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Interconnection of Dirac structures via kernel/image representation

Orest V. Iftime and Adrian Sandovici

Abstract— Dirac structures are used to mathematically for-
malize the power-conserving interconnection structure of phys-
ical systems. For finite-dimensional systems several represen-
tations are available and it is known that the composition
(or interconnection) of two Dirac structures is again a Dirac
structure. It is also known that for infinite-dimensional systems
the composition of two Dirac structures may not be a Dirac
structure.

In this paper, the theory of linear relations is used in the
first instance to provide different representations of infinite-
dimensional Dirac structures (on Hilbert spaces): an orthogo-
nal decomposition, a scattering representation, a constructive
kernel representation and an image representation. Some links
between scattering and kernel/image representations of Dirac
structures are also discussed. The Hilbert space setting is large
enough from the point of view of the applications. Further,
necessary and sufficient conditions (in terms of the scattering
representation and in terms of kernel/image representations)
for preserving the Dirac structure on Hilbert spaces under
the composition (interconnection) are also presented. Complete
proofs and illustrative example(s) will be included in a follow
up paper.

I. INTRODUCTION

Port-based modeling leads to port-Hamiltonian systems
which are defined with respect to a geometric struc-
ture, called Dirac structure (see [2] and the references
therein). The study of power conserving interconnections
of port-Hamiltonian systems makes use of the intercon-
nection of Dirac structures (up to a certain extent). For
finite-dimensional systems it is known that the composi-
tion or interconnection of two Dirac structures is again
a Dirac structure. It is also known that for infinite-
dimensional systems this is not always the case (see
[8] for a counterexample). During the last years efforts
have been made towards understanding of the Dirac struc-
tures and their composition for infinite-dimensional systems
(see [8L[101,[91,[11],[16],[24],[25],[171,[27]). A mathemat-
ical formulation of the interconnection structure in Hilbert
spaces and some properties have been presented for the
first time in [10]. The reasons to study Dirac structures on
Hilbert spaces was twofold. The Hilbert spaces are generally
enough to cover a large class of physical systems and they
offer enough tools for analyzing such systems. Necessary
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and sufficient conditions for the composition of two infinite-
dimensional Dirac structures to be again a Dirac structure
have been identified for the first time (independently) in [16]
and [24] and the connection with the Redheffer star product
has been also remarked.

The investigation of Dirac structures on Hilbert spaces
and their composition has been continued in [17]. However,
the very closed connection between Dirac structures and
linear relations on Hilbert spaces deserves (in our opinion)
more attention and this is the starting point of the analysis
presented in this paper. After a preliminary section, the focus
will be on different representations of Dirac structures on
Hilbert spaces. It will be first shown in Section III that a
Dirac structure can be orthogonally decomposed into three
“elementary” Dirac structures. Using techniques from linear
relations, a scattering representation (different from the one
used in [17]) is then provided in Section IV. In Section
V, kernel and image representations of Dirac structures
on Hilbert spaces are derived; the kernel representation is
constructive. Necessary and sufficient conditions for pre-
serving the Dirac structures under composition are provided
in Section VI: one set of two conditions in terms of the
scattering representation and another set of two conditions
in terms of the kernel/image representations. The paper ends
with a concluding section.

II. PRELIMINARIES

A. Linear relations on Hilbert spaces

A linear relation from a Hilbert space .% to a Hilbert space
& is a linear subspace A of the Cartesian product .% x &. The
following self-explanatory notions domain, range, kernel,
and multi-valued part of A will be used throughout the paper:

domA={fe.F:(f,e) €A},
ranA={ec&: (f,e) €A},
kerA={fe.Z:(f,0) €A},
mulA={ec&:(0,e) €A}

The formal inverse A~ is defined as A~! = { (e, f) : (f,e) €
A}; itis alinear relation from & to .%. Observe the following
formal identities domA~! =ranA and kerA~! = mulA.

For relations A; and A, from .# to &, the operator-like
sum Aj +Aj is the relation from % to & defined by
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Now let A and B be linear relations from .# to & and
from & to 7, respectively. Then the product of B and A is
the linear relation BA from % to ¢ defined by

BA={(fh)e F xI: (f,e) €A, (e,h) €B for some e€ & }.

