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An Asymmetric Small-Gain Technique to Construct Lyapunov-Krasovskii
Functionals for Nonlinear Time-Delay Systems with Static Components

Hiroshi Ito

Abstract— The standard ISS small-gain theorem and the
recently-developed iISS small-gain theorem assume that sys-
tem components are characterized in a symmetric way with
respect to the equilibrium. Dissipative properties of a nonlinear
system is usually asymmetric. Formulating them into sym-
metric properties sometimes causes crucial conservativeness.
The purpose of this paper is to develop a technique to take
the asymmetry into account in stability analysis of time-delay
systems. The result is based on decomposition of a system into
integral input-to-state stable dynamic components and static
components characterized in an asymmetric way with respect to
the equilibrium. A Lyapunov-Krasovskii functional establishing
robustness with respect to disturbances in the presence of time-
delays is constructed, and its effectiveness is illustrated by a
network flow control example. The proposed iISS methodology
covers a broader class of systems than existing approaches
based on operator norms or the ISS gain.

I. INTRODUCTION

As recent technology and society have tended to focus
on systems of larger scale, coping with time-delays and
nonlinearities has become more important. One of major
approaches to stability and robustness of such systems is the
small-gain technique which makes use of gain-type proper-
ties belonging to the concept of dissipation. Nonlinearities
suggest the use of gain functions which are not linear.
The input-to-state stability (ISS) provides us with such a
frameworks [22]. The integral input-to-state stability (iISS)
extends the idea of ISS to a broader class of nonlinearities
[1]. Both ISS small-gain and iISS small-gain theorems are
available in the literature [14], [25], [15], [21], [7], [10].
The small-gain analysis is based on decomposition of a
system into subsystems, and dissipation properties of the
individual subsystems are aggregated to establish the stability
and robustness of the overall system. Naturally, dissipation
properties of nonlinear systems are nonlinear, which appears
as asymmetry of the dissipativity with respect to equilibria.
The standard formulation of small-gain theorems relies on
ISS and iISS properties of subsystems characterized in a
symmetric way. Therefore, the loop gain computed is a
function which is symmetric with respect to the equilibrium.
Application of symmetric dissipation and loop gains some-
times results in an useless answer to the problem of stability
and robustness analysis.

This paper aims at proposing a small-gain methodology
to make use of asymmetry in verifying stability and ro-
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bustness of nonlinear time-delay systems consisting of iISS
dynamic components (functional differential equations) and
static components (functional algebraic equations). Since
components which are not necessarily ISS hamper existing
trajectory-based treatments, this paper develops a new way to
construct Lyapunov-Krasovskii functional. As an application
of the developed methodology, a network flow control system
proposed in [16] is studied in this paper, and it is shown that
the flow control system is robust with respect to disturbances
in the presence of arbitrarily large time-delays in communi-
cation and processing if utility and penalty functions satisfy
a certain criterion.

Notation: The logical sum and the logical product are
denoted by V and A, respectively. For a real vector z € R",
the symbol |z| stands for the Euclidean norm. A function
w : Ry = [0,00) — R, is said to be positive definite if
it is continuous and satisfies w(0) = 0 and w(s) > 0 for
all s > 0, and written as w € P. A function is of class IC
if it belongs to P and is strictly increasing; of class K, if
it is of class K and is unbounded. A continuous function
w : R — R is said to be of both-sided class C and written
as w € BK if both w(s) and —w(—s) are class K functions
for s € Ry. The class BK, and class BP are defined in a
similar manner.

II. TIME-DELAY SYSTEMS: INTERCONNECTION
THROUGH ASYMMETRIC DISSIPATION INEQUALITIES

We consider the system described by

&o(t) = folxos, T1t, -y Tt T0(t)), t2>0
:Ek(t) = fk(xo7t,rk(t)), ]C = 1,2, ,K (1)

