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Abstract— Biologists have long searched for reaction net-
works that can spontaneously generate spatial patterns in the
presence of diffusion. The studies so far closely follow Alan
Turing’s “activator-inhibitor” model, where diffusion destabi-
lizes a spatially homogeneous steady state. In this paper, we
propose a new type of Turing system based on an oscillator
that destabilizes a spatially homogeneous steady state towards
a spatio-temporal pattern. We develop a model based on
current experimentally-viable systems and study its benefits and
limitations.

I. INTRODUCTION

Genetic networks which enable communication and coor-
dination of behavior among cells in an ensemble have held
the attention of developmental biologists [1], [2], [3] and
theoreticians [4], [5], [6], [7] for over half a century. In
particular, a vast body of literature - both theoretical [1-6],[8]
and experimental [9], [10], [11] - exists which focuses on the
production of patterns in gene expression, a phenomenon
central to the development of multi-cellular organisms. A
particularly interesting mechanism for pattern formation is
diffusion-driven instability, originally proposed by Turing
[12].

More recently, attempts have been made to build synthetic
gene networks which generate patterns, usually via the exter-
nal manipulation of diffusible substances that modulate gene
expression [13], [14], [15], [16], [17]. To date, there have
been no experimental demonstrations of a robust, tunable
system which can break symmetry and spontaneously gen-
erate predictable gene expression patterns from an initially
homogenous condition as in the Turing mechanism.

In the synthetic biology community, most efforts to
achieve spontaneous generation of spatial patterns have cen-
tered around networks similar to the one originally proposed
by Turing [12]: Two diffusible species (usually termed an ac-
tivator and an inhibitor) interact with each other via chemical
reactions that produce positive and negative interactions as
in Figure 1. For an appropriate range of kinetic parameters
and diffusion constants, these topologies produce spatial or
spatio-temporal patterns from a homogenous initial condition
perturbed by the chemical noise present in normal exper-
imental conditions. However, this type of architecture has
proven very difficult to implement using genetic networks
because: (a) Turing instability requires that the steady-state
occur in the linear regime of the activator-inhibitor interac-
tions away from saturation and severely restricts the param-
eter range to meet the instability criteria; (b) when using
systems with two diffusible components, either the diffusion
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constants [12] or the uptake rates [4] must be sufficiently
different to allow unstable spatial modes, and significant
differences are difficult to engineer; and (c) the intermediate
protein steps ignored in a two-state activator-inhibitor model
further restrict the parameters, possibly leaving them outside
the tunable range.

Although the activator-inhibitor model is the canonical
example for Turing instability, many other possible network
structures exist. Indeed, as we make explicit in this paper,
the essential structural property for the Turing phenomenon
is that the network contains an unstable subsystem, which
is stabilized by a feedback loop. The diffusion of molecules
participating in this feedback loop then unleashes the inher-
ent instability and allows growth of spatial modes. In the
activator-inhibitor network in Figure 1, the activator plays
the role of the unstable subsystem and the inhibitor provides
the stabilizing feedback.

In this paper, we propose a new network, requiring only
one diffusible component and an oscillator circuit serving as
the unstable subsystem, as depicted in Figure 2. In Section
IT we cover the basic theory used in analyzing reaction-
diffusion systems and relate Turing patterning to the concept
of additive D-stability. In Section III we analyze a simplified
theoretical model of our proposed architecture to demonstrate
that it is indeed capable of generating patterns. In Section
IV we propose a possible synthetic implementation that is
built upon an available oscillator circuit using known genes
and promoters, and provide an analysis of the system which
predicts the range of real kinetic parameters over which
patterns should emerge.

The primary goal of this paper is to provide a novel
network architecture to serve as a starting point for exploring
alternative implementation strategies for reaction-diffusion
pattern generation by synthetic gene networks in multi-
cellular systems. It thus focuses on preliminary analyses and
not on experimental validation.

II. REACTION-DIFFUSION SYSTEM ANALYSIS

Turing pattern formation arises in reaction-diffusion sys-
tems where stability of a steady state in the reaction system
does not imply stability of the homogeneous steady state in
the presence of diffusion [12]. We will consider the situation
where the cells are closely packed and study the continuous
reaction-diffusion system
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Fig. 1. The canonical two-component “activator-inhibitor” Turing system.
The top component is the activator and the bottom component is the
inhibitor, both diffusible.

over the spatial domain € with smooth boundary 0f2 subject
to zero-flux (Neumann) boundary conditions. Here c(t, £) is
the vector of species concentrations that depends on time ¢
and spatial variable £ € €, f is the vector field of reaction
rates, D > 0 is a diagonal matrix of diffusion coefficients,
and V? is the vector Laplacian. The Neumann boundary
condition states that Ve(t,&) - n(€) = 0, V€ € OS2, where
n(&) is the outward normal vector.

