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Decentralized Observer with a Consensus Filter for Distributed
Discrete-Time Linear Systems

Behget Acikmese and Milan Mandié

Abstract— This paper presents a decentralized observer with
a consensus filter for the state observation of a discrete-time
linear distributed systems. In this setup, each agent in the
distributed system has an observer with a model of the plant
that utilizes the set of locally available measurements, which
may not make the full plant state detectable. This lack of
detectability is overcome by utilizing a consensus filter that
blends the state estimate of each agent with its neighbors’
estimates. We assume that the communication graph is con-
nected for all times as well as the sensing graph. It is proven
that the state estimates of the proposed observer asymptotically
converge to the actual plant states under arbitrarily changing,
but connected, communication and sensing topologies. As a
byproduct of this research, we also obtained a result on the
location of eigenvalues, the spectrum, of the Laplacian for a
family of graphs with self-loops.

I. INTRODUCTION

Decentralized estimation [1] has long been an active area
of research with an increased recent interest in distributed
systems. Here we focus on a decentralized estimation prob-
lem for a distributed system with multiple agents, where
each agent estimates the state of the whole system. In
this problem setup, each agent represents a physical entity
such as a spacecraft or an aircraft in a formation. Some
of the earlier research in decentralized estimation focused
on combining the state estimates of a system with multiple
agents into a single central estimate [2], [3], [4], where
all the information is communicated to all agents in the
system back and forth. This is a communication intensive
approach and may not be appropriate for distributed systems
with a large number of agents. The main idea behind these
algorithms is to blend independently obtained state estimates
into a single better state estimate, which has been the main
idea behind the more recent algorithms as well. In the
covariance intersection method [5], [6], the state estimates
and their error covariance matrices are exchanged without
the exact knowledge of correlation between the estimates of
the different agents. The unknown correlation between the
exchanged state estimates is bounded by a bound on the
intersection of the error covariance matrices. This method
ensures that the unknown correlations are accounted for,
but it requires the computation of the error covariances and
their inverses, which can be computationally demanding. In
a recent approach to distributed system state estimation, Ref.
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[7] considers a fusion center that combines measurements or
state estimates from the agents into a single estimate by using
a Kalman filter with a particular structure. However we have
to treat each agent as a fusion center if this approach is to
be adapted, which considerably increases the complexity in
the information routing problem.

A large number of recent research study the consensus
problems in distributed systems in a graph theoretical frame-
work [8], [9], [10], [11], [12], [13] to tackle the difficulties
of the distributed estimation and control. The distributed
Kalman filters with embedded consensus filters are studied
in [14], [15]. Particularly [15] introduces a state estimator
for continuous time linear time systems with a consensus
filter that blends state estimates of neighboring agents, which
motivated the particular observer structure we adapted in this
paper. Our paper provides a stable observer with a consensus
filter for a discrete-time distributed system with time varying
communication topologies and measurement matrices. The
synthesis of stable observers for discrete-time distributed lin-
ear time systems is non-trivial. In [15] a quadratic Lyapunov
function of the estimation error is constructed by using the
time-varying covariance matrix that is computed via a Riccati
matrix differential equation. However this Lyapunov function
has the right properties to be a valid candidate under non-
trivial observability conditions on the linear system [16].
These conditions must be satisfied by the system matrices
that are time-varying, which is non-trivial to verify. This
happens in distributed systems due to constantly changing
sensing topology, i.e., the set of measurements available to
each agent changes as an unknown function of time.

This paper presents an observer with an embedded con-
sensus filter for a class of discrete-time linear systems. Each
agent utilizes its local measurements and its neighbors’ com-
municated state estimates to update its own state estimate.
This observer architecture makes the information routing
problem straight-forward. The local measurement vectors are
described linearly as a function of the plant state via time
varying matrices. The local measurements do not provide the
full state detectability that is required to have asymptotically
convergent local observers. The consensus filters of each
agent blends the state estimates with its neighbors’ estimates
to overcome this limitation by seeking consensus among
neighbors’ estimates. The consensus filters update their in-
ternal states more frequently then the local observers, that is,
there are multiple consensus updates in between the observer
state updates. This ensures that a sufficient level of consensus
is reached for the stability of the observers. The number of
consensus state updates between consecutive observer state
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updates is analytically determined ahead of time. The main
contribution of this paper is the proof of the exponential
stability of the observer error dynamics under time-varying
communication and sensing topologies. We provide a method
to compute quadratic Lyapunov functions that prove the
exponential stability of the observer error dynamics. We also
present a useful graph theoretic result, which is a byproduct
of this research, on the smallest eigenvalue of the Laplacians
for a class of undirected graphs with self-loops.

