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Adaptive Iterative Learning Control for Uncertain Delay Systems Based on
Model Matching Technique

Haixia Su, Yingmin Jia, Junping Du and Fashan Yu

Abstract—In this paper, an adaptive iterative learning con-
trol(ILC) scheme is proposed for trajectory tracking of un-
certain delay systems based on model matching technique. The
reference model is a delay system operating over in a finite time
interval. An iterative model matching controller is designed
and an iteration domain adaptive law is chosen to estimate
the unknown parameters. It shows that the model matching
technique can be applied in a straightforward method to ILC
problem. A simulation example is included to illustrate the
designed scheme.

I. INTRODUCTION

In practical control problems, many tasks are repetitive
and to track the given whole trajectory completely in a spec-
ified time interval, such as robotic manipulators, chemical
batch processes, vehicles and man-machine systems. Iterative
learning control is just a technique to control such systems so
that a perfect tracking over a finite time-interval is achieved
[1]-[3]. In the early works, the contraction mapping approach
was mainly used to prove the convergence of the iterative
process [4], [5]. But this method had some limitations,
such as resetting conditions, global Lipschitz condition for
systems. In the 1990s, combination of ILC with adaptive
control was employed to control more complex systems [6]—
[9], which was based on Lyapunov-like theory. In [6], it was
shown that some standard Lyapunov adaptive design can be
modified in a straightforward manner to ILC problems. And
in [9], a unified adaptive iterative learning control framework
was given for uncertain nonlinear systems. These results
demonstrate the effectiveness of the adaptive ILC scheme.

In particular, researches have paid attention to ILC of
time delay systems. For example, in [10], ILC with smith
time delay compensator for batch process was investigated,
sufficient conditions were given to guarantee the convergence
of the tracking error. In [11], LaSalle-Razumikhin theorem
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and backstepping method were used to design an adaptive
feedback controller for a class of nonlinear time-delay sys-
tems. For uncertain nonlinear systems with state delays, a
PID iterative learning control algorithm was proposed and
convergence conditions were given in [12]. However, few
attempts have been made to the adaptive ILC of time delay
systems.

The model matching technique is first proposed in the
book [13], it is to determine a controller so that the closed-
loop transfer function coincides exactly with the reference
model transfer function. A model matching controller was
designed for single-input single-output(SISO) delay systems
in [14] and the result was extended to adaptive control
scheme design in [15]. Comparing the definition of model
matching and the tracking objective of ILC problems, we
infer that the model matching technique can be used to solve
ILC problems. Therefore, we apply this technique to ILC
problem of delay systems in this paper. Iterative learning
model matching controller is designed determinately for
nominal systems first. Then iterative learning adaptive law is
chosen to estimate the unknown parameters of the controller.
To the best of our knowledge, it is the first result about ILC
for delay systems based on model matching technique.

This paper is organized as follows. Section 2 is problem
statement. In Section 3, the adaptive ILC scheme is designed.
In section 4, a simulation example is given to illustrate the
designed scheme. The last section is a conclusion of this

paper.
II. PROBLEM STATEMENT

Consider the time delay systems described by

ye(s) = gpQS)eLsuk(s) ()
where yi(s) and uk(s) are the output and the input of the
system, respectively. g is gain, L is the known constant
time delay, r(s) and p(s) are monic prime polynomials,
their degrees are m and n, respectively. Denote J[r(s)] =
m, d[p(s)] = n, they satisfy 0 <m <n — 1.
The reference model is in the form of

ym(s) = tm(S)’U(S) (2

where y,,(s) is output, v(s) is a bounded reference input,
and the transfer function is

_ gmrm(8) g
tm(s) = o (5) e €))
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where g, is gain, r,,(s) and p,,(s) are monic prime poly-
nomials, 9[r.,(s)] = mg,d[pm(s)] = nq. Without loss of
generality, p,,(s) is a stable polynomial.

We assume that all the system parameters are unknown,
the objective is to design an adaptive ILC scheme for plant
(1) to track the whole trajectory (2) completely in the special
time interval [0, 7. To this end, The following assumptions
are needed.

Assumption 1: r(s) is asymptotically stable.

Assumption 2: ng —mgqg > n — m.

Throughout this paper, we will use the £, norm defined
as following

if pel0,00)
if p=o

(/ t fe(rlPar ) l

sup |lz(7)|
0<r<t

l2()llpe = )

where ||z|| denotes any norm of z, and ¢ belongs to the
finite interval [0,T]. We say that x € L, when [|z(¢)||pe
exists(i.e., when ||z||p. is finite).