This definition agrees with the usual one for operators.

The relation A is closed if it is closed as a subspace of
F x & the closure of the relation A is the closure of the
subspace A in % x &. If A is closed then the subspaces
kerA and mulA are closed. A linear relation A is the graph
of an operator if and only if mulA = {0}. In the present
context a linear operator A from .% to & is identified with
its graph. It is said to be closable if its closure is the graph
of an operator.

The adjoint of a linear relation A from # to & is the
closed linear relation A* from & to % defined by

A={(€.f)eEx T (F )5 = (€ |e)e forall (fe) €A}.

Observe that (A~1)* = (A*)~!, so that (domA)* = mulA*
and (ranA)* = kerA*. Clearly the double adjoint A** is the
closure of the relation A. A linear relation A in a Hilbert
space & (i.e., from & to &) is said to be skew-symmetric if
A C —A*, and a linear relation A in a Hilbert space & is said
to be skew-adjoint if A* = —A (so that it is automatically
closed).

B. Dirac structures on real vector spaces

Let .% and & be real vector spaces whose elements are
labeled as f and e, respectively. We call % the space of flows
and & the space of efforts. The space A = .F x & is called
the bond space and an element of the space & is denoted by
b= (f,e). The spaces .% and & are power conjugate. This
means that there exists a map

(1):ExF R

called the power product such that it is linear in each
coordinate and it is not degenerate.
Using the power product we define a symmetric bilinear
form
L S>> BXPB—R

defined by
< (flvel)v(fzuez) >= <el |f2>+<ez |f1>7

for all (f',e!),(f?,e*) € . We have the following imme-
diate relation between the power product and the bilinear
form

1
el f) =35 <bb>

for all b= (f,e) € B.
We recall the notions of a Tellegen structure (known also as
power-conserving structure).

Definition 2.1 (Tellegen structure): Let 2 be a subspace
of the vector space 8. We say that Z is a Tellegen structure
on A if

(e| f)=0, ¥ (fe) € 2.

We denote 2t the orthogonal complement of % with
respect to the bilinear form < -, >

g .={bec B|<bb>=0,Vbec ¥}

Remark 2.1: Let & be a subspace of the vector space
AB. Then Z is a Tellegan structure on A if and only if
7zl
We focus on a special class of Tellegan structures called
Dirac structure.

Definition 2.2 (Dirac structure): Let 2 be a subset of A.
We say that & is a Dirac structure on % if

2 =9,
It is important to mention that for finite-dimensional
spaces a Dirac structure is a Tellegan structure of maximal
dimension.

C. Dirac structures on Hilbert spaces

In [9], [10], Dirac structures on Hilbert spaces were
defined. For infinite-dimensional Hilbert spaces one can also
approach the analysis of Dirac structures using Krein spaces
which are not Pontryagin spaces. However, in this paper tools
from operator theory and functional analysis will be used to
study Dirac structures in Hilbert spaces.

Let & and .# be two Hilbert spaces, called the space
of efforts and the space of flows, respectively. Furthermore,
assume that there exists a unitary operator r¢ g from & to 7.
The product space .# x & equipped with the usual Hilbert-
space inner product:

((fi,e1) | (f2,e2))7ae = (fi| )z +(e1]e2)s, (1)

where f1, fo» € %, e, ep € & is called the Hilbert space
FoE.
Define a indefinite inner product on .% X &, by:

(fi,e1) | (frre2)]lp = (fi,re.zer)z+(e1,rzefr)e. (2)

The Cartesian product % x & equipped with the inner
product [- | -] is called the bond space 4. For a linear space
% C B the orthogonal complement .2 of & is defined
by:

L= (b e B, [b|b)g=0,Vbe £} 3)
It is easily seen that for any linear subspace .Z of % one
has: 0
1] _ re.z 1
e P [ T

where .Z+ denotes the orthogonal complement of . with
respect to the scalar product (1). Therefore any orthogonal
complement will be closed, and -] = {0}. The last equality
shows that the bond space is non-degenerate.

Definition 2.3: Let & and .% be the spaces of efforts and
flows, respectively, and let % the associated bond space and
let & be a linear subspace of %. ¥ is said to be a Tellegen
structure on Z if 2 C 2! and 2 is said to be a Dirac
structure on Z if 2 = 9.