Notation

The following is a partial list of notation used in this paper:
Q = QT > (>)0 implies Q is a symmetric positive (semi-
)definite matrix; G = (V, E) represents a finite graph with
a set of vertices V and edges E with (7,j) € E denoting
that there is an edge between the vertices ¢ and j; L(G) is
the Laplacian matrix for the graph G; a(G) is the algebraic
connectivity of the graph G, which is the second smallest
eigenvalue of £(G); R™ is the n dimensional real vector
space; ||v|| is the 2-norm of the vector v; I is the identity
matrix of appropriate dimension and I,,, is the identity matrix
in R™*™: 1. is a column vector of ones in R™; e; is a
vector with its ith entry +1 and the rest of entries zero;
o(A) is the set of all eigenvalues of the matrix A and
o+ (A) is the set of all of its positive eigenvalues; max(c (P))
and min(o(P)) are maximum and minimum eigenvalues
of symmetric matrix P; “®” is the Kronecker product;
(v1,va, ..., vy, ) Tepresents a vector obtained by augmenting

vectors v1, ...,V such that:
— [, T T 71T
(V1,02 e Upp) = [0] vi ... oh] .

FE is the vertex-edge adjacency matrix, A adjacency ma-
trix, and D is the diagonal matrix of node in-degrees for
G, then the following gives a relationship to compute the
Laplacian matrix

L(G)=FETE=D - A.

The Laplacian matrix is a symmetric matrix with non-
negative diagonal and non-positive off-diagonal entries.

The following relationships are well known in the litera-
ture [17] and [18] for a connected undirected graph G with
N vertices and without any self-loops or multiple edges

a(G) > 2(1—cos(m/N)) (1)
max(o(£(G))) < 2d(G) 2)

where d(G) is the maximum in-degree of G. Indeed the
inequality (2) is valid for any undirected graph without
self-loops or multiple edges whether they are connected
or not. Next we characterize the location of the Laplacian
eigenvalues for a connected undirected graph G with self-
loops. Having a self-loop does not change whether a graph is
connected or not, that is, a graph with self-loops is connected
if and only if the same graph with the self-loops removed
is connected. Furthermore we define the Laplacian of an
undirected graph with at least one self-loop as

L(G)=L(G,) + Y eef (3)

(i,))€E

where G, is the largest subgraph of G with the self-loops
removed, and

‘C(GO) = Z (ei -

(1,5)EE, i#j

e;)(e; —e;)". 4)

II. SYSTEM DESCRIPTION

We consider the problem of decentralized state observation
for the following discrete-time linear system representing a
group of NV collaborative agents:

Axy, )
i=1,...,N (6)

Th41

Y = CixTy,

where x;, € R"” is the state vector at time instance k and
Yik € R™ik is the measurement vector of the ith agent
at time instance k. In this scenario, each agent has its own
measurements determined by the measurement matrix C; j
and it has direct communication links with a subset of other
agents, which will be referred as the “neighbors”. The set
of communication links in between the agents determine
the communication topology and an associated graph, G i,
where each agent is represented by a vertex of G, and each
communication link is represented by an edge of G, . We
assume that the graph G j is a undirected connected graph
[19] without self-loops or multiple edges for all times, which
implies that [17] a(G.x) > 0 forall k =0,1,...
We consider a “core” set of m measurements zj,

21,k Cy

2y = : = © | xx where z; € RP Vi. (7)
Zm,k C’m
c

such that all locally available “actual” measurements for each
agent can be formed as a linear combination of the core
measurements as follows

Yik = (Big ® Ip) 2k, i=1,...,N. (8)

where y;, € R™+, E; ), € RE&+>Xm ¢ = 1. N, are
“vertex-edge adjacency” matrices, hence m; = g; p, with
p being the size of the local, core measurement vector, z; j.
A vertex-edge adjacency matrix describes an edge between
two vertices or a single vertex (for a self-loop) in a graph
on each of its rows, whose entries corresponding to these
vertices are +1 and —1 (it does not matter which entry is +
or —) and the rest of the entries are zeros. Note that if the
edge described by a row is a self-loop then there is only one
non-zero entry with +1.