We let J = %|c:c* denote the Jacobian linearization
about the steady state c¢*. The dynamical behavior of the
reaction-diffusion system is determined from the matrices
J + AD, where )\, are the eigenvalues of the Laplacian
operator V2 on the given spatial domain, and the subscripts
k=1,2,3,... denote the wave numbers [18]. For example,
on a one-dimensional domain Q = [0, L], A\, = —(7k/L)?.
If the matrix J + AxD is Hurwitz, then the corresponding
wave decays to zero asymptotically in time. If J + A\ D is
unstable, then the corresponding wave grows. In Turing’s
condition for pattern formation, matrix J is stable, implying
convergence to steady-state in the absence of diffusion, but
J + A\ D is unstable for one or more wave numbers k > 1,
implying the growth of these waves due to diffusion.

A. Additive D-Stability

A matrix stability concept that rules out Turing pattern for-
mation is additive D-stability [19], [20], defined below. We
are interested in this concept because necessary conditions
for additive D-stability, when negated, serve as sufficient
conditions for Turing instability.

Definition 1: A matrix J is called additively D-stable if
J — D is Hurwitz for all diagonal D > 0.

For Turing pattern formation, we need J+ A; D to become
unstable for some \;. Because A\, < 0 for Neumann eigen-
values [21] and all diffusion coefficients are non-negative,
J + \i,D matches the J — D format of additive D-stability
with D = —\D. Thus, if J is additively D-stable, Turing
pattern formation is not possible.

We will make use of the following necessary condition
for additive D-stability and its proof to observe an essential
structural property for Turing instability:

Theorem 1: A necessary condition for additive D-stability
of the matrix J is that J and all of its principal submatrices

be stable.

Proof: A result similar to Theorem 1 has been proven in
[22]. Here, we present an alternative proof that makes explicit
the structure of D that renders .J— D unstable. Observing this
structure will be helpful in designing a network that exhibits
Turing instability.

We proceed by contradiction and suppose that J € R™"*"
contains an unstable principal submatrix J, of size r < n,
and show that we can recursively construct a diagonal matrix
D > 0 such that J — D is unstable.

If » = n, then J is an unstable matrix and we can choose
D = 0. If r < n, we assume, without loss of generality,
that J,. is a leading principal submatrix. Taking the leading
principal submatrix of size r + 1:

Jr by
Jr+1 N |: Cr  Qr41 :|
we claim that we can find D, ; = diag{0,...,0,d,.,} such

that J,11 — D,y1 is unstable. To see this, let ;.1 = 1/€ and
note from standard singular perturbation arguments [23] that,
as € — 0, one of the eigenvalues of J,; — Dr+1 approaches
—o0, while the remaining r approach the eigenvalues of J,.
Since J, is unstable, then by an appropriately large choice
of d,41 we can make J,,1 — Dr+1 unstable.

Now we can similarly define

Ar42

Jin
Jr+2 = |: CT+1
(a

b7'+1 :|

and D, o = diag{0,...,0,d,+1,d, 42}, and render

= Jrg1— Drga bry1
Jr+2 - Dr+2 = " " " d
Cr41 Ap42 — Qpy2

unstable by an appropriately large choice of d,o.
We can then recursively apply this procedure until we
make J, — D, = J — D unstable using D =
diag{0,...,0,d41, ..

Sdn} n

Theorem 1 suggests that a possible route to Turing pat-
terning is to break this necessary condition with an unstable
principle submatrix. This means that an essential structural
property for the Turing phenomenon is that the network
contains an unstable subsystem. This subsystem must be
stabilized by the rest of the system so that the matrix J is
stable, and the diffusion matrix D must be such that J+ A, D
is unstable for some wave number £ > 1. A matrix D
with this property can indeed be constructed following the
recursive procedure in the proof of Theorem 1.

B. Activator-Inhibitor Example

We show that the structural property for Turing instability
discussed above encompasses the canonical two-component
activator-inhibitor system in Figure 1. The linearization and
diffusion matrices for this system have the form:

J = ‘7:11 '7:12 s D= dl 0 ) di Z 07
Jo1 Jo2 0 d»
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where j;; > 0 so that component 1 is the unstable “acti-
vator,” and jo2 < 0 so that component 2 is the stabilizing
“inhibitor.” The activator thus serves as the unstable subsys-
tem to disprove additive D-stability. The proof of Theorem
1 implies that instability is achieved when dy > 0 is large
enough. The proof also implies that d; = 0 is admissible for
Turing instability.