IIT. ADAPTIVE ILC DESIGN

For the convenience of controller design, we transform
the reference model into a new form first. Introduce any
monic stable polynomials r*(s),p*(s), and 9[r*(s)] = m,
J[p*(s)] = n. Then the reference model can be rewritten as

ym/(s) = t*(s)v(s) 5)

t*(S) _ gmr*(s) e_LS,’U(S) — M’U(S)
p*(s) *(8)pm(s)
From Assumption 2, it is known that each
Tm(8)p*(8)/7*(8)pm(s) is proper and stable. Consider
©(s) as the new input dynamic. Then t*(s) becomes the
transfer function of the new reference model (5). As a
result of this transformation, the objective can be viewed
as to design an ILC so that the transfer function of the
closed-loop from ©(s) to yi(s) coincides with ¢*(s) in
the time interval [0,77]. In the following controller design
procedure, we will consider the case where p(s) and r*(s)
have single or distinct roots.
By employing virtual precompensators

(6)

* * +
r*(s)p(s) — gr(s)p™(s) _ mz:n AR A
r*(s)p(s) s — b ’
where z* are roots of 7*(s) for k = 1,--- ,m and roots of

p(s) for k = m + 1,--- ,m + n, respectively. Define the
polynomial ¢(s) satisfying the equations
UL gLzt

re)pls) = ots) _ %" sl ®

r*(s)p(s) = s— 2k

Choose any monic stable polynomial 7(s) with degree n —
m — 1, define a polynomial equation by

k(s)p(s) + gh(s)r(s) = gr(s)r*(s)p(s) — 7(s)d(s)  (9)

where k(s) and h(s) are unknown polynomials. Obviously,
the equation has solutions k(s) and h(s), and 9[k(s)] <
n—2, Ih(s)] <n—1.

Using equations (7) and (8), we can calculate the following
integrator

0 m+n
Z ﬁk —ozP asdo_
-L k 1 . .
ﬁ m+nﬁ Lz Cle
= kgl muk(s) — P ug(s)e™
m—+n Bk
(8 L vi-gbue
k=1 S —Z
min gheLs* (10)
I s
—(1 = g)ur(s) + (1 — g)up(s)e™"*
__gr(s)p*(s) o(s) “Ls
= el O o O

—Ls

+gug(s) — gug(s)e

1
Multiplying polynomial equation (9) by "
T\S)T

— S )
o(s) k() gh(s)r(s)
Fepe) e rereee 0 P
Substituting (11) into (10), we have
0 m+n
k_—ozF e’ Sdo
L. = :
- >p*<s>u IO R
- r*(;)p(s) e TRk
-G Z)(;z@ w9 )
+gui(s) — gup(s)e” "
e, ke
~ G Y e
—T(gs)ﬁfzz)(;zs)uk(s)e_f‘s + gu(s)
It is noticed that
S = ) 0
Therefore, (12) can be rewritten as
0 m+n
/ Z ﬂk —ozk a'sdo_
L k=1
= ‘T*@Q(S) ui(e) = T(Sis*)<s> w9
) + guss)
Choose the ILC controller by
1 k(s) s h(s)
Up = — 7*81%(5)6 54+ myk(s)
{ (s) (s)r=(s) 15)

/0 "i Ghe—o

s)e? do + gm0(s )}
L=
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we can get
97:((58))’; (f)) ur(s) = g (s) (16)
which implies that
gr(s) —ns _T(8) o s
05) ug(s)e = p*(s)gmv(s)e 17)
that is
Yr(s) = ym(s) (18)

Therefore, the controller (15) can guarantee the output track-
ing in the interval [0,7] when the system (1) is known
exactly. For systems with unknown parameters, the iterative
adaptive law is needed to estimate the unknown parameters
of the controller. Then the controller and the adaptive law
consist the adaptive ILC scheme.

To design the adaptive ILC scheme, we should find the
parametric representation of the controller (15) first. Because
the degrees of polynomials k(s) and h(s) satisfy O[k(s)] <
n — 2, d[h(s)] <n — 1, they can be written as

k(s) = kn—28" "% + ky_35" "%+ + ko, (19)
h(s) = hn18""" + hyp 25" 2+ -+ ho
Define the parameter signals by
1
0 = E [kn—Q; e ak07 hn—la hOagm]T )
m—+n & (20)
Ao) = E Bre=o"
and vector signal by
pn—Q
wi(t) = ug(t—L),--,
+0 T(pl)r*(p) 6= 1L) .
P
ug(t — L), ———~uk(t), (2l
e Y e oY
1
-, ————Yr(t),0(t ]
O

Then the designed ILC controller (15) can be represented by

0
—I—/ Ai(t,o)up(t +o)do  (22)
-L
where 0, (t) and \,(t,0) are the estimates of the real
parameters 6 and \(o), respectively.
Define tracking error eg(t) by

er(t) = yr(t)

The following theorem gives the dynamic parametric repre-
sentation of the tracking error.
Theorem 1. The tracking error can be represented by

= Ym(t) (23)

e _ ) _Lf; wilt —
0 = 9350y {Bi(nt - L) "
+/_L S\k(t,a)uk(t—l-a)da}

where ¢~ is a delay operator, i.e., ¢~ Fuy(t) = up(t — L).