The assumption that all actual measurements can be ex-
pressed in terms of the core measurements adds more struc-
ture to the problem at hand without losing much generality,
and its use will become apparent in later sections.

Next we collect the set of all distinct local measurements
into a global measurement vector yy as follows

Yk = (Fr ® Ip> 2k = (Ek ® Ip) Cuxy, ©)]
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where the vertex-edge adjacency matrix Ej contains all the
distinct rows of all E; 1, ¢ =1, ..., NV, that is, E}, is a vertex-
edge adjacency matrix of a graph without multiple edges.
Therefore, y;, is not necessarily an augmentation of all local
measurements in general, that is, yr # (Y1,k,---, YN k) I
general. Moreover a local measurement vector y; . for any
agent can simply be obtained by picking the right entries of
the vector yj. Consequently, a row of Ej can correspond
to a measurement that belongs to multiple agents, that is, a
measurement can be available to multiple agents. For each
agent we will define a vector h;j € Z%* that contains the
positive integer numbers representing how many agents each
measurement is available to. This implies that

N
E{Ey =) Bl (diag(hi))”" Ei (10)
i=1

In summary, the sensing graph Gy is constructed with
its vertices as the core set of measurements 2i i, ..., Zm.k
and its edges represent the actual measurements at time
instance k. Since a core measurement can also be an actual
measurement, €.g., ¥; x = 2jk, a sensing graph can have self
loops, and in the case when all measurements are the core
ones, the sensing graph can be completely disconnected in
the usual sense. We introduce a concept of pseudo-connected
graphs to capture useful properties of the sensing graphs that
will be encountered (see Figure 8 for an example of a pseudo-
connected graph).

Definition 1: An undirected graph G(V, E) without mul-
tiple edges is defined to be pseudo-connected if every vertex
is connected to itself and/or to another vertex and if every
connected subgraph of G has at least one vertex with a self-
loop.

Given the above definition, the following conditions are
assumed to hold for the system defined by equations (5)
and (6):

Al) G is a connected graph without self-loops or mul-
tiple edges V k.
A2) Gy is pseudo-connected without multiple edges V k.
A3) The pair (C, A) is detectable.
A4) Each agent knows h; j at any given time instance k.
Assuming a pseudo-connected sensing graph implies that
one or more of the core measurements are among the actual
measurements at any given time. The assumption of having
a connected communication graphs can be relaxed to, for
example, having jointly connected communication graphs
[20]. Such relaxations can lead to some generalizations
of the forthcoming results, which is beyond the scope of
this paper. The detectability of (C, A) pair ensures that an
exponentially stable observer exists by utilizing only the core
measurements. The last assumption of each agent having the
information of the vectors h; j, simply means that each agent
knows how many other agents have access to the information
that it has. The h; ;. vectors can be routed to each agent in
real-time, or the distributed system at hand may have the
working assumption that each measurement is known by a
fixed number of agents at any given time.

III. DECENTRALIZED OBSERVER WITH CONSENSUS
FILTER

We propose the following local observers with a consensus
filter that process both the locally available measurements
and the neighbors’ state estimates:

Local Observers with Consensus Filter
Tipp1r = Asip+ Lip(Cigsik —yix) (1)
Sapr = Giu— Y (&1 —&u) (12)
JESik
fi}o = fi,k» l=1...r
Sie = Eirs i=1...N.

where r is the number of iterations, consensus state updates,
per single time step, d > 0 is a design parameter, S; j is the
index set of neighbors for the agent i. The gain matrices
L; j, are computed by using the matrix L, which is defined
as the core observer gain matrix corresponding to the core

measurement zy, as follows

Liy =L (E] diag(hix) ' ® 1) . (13)

The choices for the scalars r and § will be explained later
in the paper. Here we assume that the consensus filter
can be iterated as many times as the integer r dictates
during a single time step. Hence r can be seen as a design
parameter that determines how fast the consensus dynamics
need to be for the stability of this observation algorithm.
Clearly the number 7 can be too large to be handled by the
available communication hardware. Hence one of our design
objectives is to determine the least conservative upper bound
on the number of consensus updates 7.

