaping method can decrease the dwell 
time when the in-cylinder oxygen fraction reference jumped 
from one to another.  The transient trajectory of the 
in-cylinder oxygen fraction can also be effectively shaped, 
which is valuable for combustion mode transition control. 
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TABLE I 

PARAMETERS IN GT-POWER ENGINE MODEL 

Parameter Value a 

𝑁 2500 rpm 
R 286.9 J/kg/K 

λv 3.329 
𝑉𝑖 4 × 10−4 m3 
𝑉𝑒 4 × 10−4 m3 
𝑉𝐼𝑉𝐶 0.782 
𝑘𝑘𝑏 0.01 
𝑘𝑘1 2 
𝑘𝑘2 13 
𝑘𝑘3 34 
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Fig. 4 Fuel-assisted air path control. 

 
Fig. 5. Comparison between case 1 (without fuel-assisted control) 

and case 2 (with fuel-assisted control). 

V. CONCLUSIONS AND FUTURE WORK 
In this paper, a fuel-assisted in-cylinder oxygen fraction 

trajectory shaping method based on the smooth 
non-equilibrium transient trajectory shaping control theory is 
proposed.  Such a method can be implemented in control of 
multi-combustion mode engines.  With simulation results, 
this method was shown to be effective.  The dwell time during 
reference jump was largely shrunk and the transient trajectory 
could be guaranteed in a bounded region when tracking error 
converges to zero.  Such transient control property certainties 
are beneficial for controlling the transient behaviors of 
advanced multi-mode combustion Diesel engines.   

The future work will primarily include the experimental 
investigations of the methods for advanced combustion mode 
engine control. 
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