Proof. From (14), we have

gr(p)p*(p)u 0
r(p)p(p) k) hp)
oy K@) h(p)
o ’“(:)m;(p)r*(p) B e e
/L Z 5]6 —ozk )dO’
k=1

In view of ILC controller (15) and its parametric represen-
tation (22), the above equation can be represented by

p*(p)
()’ .
- g{é{(t)wk(t) +/ ?\k(t,a)uk(wra)da}
_LO
~o {07 (Do (t) + [L Nt 0)ue(t + 0)do |
+gm (1)

0
= g{é{(t)wk(t) + /& A (t, 0 )ug (t + J)da} + gmo(t)

k(t + L)

(26)

Because the polynomials 7*(p) and p*(p) are stable, we have

™(p) _p_
~m ) Lo(t)

* 0

=9 (p)q_L{ékT(t)wk(t) + / e (t, o )ug(t + O‘)dd}
p*(p) -L

It implies that the parametric representation of tracking error

is (24). Thus, the proof is completed.

Because gpc*((p’;) g~ is not passive, we need to use an aug-

mented error to design adaptive law for unknown parameters.

Define a signal by

yr(t)
(27)

~, 0 ~
nk(t):{QkT(t)ch(t) + / )\k(t, U)ﬂk(t + O')do’}

—L

T*(p) T
) ! {9 (Hwr(t) (28)
+/ k(t, o)uk(t + o)do }
L
where
o(t) = ;:g; ~Ln(t), ap(t) = ;ng—Luk(t) (29)

Define the augmented error by
er(t)=ex(t) + gr () (t)
g{ékT(t)@k(t) + / ’ Ak (t, o) (t + J)da} (30)
+9 )k (1) )

where g, (t) is the estimate of g, and gy (%)
Define the signal vector by

Qi(t) =

=gr(t) —g.

sup U (t + o), mx(t)] 31

—L<0c<0

[ (1),
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Choose the following adaptive law

(t) = s () — 7y I ()
0ult) = Dua(0) = oy drerl), G
ult,0) = Mealt0) ~ B E T

T
SETONOIE

where 7,4, 7y, T\ are some positive constants to be chosen.

The ILC adaptive control scheme consists of the the
controller (22) and adaptive law (32). The adaptive law in the
equation (32) is used to estimates the unknown parameters
of the controller (22). The following theorem gives the main
result of this paper.

Theorem 2. Consider the system (1), the controller (22)
and adaptive law (32), we set §_1(t) = ¢, where c is a finite
non-zero constant, Aé,l(t) = 075\,1(15,0) =0 and §5(0) =
Qkfl(T), 0k~(0) :ﬂk,l(T), Ak(O, 0’) = )\kfl(T, 0’), then we
have Jk (t), 0 (t)7 Ak (t, 0')7 Wk (t)7 Uk (t) € Lo, forall k € Z+
and t € [0, 7], and limy_. ex(t) = 0 for V¢t € [0, T].

Proof. Without loss of generality, g is assumed to be
positive. Consider the following Lyapunov-like function

/ dT‘F*/ 9/(: ak
/ / )\2 (r,0)dodr
27’)\

First, we show that the sequence V}, is non-increasing with
respect to k. The difference of Vj, is

(33)

AV =V = Vi

- ; G
el RUAGE
0

27',\/ /

t
L M+*/% e

— Gk (7))dr
071 (m)dr

)\k 1(1,0))dodr

0
t
- 9{(7’)9;6( )dT—i-f/ 9T (T)dT
27—9 0
g ! 2
- X2 (1, 0)dodr
o )y |, i(7,0)

g [0 R
+= / A (7, 0) Ak (7, 0)dodr
0 J-L
t

1 . t
~ | g(Mge(r)dr + L / 97 (1), ()dr
Tg Jo To Jo

IN

g [0 ~
+= / A (7, 0) Ak (7, 0)dodr
0 J-L
(34)

Noting the definition of the augmented error in the equation
(30), it is known that substituting (32) into (34) yields

AV < ‘*/ 1+||szk et
o ()00 (7)

el ||nk< e

(1 + o) Ap(7,0) (36)
// ——— R AEIE ei(T)dodr
’/o e

<0

Therefore, V}; is a non-increasing sequence for k. If V;(¢) is
bounded for ¢ € [0,T], then Vj is bounded for all & € Z
and V¢ € [0, T]. Now, we start to prove V(¢) is bounded for
t € [0,T]. From (33), it is known that