III. QUENCHED OSCILLATOR SYSTEM

We now present a new network architecture that is capable
of generating Turing patterns. As discussed in the next
section, this network can be implemented using existing
synthetic biological components. It consists of a ring oscil-
lator loop (represented with the pink molecules in Figure
2) that serves as the unstable subsystem and a second
loop that “quenches” the oscillations and stabilizes the full
system. The quenching loop contains a diffusible molecule
(represented with blue in Figure 2), which means that when
the corresponding diffusion coefficient is large, the diffusion
matrix has the destabilizing structure proposed in the proof
of Theorem 1.

For stability of the full system, it is essential that the
quenching loop have a smaller phase lag than the oscillator
loop. Smaller phase lag can be achieved with fewer reaction
steps or with faster degradation rates in the second loop.

To demonstrate pattern formation, we consider the follow-
ing representative model, which exhibits both an oscillator
loop (z1,x2,x3) and a quenching loop (3, x4):
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where the concentrations xz;, ¢ = 1,...,4, and all other

variables and parameters are non-dimensional. In particular,
the time variable ¢ is scaled to bring the degradation constants
(assumed to be identical for each species) to one, and the
one-dimensional length variable £ is scaled so that the spatial
domain is = [0, 7]. We assume only the fourth species
(represented with blue in Figure 2) is diffusible and is subject
to zero-flux boundary conditions. Because the fourth species
is diffusible, this architecture is able to exhibit diffusion-
driven instability for a large diffusion coefficent dy.

Jacobian linearization of the reaction equations about the
steady-state (%1, Z2,Z3,T4) yields:

-1 -b O 0
0 -1 —by| O
—bs 0 -1 | —c4
0 0 Cs -1

; 3)

where:

O
()

Fig. 2. The proposed “quenched oscillator” system. The quenching loop
with the diffusible molecule (in blue) stabilizes the unstable oscillator loop
(in pink). Diffusion then unleashes the inherent instability and allows growth
of spatial modes with high wave numbers.
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For the oscillator subsystem, we require:
B2 b1b2b3 > 8 4)

so that the characteristic polynomial of the 3 x 3 upper-left
principal submatrix of J, given by (X + 1) + B, has a pair
of complex conjugate roots in the right half-plane.
For stability of the full reaction network, we need:
B -8

c 4 CqC5 > 72 )

so that det(Al —J) = (A+1)[(A+1)3+ B+ C(A+1)] has
all roots in the left half-plane. For diffusion-driven instability
of the k*" spatial mode cos(k¢), the polynomial:

det(M — (J — k2diag{0,0,0,d,})) =
A+D[A+1)°+B+C(A+1)]
+k2dy[(A +1)° + B, ©)

where dj is the diffusion coefficient, must have right half-
plane roots. Indeed, when the product k2dy is sufficiently
large, three roots of (6) approach those of (A + 1)3 + B,
which contain right-half plane roots due to (4). This means
that the inhomogeneous modes cos(k€) grow in time if k2dy
exceeds the threshold for instability of the polynomial (6).

The parameters p = 3, v1 = v2 = 18, v3 = v4 = 0.45,
and o = 0.1 in the system (2) satisfy conditions (4)-(5)
with B = 9.4815,C = 2.2222, and the polynomial (6)
becomes unstable when k2d, > 11.35. Simulations in Figure
3a indeed exhibit growth of the spatial inhomogeneity when
the steady state is perturbed by adding the first wave (k = 1)
with a small amplitude. This Turing behavior is contrasted
in Figure 3b to the decay of the initial inhomogeneity in the
absence of diffusion.

IV. IMPLEMENTATION OF THE QUENCHED OSCILLATOR

A possible synthetic implementation of the quenched
oscillator system is depicted in Figure 4. The first (top)
loop is the repressilator [24], which is a ring oscillator,

2286



2
Spatial Domain &

19847 wpb
196 L
T
20 ‘*’“Vf T :

2
Spatial Domain &

(b) T

Fig. 3. (a) Solution x3(¢,&) of (2) on spatial domain Q = [0, 7] with
zero-flux boundary condition. With parameters p = 3, v1 = v2 = 18,
v3 =v4 =9, v5 = 0.45, a = 0.1, dg = 20, Turing instability conditions
are met and a slight perturbation of the homogenous initial condition with
the first wave (k = 1) leads to growth of the inhomogeneity. (b) Simulations
in part (a) repeated with the diffusion coefficient d4 set to zero. The initial
homogeneity decays in time.

comprised of three pairs of transcriptional repressors (fetR,
lacl, X cI) and promoters (Prieto—1, Priaco—1, A PRr).
The second (bottom) loop has one inhibitory interaction and
includes the membrane-diffusible signaling molecule acyle-
homoserine lactone (AHL) as well as V. fischeri quorum
sensing genes [uxI and [uxR. The second loop interacts with
the first loop through fefR and in a single system will cause
the first loop to cease oscillations.