Lemma 2.1: Let & be a subspace of Z. Equivalent are:

(i) 2 is a Tellegen structure;
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(ii) [dy,do) =0 for all dy, dy € D;

(iii) [d,d]% =0 for all d € 9.

Lemma 2.2: Let & be a Tellegen structure. Then:

(i) kerZ C (ran (rg’y@))l =ker(re z92)";

(if) mul 2 C (ryﬁ(dom@))l.

Proof: (i) Let f; € ker?, so that (f1,0) € 2. Then
[(f1,0) | (fr,e2)]l® = 0 for all (fr,e2) € 2, so that
(fi,re 7e2)7 =0 for all e; € ranZ. This shows that f; L
ran(rg %) and the inclusion ker 2 C (ran(rg,g@))L fol-
lows. The well known identity (ran7)* = ker7* for any
linear relation T (see for instance [1]) leads to the latter
identity in (7).

(if) Assume now that e; € mulZ so that (0,e;) € 2.
Then (e; | rz sfr)s = 0 for all f, € domZ. Thus e; L
rz.s(dom2), and the inclusion mul 2 C (regz,g(dom_@))l
follows. [

Lemma 2.3: Let 2 be a Dirac structure. Then the inclu-
sions in Lemma 2.2 become equalities.

Lemma 2.4: Let £ be a linear subspace of %. Then:

il 0 —regs -
2=, o7 e 5)

Proof: It follows from the definition of the adjoint relation

that

=5, e ©)
so that / 0
-i”:( o 1, )(f*)“- ™

A combination of (4) and (7) leads to (5). (I
Lemma 2.5: (i) 2 is a Tellegen structure if and only if

0 -res 1.
@c(r%g) 0 )(@) ;
(i) 2 is a Dirac structure if and only if
_ 0 -res -1
9 = 5 0 (2%)".

Remark 2.2: In the sense of the product of linear relations
the conditions in Lemma 2.5 can be stated as follows:

a) 2 is a Tellegen structure if and only if 2 C
~r769 17 &,

b) 2 is a Dirac structure if and only if Z = —rz ¢ P*rz ¢.

Remark 2.3: In the case & = .% a Tellegen structure is
nothing but a skew-symmetric structure in the Hilbert space
&, while a Dirac structure is a skew-adjoint structure in the
same Hilbert space &.

ITI. AN ORTHOGONAL DECOMPOSITION
OF DIRAC STRUCTURES

It will be shown that any Dirac structure can be orthogo-
nally decomposed into three “elementary” Dirac structures.
The following example offers a class of Dirac structures.

Example 3.1: Let & be a Hilbert space and let A be a
skew-adjoint (unbounded in general) operator from dom A C
& to &, that is

(Ax|y)+ (x| Ay) =0,

for all x, y € domA = dom A*. Then the graph of A,
4(A) = {(x,Ax) : x€ dom A}

is a Dirac structure. Indeed, the definition of a skew-adjoint
operator leads to

G@A))H =g (-A) =9(4),

so that the conclusion follows.
Three classes of Dirac structures are introduced in the
sequel

1) Completely multivalued Dirac structures which are of

the form
Dt = {(0,e) : e € &Y,
2) Completely kernel Dirac structures which are of the
form

@ker:{(fvo) :fey};

3) Completely skew-adjoint Dirac structures which are
determined by the graphs of injective skew-adjoint (not
necessarily bounded) operators from % to &.

It can be easily seen that the linear subspaces of type (1.)
and type (2.) are Dirac structures, while Example (3.1) shows
that the linear subspaces of type (3.) are Dirac structures as
well. These particular Dirac structures are called fundamental
Dirac structures. Under some conditions it can be shown that
a Dirac structure can be decomposed as an orthogonal sum
of the previous introduced fundamental Dirac structures. The
idea of the construction of such decomposition is as follows.
Define the linear subspace P,y = 2N ({0} x &) in A and
the linear subspace &,y ={e € & : (0,e) € Z} in &. Clearly,
they are closed in % and in &, respectively. Let & be the
orthogonal complement of &,,; in &, so that & = &,,,; ® &7.
Now define in .# the linear subspace .%,,,; as

fg.mul:{fey : (Vg,ge|f>=O,Ve€£1},

and then it is easy to see that .%,,, has an orthogonal
complement .7 in .%. Assume now that r¢ (&) = Fui,
so that rg #(&) = F;. Therefore %, is a completely
multivalued Dirac structure on the bond space %, :=
Tl X G and there exists a Dirac structure 2, on the
bond space A := | x & such that