IV. SYNTHESIS FOR A STABLE OBSERVER

In this section, we present a constructive proof of the
exponential stability of the proposed decentralized observa-
tion algorithm. As a by-product of this proof, we obtain
synthesis procedures to compute the observer gain matrix
L and parameter r.

Let & be the overall (stacked-up) vector of &; ) € R™Y
where N is the number of spacecraft and n is the number
of states per agent.

&=(&0,%0---,8N)

Similarly, #; and X}, (both in R™V) can be expressed as

T = (T1gs Lok, ENE)
X = 1yQur = (zk,Tk,...,Tk).
From equation (12):
S41 = (Unn—0Leg )&, 1=1,...,r
= & = (InN - 5£C®7k)rik

where Logr = Ler ® Iy, and L.y is the Laplacian
matrix of the communication graph G, at time k. Let
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the observation error be defined as e; := &;; — x; and
er = (e1,k; - - -,€n,k), then using the equation (11), we have

T k41 — Tht1
= As;p+ Lix(Ciksik — Yik) — Axy.

€ik+1

Since (Lo @ I,)(An @ x) = Lekln @z = 0 and
(InN - (S;CC@,k)T = I + ( . .)[,C®7k- + ( . ')‘Cit@,k + ... s
we have

(Inn — 0Leg k)" Xk (Inn —0Leg i) (AN ® )

= (]-N ®LL‘]€).

Then, the overall error dynamics, e, can be expressed as:

€k+1 Ac(InN - 6£c®,k)rek
= Ac[(IN — (Sﬁc}k)r [029] In]ek (14)
where
A, = diag {A + Lq;,kCi,k; 1= 1,..7N} (15)

= diag {A+ L(E]  diag(hix) ' Eix © I,)C; }
where i=1,...N

Theorem 1: Suppose that the sensing graph is pseudo-
connected and communication graph is connected for all
k = 1,2,..., and there exist some L, P = PT > 0, and
A €[0,1) such that the following inequality holds for the
Laplacian, L, of any pseudo-connected sensing graph G,

AP — Ay (L)TPAL(L,) >0 where
1
Ag(Ls) = A+ NL(LZS ® I,)C

(16)

Let 6 € (0,1/(IN —1)). Then there exists a large enough
positive integer » > 1 such that the error dynamics of the
observer given by the equation (14) are globally exponen-
tially stable (GES), hence the observer given by equations
(11) and (12) is GES and, fori=1,..., N,

|2k — 2l < A&k —akll, VE=0,1,... (17
for some ¢; > 0 and \; € (0,1).

Proof: We consider the following Lyapunov function
for the error dynamics

o7 {10
V(ex) = e;, (Io ® P)ey, where I, = [0 OZIN—1:| (18)

and « > 0. The first step is to find an appropriate transfor-
mation that will split the error vector ej, into agreement and
disagreement subspaces. These subspaces bring a geometri-
cal insight to the observer synthesis, and help clarifying the
roles of the measurement and communication feedback terms

in the observer. Consider the following transformation

- 1 -

/N(N-1)

Sl
> shfsk
S sHsk

VN(N-1

N2

VN(N-1 ®I,. (19)

1
VN

T

1

)
1
V/N(N—-1)
R )
L VNON-1)
T

It can easily be shown that columns of 7" and 7 has 2-norm
equal to one and they are orthogonal to each other, hence T’
and T, are orthogonal matrices such that 77T = TT7T =
I,y and T.TT = T.TT = Iy. Note that, for any graph
without self loops or multiple edges G, such as the graph of
a communication topology, we have

1Ty | =0T ]

o O

(20)

£e) = [ —v | V

for some vector v > 0 and matrix V = VT, which are related
by V1 = v, and we can express matrix 7, as follows

[

with appropriately defined vector w and matrix U. Now we
can show that

TTL(G)T, = { 1)