Although the oscillations produced by the repressilator
are known to be noisy and irregular in practice, for our
application of pattern generation, the interest is not in the
quality of oscillations, but in the presence of unstable modes.
The repressilator was chosen because it is a seminal example
of a synthetic oscillator and also matches the oscillator design
based on a phase lag mechanism as in Figure 2.

A. System PDE Model

We represent the dynamics of this network with the
following set of partial differential equations:

1
Vi NeC | ——i— +¢
Prteto—14VC (1 ¥ (%)nT PLtetOl)
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0
ot
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|
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Fig. 4. A possible synthetic implementation of the network in Figure 2.

Two feedback loops are interconnected by shared production and sensing of
the transcriptional repressor fetR. The genes in the first feedback loop are
depicted in green and the genes in the second feedback loop are shown
in purple. The second loop contains the membrane-diffusable signaling
molecule acyle-homoserine lactone (AHL).

apc = €cmeo —ycpc ®)
9 1
amTo = Vleaco_lNToC W + EPLLG.CO—l
L
—YmOMTO ®
1o}
apT = €romro + €erqmrqQ — YrpT (10
Oy = VeuNeC | — L 4
A W S
—YmOML an
0
apL = €rmr —YLPL (12)
9 1
aml = Vtheto_lNIC W +éPLtetO—1
T
—YmQMmI 13
1o}
ap[ = €rmy — YIpI (14)
0
aA = wspr — kfA(pr — pra) + krDrA — VA A
+danr VA as
giPra = krA(pr = pra) = krpra (16)
9 o = Ve NegC | ——2 44
g rTe = PruzrVTQ 1+ (5:: ynRA Prust
—TYmQMTQ, (17)

where V; are velocity constants, N; are copy numbers, K;
are dissociation constants, n,; are Hill coefficients, ¢; are
leakage rates normalized to V;, ; are degradation rates,
and €; are protein translational rates. The parameters are
subscripted according to their corresponding species (C=[c/],
T=[tetR], L=[lacl], I=[luxI], A=[AHL], R=[luxR], RA=[luxR-
AHL complex]) except for velocity and leakage constants,
which are subscripted by promoter, and copy numbers, which
are subscripted by the gene being transcribed. The concen-
tration of the mRNA for fetR is split into those produced
by the oscillator loop (O) and the quenching loop (Q). The
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parameter C is the concentration level generated by a single
molecule in our spatial domain and d4p, is the diffusion
coefficient of AHL. We take Yo = yr = v £ 7.

B. Conditions for Patterning

The linearization of the reaction terms in (7):(17) at steady
state (mc, Pc, Mro, Pr, ML, Pr, M1, D1, A, PRA, TTQ)
yields the Jacobian matrix:

Jir | Ji2
J =
[ Ja1 | Joo }

with the submatrices:

—Ymo 0 0 —by 0 0
€C —YC 0 0 0 0
T — 0 0 —vmo O 0 —bg
H 0 0 eo —yr 0 0 |7
0 —by 0 0 —Ymo O
0 0 0 0 €r, —YL
00 0 0 O
00 0 0 O
T — 00 0 0 O
27000 0 0 erg |’
00 0 0 O
00 0 0 O
0 0 0 —bgs 0 O
0 0 O 0 0 0
Jor=1(10 0 O 0 0 0|,
0 0 O 0 0 0
0 0 O 0 0 0
—TYmQ 0 0 0 0
€r —YI 0 0 0
Jog = 0 vy  —ag  a 0 )
0 0 Co —ai0 0
0 0 0 b —me

where we use the parameters a¢ 2 pc/Ke, ar = pr/Kr,
ar = pr/Kr, and aa = A/K 4 to obtain the off-diagonal
entries:

—  kspor
€ = Traa
ag = Co+74,
ajp = kr(1+OZA),
ncaltc™b
— c
bo = Ve VIO Giorey
nTa(anl)
— T
by = VPLtetO—lNCCKT(1+a;T)2 )
(np—1)
_ nrog
biz = VPLtEtO—lNICKT(1+a;T)2 ’
(np—1)
—_ nLop
be = VPLlacO—lNTOCKL(1+o/LLL)2 )
i Kpa 14ag
npa( A ) (A =S4 RA
bio = Vprw N1@C— —Hrpg ey,

K 1+ P .
pa(1+(5RA L2a)nra)2

We note that Jy; is the linearization matrix for the first loop,
which corresponds to the standard repressilator system (cl-
lacl-tetR).