20,0 = 0,0, Tk,0 = &k,0

where x;(t), i =0, 1, ..., K, are real vector-valued functions
of time and written as z;(t) € R™ with positive integers
n;. The signals 7;(t) € R™, ¢ = 0,1,..., K, are external
inputs (measurable, locally essentially bounded). For ¢t €
Ry, z¢ : [-A,0] — R™ denotes the function given by
x;4(T) = x;(t +7), where A > 0 is the maximum involved
delay. Let C,, denote the space of continuous functions
mapping the interval [—A,0] into R™. For ¢; € C,,, we
use [¢slloc = sUP_a<g<o|¢i(0)]. Suppose that {o,0 € Crys
and that fo : Cpy X Cpy X ... X Cppe X R™0 — R™ and
fio : Cpy x R™ — R™_  k = 1,2,..., K, are functionals
which are Lipschitz on any bounded set. It is also assumed
that £,(0,0,...,0,0) = 0 and f;(0,0) = O thus ensuring
that zo(¢) = 0 is the solution corresponding to zero input
and zero initial conditions. The state vector of the overall
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system is x; = xo,. Let the entire disturbance be in the
vector form of 7(t) = [ro(t)T,ri ()T, ...,rx(t)T]T € R™,
m = mg + m; + ... + mg. The components described
by fx, k = 1,2,..., K, are static in the sense that zj(t)
is uniquely determined for ¢t € Ry by zo, and r(¢), and
no initial function of xy, is involved in the xy(t)-equation.
Note that the z((¢)-equation requires x(t) in the interval of
[—A,0). We suppose that & ¢ € Cy,, satisfies the matching
condition &k 0(0) = f%(€0,0,7(0)). The coupled equations
of (1) are not troubled with any algebraic loop since the
zo-subsystem has no direct-feed-through term and the xj-
subsystems which are static have no self-feedback terms.
We use the following three groups of functions:
Assumption 1: (i) The functional M, : Cp, — Ry
and the functions 7,740 : R4 — R, are continu-
ous and satisfy

’Y a,0 S ICOO7 70.,0 S ICOO (2)
2020 (0)]) <Ma,0(d0) <74,0(llP0lloc); Voo € Cry- (3)

(ii) The functionals My j: C,,—R and the functions Yok
R™ —R, k=1,2, ..., K, are continuous and satisfy

Y,(0) =0 (4)
Yo 1 (0(0) (Mo,k(¢0) =7, ,,(¢0(0))) = 0, Voo €Cpy - (5)

(iti) The functionals M}, : C,, — R and the functions Yy
R™ —R, k=1,2,..., K, are continuous and satisfy

7,(0)=0 (6)
7, (01(0)) (M (1) — 7, (¢x(0))) = 0, Yoy, € Cpy. (1)

These functions have yet to be determined. Note that the
range of the pair (My, k,’YO ) and the pair (Mk,'yk) k =
., K, is two-sided, whlle the range of (Mg 0.y 0’% 0)
is one- 51ded We assume that the xy-subsystem is 1ISS with
respect to input (ml, LK, 7“0) and state xg as follows:
Assumption 2: There exist a locally Lipschitz functional
Vo : Cp, = R4, a continuous functional ag : C,, — Ry,
ag € P, 00k, € BIC, or0 € KU {O}, Qp, Qg € Koo,
a continuous functional M,, : C,, — Rj, continuous
functions ~ 0 Va0 ¢ R+ — Ry, continuous functionals
My, : Cy, 5 R, continuous functions 7, : R™ — R and
So,k,; € {0,1} for k=1,2,..,K and j = 0,1,...,h + hy
such that

ao(Ma(P0)) < Voloo) < @o(Mao(do)), Voo € Cp,

8
D Voo, P1y ey B, T0) < po(P0s D1y oy DK, T0)s
Vi € Cryyi=0,1,.., K, ¥ 79 €R™  (9)

and (2), (3), (6), (7) hold, where pg : Cpy X Cpy X ... X Cp e X

R™0 — R is defined by

P0(¢07 ¢17 seey ¢K7 ’I"()) = _OZ()((bo) + UT’0(|T0|)
K
+ Z{So,k,o|00,k,o(Mk(¢k))}
ke
h1
+D Sok,j|00k; (Vk(cbk(—ﬁj)))‘
=1
]h+hd
+ Z Sokj/ 00,k,j (1k(¢k(7))> dT} (10)
j=h+1 Aj
&0(Ma,0(90)) < ao(do) (11)
for some A; € (0,A],j =1,2,..., h+hg with non-negative

integers h and hgy. By h =0 (resp., hg =0), we mean that
the first (resp., second) sum in terms of 7 in (10) vanishes.