/ d¢+—/9T

37
2 / / )\2 (1,0)dodr
™ Jo
Its derivative is
Vo(t) = =33 (t) — =—33(0) + L 83(t) — = 3(0)
0 274 0 27 0 27y 0 27y 0
0
—i—2i Ne(T,0)do — g M2(0,0)do
T pY L
1, 9 g /0 p
S Ien+ L[ 2t0)d
21_9 o) + 21_0 o(t) + 27)1 i o(t,o)do
= —32(t) — —a3,(t — 2. (¢ 38
27_990( ) 27_99—1( )+ 27_!]9—1( ) (38)
g ;o g ;o 9 5o
2 _02(t) — =067 ,(t) + =-6%,(¢t
"‘27_0 o(t) 9 —1()+2T9 211
+ 9 N2(7,0)do — 9 22 (r,0)do
21y J_p ’ 2 J_on
9 [" 5 d
R L Zy(r,0)do
From (36), we have
1 . 1 g - g -
ng(t) - ?931@) + ?98@) - 79271@)
g [2 To
0o p - (39
— A do — — )\ do <0
s [ Rrons— L [ 32, (r0o <

Therefore, the equation (38) satisfies

0
g/ 22 (r,0)do
™ J-L

)—0

27y
0_1(t) — 0)? (40)

1(8) +
9
Jr%( _

. 1
Volt) < — —92
o(0) < 570+ 5

;g@_lm g2
0

to | (ea(ri0) = Xo))do
21y J_L
By choosing g_1(t) = ¢, w
constant, and 6_1(t) = 0, A_1 (¢,

g g
g2y 2
27’9 +27’,\

<

where ¢ is a finite non-zero
o) =0, we have

0

Vo(t) < %(6—9)2 + )\(J)Qda 41)
Tg
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It is noting that (¢ — g)2,gt92,ngL A(o)?do are bounded,
it follows that Vj(t) is bounded for ¢ € [0, T]. Thus, Vo(t)
is uniformly continuous and bounded for ¢ € [0,7]. Then
we can conclude that Vi (t) is bounded for k& € Z, and
t € [0,T]. Consequently, gi(t),0k(t), Ae(t,0), ui(t) € Lac
forall k € Z; and t € [0,T]

From (34) and (36), we have

k
Vi=Vo+ > (V; = Vi)

j=1
k
=Vo+ Z AV 42)
le . )
<Vo—>_ —_(r)dr

=1Jo 119,02
It follows that

k t
1 2
e 2(Mdr<Ve-Vi (43
Z/ SN

Since V} is a non-increasing sequence for k, then we have

k t

1 2
es(r)dr < Vp (44)

;/0 L4 {12, (n)[*

V4 is bounded so that we can obtain

1

lim ——————¢c7(t) =0 45
T Y “
If Q(t) is uniformly bounded, then we can get

lim,_oex(t) = 0. If Qi(t) is not uniformly bounded,
then (45) implies that the increasing rate of ex(t) is
lower than Q(¢). However, from (30), we known that if
limg_ o0 €5 (f) # 0, then the increasing rate of ej(t) is the
same as that of Q(¢). This is a contradiction. Therefore, we
get limy_ o £, (t) = 0. From (24) and (30), we can obtain
limg_, o ex(¢) = 0. The proof is completed.

IV. SIMULATION EXAMPLE

Consider the delay system

s+a L
9 +bs + c°
where system parameters g, a,b,c are unknown constants,
L = 2 is the known time delay. The objective is to make yy
track the output of the reference model

0.5

247541
over the time interval [0, 10], the reference input v is sin(t).
When the control plant parameters are ¢ = 2,a = 1,b =
3,c = 1, apply the designed adaptive ILC scheme which
consists of the controller (15) and the iteration domain
adaptive law (32) to the system (46), choose the stable
polynomials

r*(s) = s+ 0.5,

yi(s) Sug(s) (46)

Y (s) = “Lou(s) (47)

p*(s)=s+5bs+1, 7(s)=1 (48)

and the parameters 7, = 0.5, 79 = 0.6, 7\, = 0.8, simulation
result is shown in Fig.l. It shows that the tracking error
convergent to zero. The designed adaptive ILC scheme can
achieve the object.

09r b

suple,|

Kk KKKk Kk k% % %k

0 5 10 15 20 25 30
Iteration number

Fi

g. 1: Sup-norm of the tracking error versus the iteration number.

V. CONCLUSION

In this paper, an adaptive ILC scheme is proposed for a
class of SISO time delay systems with unknown parameters.
Model matching technique is used to obtain the controller
structure and an iteration domain adaptive law is designed
to estimate the unknown parameters of the controller. From
this result, we concluded that the model matching technique
can be applied in a straightforward method to ILC problem.
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