0 0
0" | £L,(G)
where £,(G) € R™1* (1) j5 3 symmetric matrix given by
L£,(G) = (1T"v)ww” —woTU — UTvw? +UTVU. (22)
This can be shown as follows:
1Tv—0"1 1TowT=0TU
1 17 | Ty
w UT —v+V1
N——
o

T —
Tc ‘C(G)Tf‘ - |: —'U'LUT+VU

»T

_ | 0o 1Tvw” — 17w -vTU+1TVU

oT T
0 Ly(G)

Note that 7, (hence 7T') is a universal transformation that
does not depend on the graph at hand, and it generates
L,(G) (that is a function of the graph), which is symmetric.
Furthermore, since 7, is used as a similarity transformation,
for any connected graph G without self-loops or multiple
edges, 0(L(G)) = o(TT L(G)T.). This implies that

o(Ly(G))=0(L(G))\{0} C[2(1—cos(n/N)),2d(G)].
(23)
Define transformed error as é; = T7e,. Then the equation
(14) can be written as:
TTA[(In — 6Lep)” @ I, Téx
TTAT TT[(In —0Les)" @ LT & (24)
N——

=A®1,

€rr1 =

= A,
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Next we derive an expression for Aj. Noting that T =T, ®
1,,, we have

T (In = 6Lek)” @ LT =TT (In — 6Le k)" Te] @ I,
Here we have,

T (In = 6Ley)"Te
TIINT + e\ T, LopTe + T L2, T+ .
= Iy+ Clic,k + CQE?,I@ +...= (IN — 550,1@)7.7

where c¢; and co etc., are some constants, and the newly
defined L., is

~ T
Ec,k = TcT‘Cc,ch = |: 0 0 :|

0 Lyx

which is obtained by noting that the first column of 7' is in
the null space of Lj. Consequently
0o o” 1\"
|-o[s 2. ])

1 0" "
Tl 0 In 0Lk |

This transformation allows us to project the overall estima-
tion error vector € into its components in the agreement
subspace, ¢, and the disagreement subspace, 7y:

. €k €k+1 Aok Frhp i || ex
= = = ; Q5
o { Mk ] LWH—J [ Gr Aarly ] [k (@)
—_——

Ae
where A, = (Ina—0L, k)1, and

o 1 o7
av-otr = ([5 2

N
1
Awp=A+ L <Zl El Eix® I,,) C.

B L1C1—LyCs
V2N
L1C1+LsCy—2L3C3
V6N
Gr = : )
SN L,Ci—(N—-1)LnCy
L V/N2(N-1)
F _ L,C1—LyCo Zﬁ\]:EILiCi_(N—l)LNCN
k V2N V/N2(N-1)

Ay is a symmetric matrix with 2(1 — cos(n/N))I <
Ap i < 2d(Ge)I. Hence a choice of § € (0,1/(N —1))
renders the eigenvalues of the Laplacian of any connected
communication graph inside the unit circle, i.e., o(A, x) <1.
With the transformed state we can express the Lyapunov
function in equation (18) f/('ék) as follows

V(é) = V(Taék)
_1

= & (I ?
-3

— (L

_1
2

TTI2% @ 1) (1o ® P)(Ia *Tola ® @ I,)

Tr=37 77357 773 S Tp—1 -
T I 2 I, * T 1o 2 @ P)é, = éb (I;' ® P)éy.

where I! is a positive definite matrix. Consider some 7 €
(A, 1), we have

YV (er) = V(ekt1) =

= & (\;'eP) - AJ(I,' @ P)A.)é,. (26)
=S
Then we can express the matrix S as
g_ P 0
T 10 y(a T Ina®P)
[Aak BeAL TP 0 Aase Fily ),
Gy Ad,kA;k 0 OzilfN_1 ® Pl | Gy Ad,kA;k
=5-5

where S and S, are symmetric matrices defined by

VP — AL PAgx —a 'GIPGy 0
0 a_lfyP

5 0
2= (a'GEPAG AL 4+ Aq g PFAT )T
aflGZf?Ad’k/A\;k + Ag k PFAT |
A;yk(a—lAaT’kPAa’k+FTPF)A;7,C '

S1=

with P =Iy_;®P. By using the inequality (16), for any &
yP — AL, PA, = AP — Al PA i +(y—\)P
N——

>0
= vP — Az;kPAa,k > (y=ANP >0.