In Assumption 2, the derivative DT Vy (o, ¢1, ..., Px,70)
is defined by
Vo(oh) —
D+VO(¢01 ¢17 ooy (bKaTO) = limsup 0<¢0) h ‘/E)(QSO)
h—0t
do(s+h), € [-A,=h),

¢g(s):{ 60(0)+(s+h) fo(@o, -, @xc,70), 5 € [=h, 0]

This derivative plays a central role in the Lyapunov-
Krasovskii methodology [2]. The functional V; is chosen
locally Lipschitz according to [18], [19]. We next character-
ize the xg-subsystems for k = 1,2, .., K as follows:
Assumption 3: There exist ay,or; € BK, continuous
functions o, : R™* — R, continuous functionals My :

Cn, — R, continuous functions v, , : R"™ — R and
Sy.;€{0,1} for k=1,2,..., K and j=0,1,..., h such that
ork(0) =0 (12)

Mk’((bk)pk(d)ka(bmrk’) > 07 quo € Cng, T € R™k
and (4)-(5) hold, where py, : Cp,,, X Cpy xR =R is

Pr(Dr, b0, k) = —an (M (dx)) + Sk,00k,0(Mo,x(¢0))
h
+ Y Sk ok, (lo,k(fﬁo(—ﬁj)))
j=1

+ O—Tyk(rk)a

and Aj € (0,A], j =1,2,...,h My : Cp, >R and 7,
R"™* —>R are defined in Assumptlon 2. By h =0, we mean
that the first sum in terms of j in (14) vanishes.

13)

(14)

Furthermore, we assume the following.
h+hg

Assumption 4: 1If Z So,k,; > 0 holds for an integer k =

= fr(zo(t)).

Assumption 4 guarantees that the Lyapunov-Krasovskii
functional V,; to be constructed for the entire system (1)
is a functional of ¢ and independent of the disturbance ry.
In contrast to the symmetric formulation in [12], [11], this
paper employs oq x,; € BK and aq : C,, — Ry so that the
functional pg is allowed to be asymmetric with respect to

7j=1
2,..., K, it holds that z(t)
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the origin. In a similar manner, the functions oy, ok, ; € BK
allow the functional pj, to be asymmetric for k = 1,2, ..., K.

III. ASYMMETRIC SMALL-GAIN CONDITION

For k£ =1,2,..., K, define
h+hg
a0,k ( Z So.k,j00,k,5(8) + Z So,k,jAj00 k.5 (5)
j=h+1
(15)
h
Uk:ZSk,j (16)
=0

which are class B/C functions. We also employ the functions

lim opx(s), s€ (—o0, ap(—00)]
S——00

ne(s) =X ooroa;(s), s€ (ar(—o0),ar(+o0)) (17)
SEIJPOO 00,k(8), S€ [ag(+00),00)
for k=1,2,..., K. Let
Fot)= Z+(+e) 22 i—01, K a8
A A

J J

where the positive real numbers €; have yet to be determined.
The following is the main result which establishes iISS and
ISS properties of the system (1) and constructs a Lyapunov-
Krasovskii functional.

Theorem 1: Assume that

SETOO ag(s) =400 V Sginoo o0.5(s) < 400 (19)
lim ag(s)=—-0c0 V lim oggi(s) >—00  (20)
§——00 §——00
for £ = 1,2,..., K. Suppose that there exist &g € B,
cox >1land ¢y > 1, k=1,2,..., K, such that
K
> Jdor(Mok(b0))] < ao(do), VYeo € Cny 21
k=1
h
Z|Co,k0'0,k oa; o kVkSk,jori(5)| < |dok(s)],
=0 VseR.  (22)

Then the system (1) is iISS with respect to input r and state
z. In addition, an iISS Lyapunov-Krasovskii functional is

Ve(do) = Vo(oo)

+Z{ZSOICJ/FOJ |‘70kg(’7k or (T )|d7’
h+hg
th;rlSokg/ FO,J /’0'0 kj <7k(¢k )|d9d7’

+ (1+e0) Z Sk.j / Fyo g (1)
j=1 =4

0 (14+G)uor (3, , (é0(r) |d7} @3)

where

O<G<er—1, k=1,2,...K
0<e, O0<er, 0< (1+€0)(1+€k) < Co,k-

(24)
(25)

Furthermore, the system (1) is ISS with respect to input r and
state x, and the function (23) is an ISS Lyapunov-Krasovskii
functional in the case of &g € K

The pair of (21) and (22) in Theorem 1 forms an asym-
metric small-gain condition. The functions o, ok, Ok,
Q. and the functional M, ; are bidirectional, so that the
loop gain does not have to be symmetric with respect to the
origin. It can be seen in the proof of Theorem 1 that ¢, =1
and (; = 0 can be used in the case of o0, = 0.