The eigenvalues of J1; are the roots of:

det(sI — J11) = (s +¥m0)*(s +7p)® + eceroerbababs. (18)

It can be shown [24] that instability of Ji; is achieved
when:

(B+1)2 3X?2
1
B Sit2x (19
where 3 £ Yp/Ymo and X £ —,Yp,ylmo Veceroer,bababg.

Substituting and rearranging, we arrive at the following
expression for X:

nc
QRA Qe 1
X3 = —nenn
T Faga 1+ a2 14 Lpy (14 alf)
" an” 1
1+ a?’T 1+ ePLtetO—l(]‘ + a;L“T)
a’fk 1

X , 20
1+ OZZL 1+ EPLlacO—l (1 + O/EL) 20

where the additional variable g4 > 0 is defined by the
relation:

1 s €1QVPy . NTC 1 )
1+ ara Ypymoar K1 1+(%1+&)n}“ Pruer | -
R @A

The eigenvalues of .J are the roots of:

det(sI —J) = det(sl — Ji1)(s+v1)(s —|—'me)2
x[(s + a9)(s + a10) — coaio]

+F(s 4+ vmo)’ (s + )% 1)

where F £ v3€rerQCobaabio characterizes the feedback
strength. F' must be a value such that all of the eigenvalues
of J are stable. Substituting and rearranging, we arrive at
the following expression for F":

K 1
1 (Bgemay

14+ aral+ (%%)nm

F = yryryavmokenrnra

1

X
L+ Lpy,, (14 (IZIZA IZiA )rra)

—_

agt
X ) ) .
1+ aTT 1+ éPLtetO—l (1 + aTT)

(22)

Here D = diag{0,0,0,0,0,0,0,0,dagr,0,0}. J+ XD
looks identical to J except for the AH L entry of the diag-
onal, which is now defined as —dg £ —cg — YA + Apdamr.
This leads to:
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det(sI — (J +XeD)) = det(sI — Ji1)(s+71)(s +yme)’
x[(s + a@9)(s + a10) — coaio]

+F(s+7mo)’ (s + )%,  (23)

which yields unstable roots for large enough Axd g . This
means that for diffusion-driven patterning we need a large
diffusion coefficient, a large wave number, or a small spatial
domain.

C. Parameter Selection

This system was constructed using relatively well-studied
components. Some parameter values have been experimen-
tally measured, and accepted literature values were used
whenever possible. Other parameters were estimated based
on values of similar molecules or within a known range of
manipulation. For example, protein degradation rates can be
controlled by adding or changing the ssrA tag [25].

Taking some parameters to be fixed, we use the above
results to guide our choices for manipulatable values by
checking that the first two conditions for Turing patterning
are met and that experimentally-reasonable wave numbers
become unstable. We reduce the number of parameters in
the system by treating the steady state values o, ar, afr,
a4, and ag4 as new parameters to be adjusted such that | X|
is large enough for instability of Ji; and F' is large enough
to stabilize the overall system, then solve for the original
set of parameters. For example, af, = *"§/1+1/¢p, will
maximize |X| for that variable and increasing k, and ky
proportionally will increase F' without affecting the steady-
state values.

Following this procedure, we generated a list of plausible
parameter values that meet the conditions for Turing pattern-
ing, which is available upon request.

V. CONCLUSIONS AND FUTURE WORK

We have proposed here a novel network architecture for
reaction-diffusion pattern generation in gene expression that
we call a quenched oscillator network. We presented both a
simplified theoretical model and a possible synthetic imple-
mentation to demonstrate this network’s ability to produce
patterns. The eventual goal is a laboratory implementation
that exhibits Turing patterning. According to our parameter
list, most of the steady state concentrations are on the order
of 1079, which means stochastic effects will be significant.
Stochastic simulations [26] will allow us to better evaluate
the experimental plausibility of the proposed system. Future
directions include trying different, possibly more robust,
oscillators [27] or different diffusible components.
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