P = -@nml@-@l-

Furthermore, the Dirac structure 2, is the graph of a skew-
adjoint (not necessarily bounded) operator from the Hilbert
space .7 to the Hilbert space &7. Define the linear subspace
Drer = 21 N (F x {0}) in P and the linear subspace
Frer ={f € Z1 : (f,0) € 21} in Z;. These subspaces
are closed in %, and in %], respectively. Let F,, be
the orthogonal complement of .%,, in Z|, so that % =
Fker B Frew- Now define in &7 the linear subspace &, as

&er:{eegl : <ré’.,§e|f> :Ouvfeyskewh

and then it follows that &, has an orthogonal complement
Eskew N &1 Assume now that rg 7 (Eger) = Fer, s0 that
rs 7 (Eskew) = Fskew- Then Py, is a completely kernel Dirac
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structure on the bond space By, ‘= Frer X Erer and there
exists a Dirac structure Py, on the bond space B, 1=
jskew X éi‘kew such that

-@1 = -@ker S2) -@skew-

Clearly, the Dirac structure Py, is the graph of an closed
injective skew-adjoint (not necessarily bounded) operator
from the Hilbert space Fg.,, to the Hilbert space &yep-
Conclude that under the assumptions imposed above, a Dirac
structure can be written down as an orthogonal sum of three
fundamental Dirac structures on the ”smaller” bond Hilbert
spaces B, PBrer and By, respectively. Moreover, this
decomposition is given by

9 = -@mul ® -@ker 2 -@skevw

and is comparable to the so called ’constrained input-output
representation” of a Dirac structure in finite-dimensional
spaces, see [23].

IV. A SCATTERING REPRESENTATION
OF DIRAC STRUCTURES

The scattering representation of Dirac structures for infi-
nite dimensional spaces was basically introduced in [8] (see
also [9]). For simplicity one considers the Hilbert space &
to be the scattering variable space.

For any linear subspace ¥ of # define the linear relation
O in & by

Oy =lg—2rz s(V +rzs)". (8)

One can show that the following results hold.

Lemma 4.1: Let 2 be a Dirac structure on the Hilbert
space . Then U is a unitary operator in &.

Lemma 4.2: Let 0 be a unitary operator in &. Then the
linear relation

D= { <%rg{g(1g ~O)eslst ﬁ)e) Cec @“’} ©

is a Dirac structure on %.

Lemmas 4.1 and 4.2 lead to the following characterization
of Dirac structures on Hilbert spaces.

Theorem 4.1: There exists a one-to-one correspondence
between the class of Dirac structures on the Hilbert space %
and the class of unitary operators in &.

V. THE KERNEL / IMAGE REPRESENTATIONS
OF DIRAC STRUCTURES

Let 7 be a Hilbert space isometrically isomorphic to &
and .#. A Dirac structure Z is said to be represented in

kernel representation if
2 ={(f,e)e FxE ,Ff+Ee=0} (10)

for certain linear maps F : % —  and E : & — A
satisfying the conditions

Y
12)

17n§¢¢lf*—klfhgxg17* =0,

ran[F E| = 5,

where ran[F E] stands for the closure of the range of the
operator [F E]. This definition agrees with the one in the
finite-dimensional case (see for instance [2]). Next it will be
proven that a kernel representation of a Dirac structure can
always be done.

Lemma 5.1: Let 2 be a Dirac structure. Then the linear
relations (Z+rz )" and (2 —rgz )" ! are the graphs of
two bounded operators from & to 7.