Remark 1: The existence of cg, ¢, > 1 fulfilling (22) does
not require

Jim )=

oo V lim ag(s)>vgSk,; 1Lm ok,;(s) (26)

5— 00

since (19) and (20) are assumed. The properties (19) and
(20) ensure that the inverse operation of « is not necessarily
well-defined for the entire R in (22).

Remark 2: The formulation this paper employs has redun-
dancy in dividing a time-delay system into an xg-subsystem
and zj-subsystems. Although different decompositions may
result in Lyapunov-Krasovskii functionals and small-gain
conditions essentially in the same form, the conservativeness
stemming from the non-unique decomposition varies. The
search for a decomposition minimizing the conservativeness
is an interesting subject of further study.

Remark 3: The definition of the functions Mj, My j and
Yy Yok in (7) and (5) allows the dissipation properties
with (10) and (14) to be asymmetric. The supply rates
(10) and (14) reduce to the symmetric ones in [11] if we
restrict 7, (¢x (7)) and loyk(¢0(7')) satisfying (7) and (5) to
2, U2k (7)) 74 4 (I¢0(7)]) satistying

Mo k(d0) = 74 ,, ([0 (0)]); Yoo € Cny
My (ér) < v, (161(0)]), Yo € Cn,

with 7, and 5 € Ks. In such a case, the small-
gain condition cons1stmg of (21) and (22) reduces to the
symmetric one in [11].

IV. PROOF OF THEOREM 1

The properties (19) and (20) imply n, € BP for each
k =1,2,..., K, and they are non-decreasing. The function
1y is of class BIC if oy € BK 4. From (5) and (7), we have

D+‘/cl(¢03¢17“'7¢Ka740) §ﬁ0+67 (27)
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where
Gj(¢03¢1a"~a¢l() =
K € 0
S0 [ e (o)
k=1 A
(14€0)ex
+Sk7_7 AJ /A]. Nko
(14 Ck)vron,j (lo’k(%(T))) dT}
H](¢1aa¢K> =
K e 0 0
> Snery [ [ leoss (uorton)| asee
po(¢0; P15 s P1c,m0) = —o(¢0) + or0(|70])
K
+ (I+e0) Y look(Mi(er))]
h k=1 hthy
_ZGj(¢07¢17“'5¢K) - Z H](¢177¢K)
J=1 j=h+1

K
B(d0) = (1+€0) Z
k=1

h
{Z L4€x) Sk [k © (1+Cr)vrok,j (Mo k(d0))]

j=1

— Sk,j ‘nk o (14Ck)vk0k, (707k(¢0(_Aj)))‘}'

From (13), the non-decreasing property of 7, and 1 (0) =0
it follows that

h h+hq
po+ B < —ao(po) + oro(lrol) => G =Y H;+ 8
j=1 j=h+1

+(1+ep) ZK:
k=1
+ Z Sk,jOk,j (VO,k(gbO(Aj)))) |

Using ¢ —1 > (i > 0, (22), the non-decreasing property of
7k defined in (17), we can verify that there exists u € (0,1)
such that

K
B+ (1+€0) Y

k=1

+ zh: Sk,jOk,; (Vo,k(gbO(_Aj)))) ’
K

<ﬁ+ 1—|—€o Z{Sko
k=1

h
+ZS;€]

j=1
‘nko 1+ )Urk(rk)‘}

MK © (Urk %) + Sk,00k,0( Mo,k (¢0))

(28)

Mk © <Ur,k(rk) + Sk, 00k,0(Mo 1 (P0))

Mk © (1 + C)veok,o0(Mo, k(%))‘

Mk © (1 + C)vrok (70 R (Do(=A )))‘

(1 + Cr)vw

K h
< (1—1—60) Z{Z(l—i—ekﬂomk o alzl o

k=1 ‘=0
g (Mos(oo))] + fneo 1+ E)anar)] |

K
< (1+¢) Z{ ) |0,k (Mo,k(¢0))|

C
1 0,k

+ ‘771@ o(1+ Clk)o'r,k(Tk)‘}

)

K
< pao(60) + (1+e0) - [ o (1+ Llova(ru)| . @9)

k=1

Here, the property (21) is used in the last inequality. The
inequality (27) and substitution of (29) into (28) yield

h h+hg
DV <—(1- -y G;-> H
j=1 j=h+1
K
+ aro(lrol) + (1+e0) D e o (1+ L)) (30)

k=1

Thus, by virtue of the Lyapunov-type characterizations pre-
sented in [20], [12], the property (30) together with (12),
(11), (4), (6), Assumption 4 and 1 < F; ;(1) < 1+4¢;, VT €
[—Aj,0] implies that V; given in (23) is an iISS Lyapunov-
Krasovskii functional for (1). Furthermore, the functional V,;
is an ISS Lyapunov-Krasovskii functional if &y € Koo