Hence, @ > 0 can be chosen large enough such that S; =
ST >o0.

Next observe that A, ; is a symmetric matrix with all
its eigenvalues in (—1,1). Hence lim,_, A;yk = (. Since
all nonzero blocks of S, contain A, as a multiplier,
lim,_ o S5 = 0. This implies that the spectral radius of the
matrix S3 can be made arbitrarily small by choosing r large
enough for a given . Consequently, since S; = ST > 0
by a choice of large enough «, we can guarantee that
S =51 — 55 >0, and then choosing r large enough, which
then implies that

YV (éx) — V(Ers1) = éLSé, > AV (&) >0 for &, #0,

for some A € (0,1). Since V is positive definite quadratic
function of €y, this implies the exponential stability of the
error dynamics. The equation (17) is a direct consequence
of the exponential stability of the error dynamics, which
concludes the proof. n

Next we will focus on how to design observer gain matrix
L and a valid lower bound on the number of consensus
iterations r so that the results of Theorem 1 apply.

A. Computation of the Observer Gain Matrix L

This section presents the result for the gain matrix L that
quadratically stabilize the agreement subspace of the error
dynamics. Note that the equation (25) implies that the error
in the agreement subspace evolves, when 7, = 0, as follows,

€or1 = Aqrex, Wwhere Agp = A(Lsk).
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As an immediate consequence of this observation, the con-
dition (16) to hold for any pseudo-connected sensing graph
implies that the error dynamics are quadratically stable in
the agreement subspace.

Next we will construct the quadratic Lyapunov function of
the condition (16). Since the sensing graph G ; is assumed
to be pseudo connected, by using Theorem 3 together with
equations (1) and (2), we have

N
T . _
2 (1—003 2]\7-1-1) I < 221 Egjkdlag(hi,k) Eix=Lsk
< (2d(Gso, )+ DI 27

where G¢, is the sensing graph with the self-loops removed.
Note that, since G has m vertices, d(Gg, ) < m—1. Let

T
21—
< COSQNJrl)

max 2d(G? )+1 < 2m — 1.
k k

e
Pa =

Now we can express the matrix A, ; := A,(Ls ) defined
in equation (16) for each time instance k as follows

_ 1 B1+ B2 Bt
Ao = A+NL(£S,k®Ip)C+ S LC SN LC

= A+iL(£S,k®Ip—MI>C+BI+BQLC

N 2
Ak

_ B1+B2

= A+ N ——=LC+ LAkC
where —6 Bl] <Ag <ﬁ ﬁl] Then the agreement

dynamics for €, when 7, =0 f%r all k, are given by:

B1+ o 1
= (A L —L 2
€k+1 ( + N C ek + 7 LPk (28)
= A,
Pe = Apgp
@ = Ce
—BI < A=A} < pI
where [ = b2 — >(0. We will establish the quadratic

stability of the above system via a choice of the gain
matrix L. The agreement dynamics given by equation (28)
above, is known as the Norm-Bound Linear Differential
Inclusion (NLDI) [21]. The standard form of this NLDI can
be rewritten as follows,

pe=Arae, AR <B & pipw < Bqfar. (29)
The expression (29) above can be rewritten as,
T
Pk Pk
with M be given by
~[apr o0
e[ ] e

where & >0 is a scalar variable introduced through S-
procedure [21], [22].

Lemma 1: Consider the agreement dynamics given by
(28) with the gain matrix L given by L = P~1S, where
P = PT > ( and S are obtained by solving the following
ADLMI (Agreement Dynamics LMI) for some A € [0,1),
with solution variables P, S, and &,

AP—ap>CTC 0 ATp4 it oTgT
0 al +s8T >0. (32)
PA+BH2 g0 Lg P

Then the resulting agreement dynamics (28) are quadratically
(hence globally exponentially) stable, and the condition (16)
in Theorem 1 is satisfied with L, P, and .