Proof: Let (e,f) € (7 +rzs)" L, so that (f,e) € (2 +
rz¢). Since (f,rz sf) €rz s one has (fie—rzof) € 9.
Using Cauchy inequality one can obtain

111 < el (13)

for all (f,e) € Z.1f e=0 then f =0 so that (Z+rz )"
is the graph of an operator. Furthermore, the inequality (13)
shows that the operator is bounded. Using similar arguments
it can be shown that (2 —r# &) ! is the graph of a bounded
operator from & to .%. O

Lemma 5.2: Let 2 be a Dirac structure. Then one has:

(Z+r76)" (P +r165) = (D—rzs) (P —1s5)"".
(14)
Proof: The identity (14) is equivalent to

(P +rez) (P+rze)=(P" —re7) (P —rze)

By a direct computation the last identity is equivalent to the
identity 2" = —rg # Pre #, which expresses the fact that
9 is a Dirac structure. [

A. A construction for the kernel representation

Assume that & is a Dirac structure, and let (f,e) € 2.
Since (f,rz sf) € rz ¢ it follows that (f.e+rz ) € 7+
rz &, so that (e+rz g, f) € (P +rzs)'. This implies that
(P+rze) Ne+trzs)=f, so that

(P+r75) e+ (D+rze) 'resf=f (5
Similarly one gets:
(P —rze) e (Z—rzs) 'rzsf=f  (16)
Define now the operators £ and F by:
E=(Z+rz8) ' —(2—r76)", (17)
and by:
F=([(Z+r26) ' +(Z—rzs) Irze. (18

Take ¢ = .%. Clearly, E and F are bounded everywhere
defined linear operators E € [&,.#] and F € [#]. Using the
operators E and F, a combination of (15) and (16) leads to
the representation (10).

In order to prove (11) one remarks that

E'= (P +rez) " — (P —re.5)7",

and

1

Fr=rez (P +rez) " +(P" —rsz)7"].

Using the obvious identity r¢ & -r# & = I and (14), one gets
(11) by a direct computation. Finally, one can show that (12)
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holds, and so the construction of the kernel representation has
been done. We call this kernel representation the canonical
kernel representation” of 9.

B. The image representation of a Dirac structure

It follows from (10) and (11) that & can be also written
in image representation as
72={(f,e) € Fx&,f=rezE'h,e=rzgF"h,he A}
or equivalently:

9 = {(rg,yE*/’l,rgz!gF*h), he s}, (19)

C. The links between scattering and kernel/image represen-
tations of Dirac structures

Assume that & is a Dirac structure and let & its canonical
scattering operator, and (E,F) its canonical kernel/image
representation. It follows from (8) that

(Z+rz6)"" = %rﬁ,ﬁuﬁ - 0). (20)
Simple computations leads to the following identity:
(P —rzs) ' = %rg,y(ﬁfl —Ig). 1)
Using now (17) and (18) it is easily seen that:
E= %rg’g:(ZIg—ﬁ—ﬁ_l), (22)
while |
F= Ergy(ﬁ_l —O)rg .. (23)
Conversely, a combination of (22) and (23) implies that
O=ls—rgcE—rgeslre z, (24)
and
0*=0"=Ilg—rgsE+rzsFrsz. (25)

VI. COMPOSITION OF DIRAC STRUCTURES VIA
KERNEL/IMAGE REPRESENTATION

In this section the concept of the composition of Dirac
structures is briefly studied via kernel/image representation.
In order to define the composition, one needs two Dirac
structures which have a joint pair of variables that can be
used for interconnection. Hence one assumes that the efforts
and flows of both Dirac structures can be split into a proper
pair and a joint pair. More precisely, the following definition
is used:

Definition 6.1: Assume that the spaces of efforts and
flows are decomposed as & = & & &, F = H = F D F,,
and that there exist unitary mappings rs, # from &; onto .7,
i=1,2. A linear subspace P C B = (F1® F2) x (61D &)
is called a split Tellegen structure (split Dirac structure) if it
is a Tellegen structure (Dirac structure, respectively), with

re 7 0
re g = i
&7 l[ 0 re 7

Furthermore, the way of composing two ]Jirac structures is

given as follows:

Definition 6.2: Let %; and &;, i =1, 2, 3 be Hilbert spaces
and let 24 C (F1DF) X (&1 6) and 28 (P @ F3) x
(& @ &3) be two split Tellegen or Dirac structures. Then the
composition 24028 of 24 and 2? (through %, x &) is
defined by:

.@AO.@B = {(fl,f3,€1,€3) : (26)

(fi: frse1,€2) € PV, (= fa, fr,e2,63) € 97}
If 24 and 22 in (26) are split Tellegen structures, then their
composition is a split Tellegen structure with
r& 7

. 0
&F = :
0 r'ey, 73

We refer to [25], [24], [16], [17] for further details. Consider
now the corresponding scattering operators:

A A
04 = |: Z}J Z%z :| 1 DE— E DS,
21 22

=] % %] . 606506
=l ok o | aesmaes

Consider also the kernel/image operators

A E1141 E1142 T .
E* = FA pA 1B DE — F DS,
21 22

and

A Fﬁ FIAZ T Z. T Z.
F* = FA  pA L F1D Iy — T D F.
21 22

corresponding to the Dirac structure 24, and the ker-
nel/image operators

o Bl hon s mes
= Ej?z E§33 - 02 3 2 3,

and

B FB FEZ%
F© = [ le% FZBG’ ] 2 T BTy — Fo D Fa,
2 133
corresponding to the Dirac structure 22,
For unitary operators ¢4 and ¢, denote by 04« 0%
the Redheffer star product of them (see for instance [26],

[6]). One also needs the following bounded linear operators,
defined on appropriate spaces:

(EF)y; = Egyrz, &, ER + FbEsy — Es,
(EF)33 = ESyra, 6, F3s + FiFy — Ff,
(EF)}y, = E3\ + Fi\rs, 7,

(EF)y, = Efyr g, 6, ED + FHED, — Ep) — E3),
(EF)3, = Eyrz, s, ES + FiyFiy — Fih — Fp,
(EF)\S) = Ere, 7,5 + EB Ry — Eff,
(EF)}y) = Flre, 7, Ef + FEFY,
(EF)\) = BB +rg, o FE.

The main result of this section is a complete characteri-
zation of the case when 240%? is a Dirac structure. More
precisely, the following result holds true:
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Theorem 6.1: Let 24 and 2% be split Dirac structures
on (3‘\1 @jz) X (51 @éaz) and on (ﬂz @3‘\3) X (52 (&) 53),
respectively. Let &4 and &P be corresponding scattering op-
erators, and let (E4,F4) and (EB F?) be the corresponding
kernel/image operators. The following four statements are
equivalent

() 2%02" is a split Dirac structure on (. ®.%3) x (1@
83);

OB x 0" is a unitary operator in & @ &;
The following two conditions hold true:

ran [@41 | ﬁfzﬁ% C ran(ﬁg‘zﬁfz —Is)

(ii)
(iii)

and
ran (035 O | 055 ] Cran (0% 095 — I5,)

(iv)

The following two conditions hold true:

ran [_r«f‘zz,é"z(EF)%l | 7.6 ((EF)%"' (EF)%#’&,,%)}
Cran (rz,6 (EF)n+(EF)5rz,s))

1(* 2(*
ran[((EF)S + 17,6 (EF)Y) sy 5,
1(x
| Ie, — (EF)}rs, 2
1(* 2(*
C ran (((EF)zg ) +rz,.6 (EF)zg >) rgzvgzz)

Proof: Different arguments for the proof of the equiv-
alence of (i), (i) and (i) can be found in [25], [24],
[16], [17]. Although a direct proof can be done (it will be
presented elsewhere), the equivalence of (i) and (iv) can be
proved by rewriting the conditions in (iii) with the help of
(24) and (25). O

VII. CONCLUSIONS

In this paper standard tools from linear relations have been
used to derive different representations for Dirac structures
on Hilbert spaces: an orthogonal decomposition, a scattering
representation, a constructive kernel representation and an
image representation. The Hilbert space setting is large
enough from the point of view of the possible applications.

The composition for Dirac structures on Hilbert spaces has
been also studied. It is known that for infinite-dimensional
systems the composition of two Dirac structures may not be a
Dirac structure ([8]). Necessary and sufficient conditions for
preserving the Dirac structure under composition of systems
have been presented. One set of conditions is in terms of
kernel/image representations. The other set of conditions is
using a certain scattering representation. The complete proofs
and illustrative example(s) will be presented in a follow up

paper.
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