V. AN EXAMPLE: NETWORK FLOW CONTROL

This section investigates robustness of a flow control
algorithm for communication networks proposed in [16]. The
algorithm is based on a static optimization problem and a
dynamic stabilization which provides an update law to drive
the flow into the desired operating point determined by the
optimization problem. The aim of the flow control is to
allocate the available bandwidth to N competing users within
the limits of link capacities. Let R denote a routing matrix
describing the user-link connection as

R — 1 If the i-th user uses the j-th link
J7¢7 1 0 otherwise

It is assumed that each user uses fixed links at any given
time, i.e., [2;;’s are constant. Let x;, i = 1,2,..., N, denote
the sending rate of users. Then the link rate y;, 2 = 1,2, ..., L,
satisfies

y = Rz (3D
x = [z1, %2, ...,a:N]T, Y= [y1, Y2, ...,yL]T.
Consider
by = h](yj)a D= [plapla "'apL]Ta (32)

where h;(y;) is the penalty function that enforces the capac-

ity constraint of the j-th link. The link price p; is sent back

to the users by
q=R"p, (33)

q= [QhQIa "'an]T~

4875



The primal algorithm proposed in [16] updates the sending
rate x; based on the price feedback ¢; as follows:

U (; *
x)\( U(x)%) Ci=1,2,.,N

dr, (34)
Here, \; > 0, ¢ = 1,2,..., N, are design parameters The
function U;(z;) is called the utility function describe how
happy each user is. The capacity of the links prevent the users
from maximize U;(x;) without limit, which is approximately
described by the penalty functions [16]. The projection

_fo if z; =0 and f;(z;) <0
(f’(xz)): _{ fi(z;) otherwise

guarantees the non-negativity of x;’s, i.e., each x;(¢) remains
non-negative for all ¢ > 0 for arbitrary x;(0) > 0, i =
1,2,..., N, which holds naturally. We assume that each
Ui(z;) is twice continuously differentiable and satisfies

T

d?*U;(z;)
# <0, Vx; € R+
dU;(x;
lim U;(x;) = —oo,  lim M <0,
x;—0 T;—>00 d-rz

while each penalty function h;(y;) is a non-decreasing
continuous function on R, and satisfies

h;(0) > 0, y]hgloo hj(y;) > 0.

These assumptions guarantee the existence of an equilibrium
z.. In the presence of time-delays in the communication
between users and links, the model (34) becomes

di(t) = Ay (dUiéZ(t))

+

Calt-A)+ di(i)>

,i=1,2.. N.

x;

(35)

The signals d;(t) € R, i« = 1,2,..., N, are disturbances.
Notice that the delays in the forward and backward paths
can be combined into the round trip delays A; without loss
of generality since the x;-equations (34) by themselves are
decoupled from each other. The lumped notation only shifts
the initial conditions of = componentwisely in time. Define

1 [TaUp, . dU;
Wiles —al) = 3 [ D) = Grs)ds.

Using Young’s inequality, we obtain

<= (59) (e - o)

1 *\2 1 2
+ 5@t =Ad) = ;)" + di(t)

along the solution z;(¢) of (35), for 0 < ¢ < 1/2, where ¢ >
0 corresponds to the equilibrium z}. We use Z; = x; — z}
and ¢; = ¢; — q;. The inequality (36) indicates that the x;-
subsystem (35) is iISS with respect to input (§;, d;)[1], [20].
The x;-subsystem is not ISS if dU;/dp; is bounded [23],
[20]. For the network flow control system, the dynamic part
corresponding to the xg-subsystem in Sections II and III is

(35) where [71, %2, ...,2n]|T and [G1, G2, -, )7 are its state

(36)

vector and feedback input vector, respectively. The static part
corresponding to the z-subsystems in Sections II and III is
obtained from (31), (32) and (33) as

G =xi(z), i=1,2,.,N, (37

where y; : Rﬂ\_f —Ris

Xi(x)=[R1i, Rai, ..., Rii]

hi([Relp) — ho([Re*]r)