Proof: For brevity, we defer the proof to [23]. [

B. Extending the LMI

In Section I'V-C, we compute the the bound on the number
of iterations, r. As shown in equation (37), the bound on r
will depend on the bound of P-norm of A; , := A+L; ,C;
as in equation (15). We propose the lemma which establishes
a bound on a, that is, ||A; k|| p < a for all 4 and k. Note that,
for all indices ¢ and k,

lAikllp <a < wTAiykPAi,kw < aw'Pw VY.
(33)
Lemma 2: Given A;j; as in equation (15), then

|A; k||lp < @ for all ¢, k if the following matrix inequality
is satisfied for some & > 0,

a’P — ATPA —ATS —ap,CT 0
—SA—aBC 2a1 ST | >0, (34)
0 S P
where 3 = maxj 2deg(GY ) + 1(< 2m — 1),
Proof: For brevity, we defer the proof to [23]. [ ]

C. Bound on Consensus Iterations

This section presents the main synthesis result of this
paper, which gives a way to compute a bound on the number
of consensus iterations r. In order to compute this bound for
the convergence, we utilize the error dynamics,

Ac,k(InN — 5£)T€k
A ATey,

€L+1

= €41 = where ék:TTek

where flc and A are defined in equation (24). We also define
6, which is a bound on A, = (In—1 — 0Lpk) @ Ip,
where L, = L,(Gg) with £, as defined in (22). To
compute a nonconservative value for 6 we can solve a
simple optimization problem. Let b and b be the lower and
upper bound on L, as defined in equations (1) and (2),

respectively as follows

b = k_n&iln a(Gek) > 2(1 —cos(m/N)) and
b = ) < —1).
b ki%flﬁ(mp(ﬁc,k) <2(N -1)
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Then we define 6 as follows:

6 = min||(1 — vb, l—vb)Hoo. (35)

where § is is the parameter in the consensus part of the
observer, equation (12). This optimization problem, besides
solving for the optimization variable 6, also provides us with
the optimal value for § in the consensus part of the observer
in equation (12) as follows

6:argmin|’(1fz/l_), lfuh)Hoo. (36)

Theorem 2: Suppose that there exist & > 0, & > 0, P =
PT > 0, and S such that the matrix inequalities (32) and
(34) are satisfied for some A\ € [0,1) and @ > 0. Then the
overall error dynamics given by (14) are exponentially stable
if the integer » > 1 is chosen such that p(I'(r)) < 1, where

T(r) = ? Zgr and 0 is given by (35). (37)
Proof: For brevity, we defer the proof to [23]. [ ]

We can choose r large enough such that the largest modulus
eigenvalue of the matrix I is less than one, which ensures
that the error dynamics is exponentially stable. This can be
done via a simple line search on 7 as shown on an example
case in Figure 1.

—path
cycle

2| b i —star
complete

—— cube (m-dim)

Maximum absolute eigenvalue of I

40 60 80 100
number of iterations, r

Fig. 1. Maximum absolute eigenvalue of the I'(r; L, d) matrix for the
example of 8 agents and various topologies

V. SIMULATION RESULTS

This section presents an application of the decentralized
observer with the consensus filter on a formation flying
spacecraft in Low Earth Orbit (LEO). The discrete time
dynamics equations and the measurement equation are de-
scribed in [24]. The state to be estimated is a relative
translational state of all spacecraft with respect to the
designated leader spacecraft, which we call the formation
state. The size of the formation state vector is 6(N — 1),
where IV is the number of spacecraft. The communication
and sensing topologies are time-varying. The information
is exchanged across the communication channel contains
the locally computed formation state vector. The sensing
links represent the measurement availability between the two
spacecraft connected by the link, where the measurements
are linear, position measurements. The information among
the spacecraft is exchanged r times during a single time
step, which allows for reaching the consensus between the

estimates of different spacecraft. The observer gain L is pre-
computed by solving for the LMIs in (32) and (34).

Again for brevity, in these simulations the parameters 6, §
and a are computed based on the procedure described in the
upcoming journal paper [23]. Also, h;, = 2, Vi, k, ie., if
there exist a relative measurement between two spacecraft,
both spacecraft have access to it. Simulations show that the
algorithm works even with only » = 3 even though the theory
predicts higher number of iterations for certain topologies.