To apply Theorem 1 to the flow control system, take
N
K=h=N, hg=0, Vo(&) = _ Wi(i)
i=1
b0 = [Bo,1, o1, - bo,n]"
Y1\ (AU du; ?
= J— Yty — =2 . *
ao(on) =3 (5-9) (G- (1)~ G 0ns0)+4)

i=

2

Gor(s)=-s°, c¢>1

Mo 1 (¢0) = xk(d0(0) +27), My(¢x) = ¢x(0)
v =1, ap(s)=s,, orp =0
Sk70: 1, O'k,O(S) =8, Sk,jz 0,7=1,2,....h

ool

- (1 ifj=k
Sok0 =0, Sok; = { 0 otherwise ’
_— e
(o ] 3ssen(s) ifj=k
00.k,5(s) = { 0 otherwise
1 s>
oo,k(8) = §s2sgn(s), Ir0 = 45

where ¢g and ¢y corresponds to Z(t + 7) and §x(t + 7),
respectively, where 7 € [-A,0] and k = 1,2, ..., N. Notice
that the choices ao(¢o) and My 1 (do) are asymmetric with
respect to the equilibrium. Requiring the utility and penalty
functions to be almost symmetric is unrealistic for mean-
ingful flow optimization, which implies that an symmetric
small-gain analysis becomes purely local. By virtue of the
development in the previous section, we obtain the following
theorem allowing for the asymmetry.

Theorem 2: 1If the utility functions U;(z;), 1 = 1,2,..., N,
and the penalty functions h;(y;), j = 1,2, ..., L, satisfy

N 2 N
> (e - i) = Xt

i=1

, v eRY  (38)

for some ¢ > 1, then the primal flow control system is iISS

with respect to input d and state T for arbitrary time-delays.

In addition, it is ISS with respect to input d and state x if
. du;
lim

(z;) = —oo. (39)

The unboundedness property (39) is not met by typical
choices of the utility functions such as U;(z;) = —a;/z;,
Ui(z;) = ajlogz; , Ui(x;) = a;tan™(x;/a;), a; > 0,
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[24], [17]. Therefore, ISS approaches naturally fail to verify
robustness properties with respect to disturbances in the
presence of large time-delays(see e.g. [5]). In contrast, the
iISS approach proposed in this paper demonstrates that the
flow control system implementing these utility functions can
possess robustness in the sense of iISS regardless of time-
delays. It is stressed that the iISS property implies global
asymptotic stability of the equilibrium.

In comparison with preceding studies [26], [5], [4], [6],
the iISS framework developed in this paper not only allows
us to make use of nonlinearity efficiently, but also address
arbitrarily large time-delays and disturbances simultaneously.
The basic idea of the approach formulated rigorously in this
paper has been used for stability analysis of a power control
algorithm for CDMA wireless communication [13]. Deriving
a Lyapunov-Krasovskii functional instead of using trajectory-
based approaches is the key to the stability analysis without
imposing the ISS requirement on the utility functions.

VI. CONCLUDING REMARKS

This paper has presented an asymmetric small-gain condi-
tion for verifying the iISS of the nonlinear time-delay system
consisting of an iISS dynamical subsystem and a static
subsystem. The time-delays are allowed to be both discrete
and distributed. An iISS Lyapunov-Krasovskii functional has
been derived. The iISS framework enables us to deal with a
much broader class of nonlinearities than existing approaches
based on operator norms or the ISS gain. An example of
network flow control has illustrated how the asymmetric iISS
characterization reduces potential conservativeness in global
stability and robustness analysis of a time-delay system
subject to disturbances. Extension to time-varying delays
along the line of [11] is straightforward.

For interconnections consisting only of dynamical subsys-
tems, the utilization of asymmetric small-gain characteriza-
tion remains unsolved. It is known that, for the interconnec-
tion of two iISS dynamical subsystems, a Lyapunov function
can be constructed as a sum of nonlinearly transformed
Lyapunov functions V; of the individual subsystems, i.e.,
V = F1(Vh) + F»(Vs) (see e.g. [7], [10]). Incorporation
of the asymmetry into such a construction is not at all
straightforward unless we restrict the transformations F; and
F5 to linear functions. For nonlinear systems, limiting the
transformations to linear functions in constructing Lyapunov
functions often results in far too conservative stability criteria
[3]. In [8], it is shown that, for a special class of intercon-
nected systems, the utilization of the asymmetry can be still
combined with nonlinear F; and F5. Extending this idea to
time-delay systems is a topic of further study.
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