Comm m]n 5@1-0 @ Comm topo 4 @ t=400

Comm topo 3 @t=700 Comm topo 6 @ =900 Comm topo 2 @ t=1100

Senstopg6@1=0  Senstopod @1=200  Senstopo3 @ t=400

Senstopod @1=600  Senstopo§ @t=800  Sens topo 2 @ 1=1000

Senstopo5 @1=1200  Senstopo 1 @ t=1400  Sens topo 4 @ t=1500

7 €2 =

Fig. 2. Sensing, 8 agents

Comm topo§ @ t=1300 Comm topo.6 @ t=1400 Comm topo 4 @ t=1600

= =

Fig. 3.

Comm, 8 agents

The results are shown for the At = 1sec with 8 spacecraft.
The sensing and communication topologies change according
to Figures 2, 3. These two topologies may or may not change
at the same time. The time of topology change is indicated
in the error-plots with the blue circle and red dot, for
communication and sensing topology changes respectively.

Figures 4 and 5 show the performance of the algorithm
for A = 0.90 and A = 0.80 respectively, with number of
iterations set to » = 11. It is worth noting the improvement
in convergence when A = 0.80 by observing the transient
behavior in both cases. On the other hand, in order to

Error, km
Error, km

200 400 600 800 1000 1200 1400 1600 1800
time, sec

Fig. 4. 8 agents, At = 1s,
A=0.90,r=11

200 400 600 800 1000 1200 1400 1600 1
time, sec

Fig. 5. 8 agents, At = 1s,
A=0.80,r=11

decrease the communication bandwidth and speed up the
algorithm, we set » = 3. Figure 6 shows that the consensus
has been reached and algorithm converges. In the transient
period the consensus is not achieved as fast as in previous
cases, which is expected with decreased number of iterations.

Decreasing the number of iterations too much can have
negative effects, and in the case when » = 1 and A = 0.90
the observer becomes unstable, as shown in Figure 7.

£
s 9 R Y SR B ———— Y
5 s00)

200

-300

200 400 600 800 1000 1200 1400 1600 1800 50 100 150 200 250 300 350
time, sec

Fig. 6. 8 agents, At = 1s, Fig. 7. 8 agenté, At = l1s,
A=0.90,r=3

A=090,r=1

Error, km
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VI. CONCLUSIONS

The decentralized observer with consensus filter presented
in this paper provides a technique for handling time-varying
sensing and communication topologies in a distributed sys-
tem in a computationally efficient way. Proof of convergence
for the observer is also provided, which relies on having a
sufficient number of consensus state updates between the
measurement time instances. This number comes from a
theoretical bound and its further refinement may be required
to make the algorithm applicable to a large class of systems.
Low communication requirements make it suitable for real
systems with small communication bandwidth. A result on
the eigenvalues of a Laplacian for a connected graph with
self-loops is also presented.
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APPENDIX

Here we present useful results, without proofs for brevity,
on the eigenvalues of undirected graphs with self-loops.

Lemma 3: The Laplacian of a pseudo-connected graph is
positive definite.

Next we introduce the following definition of a lifted
graph.

Definition 2: Given an undirected graph G(E,V) with
N vertices and with at least one self-loop, its lifted graph
G(E, V) is a graph with 2N + 1 vertices and with no self-
loops such that (Figure 8): For every vertex ¢ in G there are
vertices ¢ and i+/N+1 in G, i=1,...,N, and also a middle
vertex N +1 with the following set of edges

(i,j)€E = (i,j)eBand i+ N+1,j+ N +1)cE
(i,i)€E = (i, N+1) € Eand (N +1,i + N +1)cE

O—®

o‘o ©)

SN
0‘9

O—®

Fig. 8. Lifted graph of an undirected graph with self-loops
Theorem 3: For a finite undirected graph, G, with self-

loops but without multiple-edges:

o (L(G) Ca (L‘(G)) N(0,2d(G,)+1],  (38)

where G,(V, E,) is a subgraph of G(V,E) where E, C E
and E, contains all the edges of E without the self-loops.
Particularly if G is a pseudo-connected graph then

o (L(G)) C oy (E(G)) N(0,2d(G,)+1].  (39)
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