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Model Order Reduction for MIMO Linear Dynamical Networks
via Reaction-Diffusion Transformation

Takayuki Ishizaki, Kenji Kashima, Jun-ichi Imura* and Kazuyuki Aihara**

Abstract—In this paper, we propose a model order reduc-
tion method for MIMO linear dynamical networks, where a
large number of subsystems interact according to a network.
In this method, a spatially one-dimensional reaction-diffusion
structure, which can be efficiently exploited even for large-scale
systems, is fully utilized. We give a simple algorithm as well as
a computable error bound in terms of the H..-norm.

I. INTRODUCTION

Dynamical systems on large-scale/complex networks,
whose behaviors are determined by the interaction of a large
number of subsystems, have been intensively studied over
the past decades. Examples of such dynamical networks
include World Wide Web, gene regulatory networks, spread
of infection; see [1], [2], [3] for an overview.

This paper addresses the model reduction problem of
MIMO linear systems over large-scale networks expressed
by undirected graphs, whose nodes and edges denote sub-
systems and their interactions, respectively. As one of ap-
proach to solve the reduction problem, we exploit a network
structure transformation that we call the Reaction-Diffusion
transformation. This transformation gives a kind of spatially
one-dimensional reaction-diffusion structure embedded in the
networks. To execute the Reaction-Diffusion transformation,
we use Householder transformation, which is effective for
making large-scale (symmetric) matrices to band matrices.
Thus, the proposed model reduction method is effective for
large-scale linear systems on undirected graphs.

Many kinds of model reduction methods of linear and
nonlinear systems have been developed [4], [5], [6], [7], [8].
However, matrix factorization methods such as the balanced
truncation require computationally expensive operations,
e.g., gramian computations, although the stability/passivity
property is preserved [4], [5]. Therefore, these methods are
in general difficult to apply to large-scale systems. On the
other hand, Krylov method is also well-known as a model
reduction method for large-scale systems. However, in this
method, the stability property is not preserved, and a priori
computable error bound caused via model reduction has not
been derived even in linear systems [5], [6].

Most recently, we have proposed in [9] a new model re-
duction method for SISO linear dynamical network systems
by focusing on the reaction-diffusion structure. Even though
the method can be applied only for SISO systems, it has the
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stability preservation and provides an explicit error bound
caused via the model reduction, which can be computed
even for large-scale systems by efficient iterative matrix
computations.

The main results of this paper are generalization of the
model reduction strategies for SISO systems proposed in [9]
to MIMO systems. It should be emphasized that the quan-
titative analysis of the reduction error for MIMO systems
is even more difficult. Specifically, the analytical results of
the H.,-norm for SISO systems were derived in [9] only by
utilizing elementary properties of rational transfer functions.
In contrast, we derive in this paper more general expression
of the H,-norm condition for MIMO systems by exploiting
the bounded real lemma [5].

This paper is organized as follows. In section II, we
describe a system to be studied here and introduce the
Reaction-Diffusion transformation for MIMO systems. In
section III, we analyze the properties of the Reaction-
Diffusion realization and apply the properties to a model
order reduction. In Section IV, a numerical example validates
the proposed method. Section V concludes this paper.
NOTATION: For a vector v and a matrix M = {m;;}, we
use the following notation in this paper:

R the set of real numbers

I, the unit matrix of the size n X n
ey the k-th column vector of I,
e};l: ko the k1-th to ko-th columns of I,

M@ N the Kronecker product of M and N,
namely {m;; N}

|M||=0max(M)  the maximum singular value of M

det (M) the determinant of M

abs (M) the matrix formed by {|m;;|}

In addition, the product of matrices is defined by
[l—; My == M;M; 41 ---M; and if j < ¢ this is equal to
0. Finally, the H..-norm of a rational transfer matrix G (s)
is defined by ||G (s)|| . = Sup,er Omax (G (Jw)).

II. REACTION-DIFFUSION TRANSFORMATION

A. System Description

In this paper, we deal with linear systems over large-scale
complex networks whose general form is given as follows:
Definition 1: The linear system

& =Ax+ Bu, z(0)=0 (1)

with A = {a;;} € RV*Y and B = {b;;} € RV*™ is
said to be a dynamical network (A, B) if A is stable and
symmetric, and N = nm for some integer n.
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Connected

Fig. 1. TIllustration of network structure
This is a generalization of undirected reaction-diffusion
systems depicted in Fig. 1:

N m
Ty = —rix; + Z aj(xj — ;) + Zbi,kuk 2
j=1,j7#i k=1
where r;(> 0) denotes the intensity of the reaction (chemical
dissolution) of z;, and a; ;(> 0), ¢ # j, denotes the intensity
of the diffusion between z; and x;. This coupled dynamics
is stable if at least one r; is strictly positive and the graph is
connected. See, e.g., [3] for a survey on networked systems
and multi-agent systems.

Next, we introduce a class of the state-space realization of
the dynamical network. This representation plays a central
role in this paper and is closely related to spatially one-
dimensional reaction-diffusion systems.

Definition 2: Let (A, B) a dynamical network in (1).
Then, unitary H is said to be a Reaction-Diffusion trans-
formation matrix if A:= HAH" and B := HB are in the
form of

(5] I
B1 az ﬁ2T
A _ ERNXN
T
n—1
anl Qp
B = [8] 0 0]" e RV 3)

with some negative definite matrices «; € R™*™ for | €
{1,---,n} and some upper triangular matrices with non-
negative diagonal entries 3; € R™*™ fori € {0,---,n — 1}.
Moreover, the realization (A,B) is called a Reaction-
Diffusion realization '.

Note that the matrix A is a band matrix with the bandwidth
of 2m + 1 since §; is an upper triangular and A has a
block tri-diagonal structure with m x m blocks. For the RD-
realization, we denote the state vector X := Hz € RV
as X := [A],--- X7, where X; € R™. The internal
structure represents serially-cascaded autonomous systems
equipped with the boundary input, as shown in Fig. 2. In
fact, the RD-realization appears when we apply the finite dif-
ference method to (multi-variable) spatially one-dimensional
reaction-diffusion systems with a boundary input.

I'The term “Reaction-Diffusion” is , as necessary, denoted as “RD-".

3 X X X3 Xo1 X,
02 OO O OO

Fig. 2. Tllustration of RD-realization

Theorem 1: Consider the dynamical network (A, B) in
(1). There exists a Householder matrix Hp that makes Hg B
an upper triangular matrix with the non-negative diagonal en-
tries. Furthermore, there exists a Householder matrix H 4 that
makes HoHpAHpgH 4 a band matrix with the bandwidth of
(2m + 1) and the non-negative (¢,i+m), (i4+m,)-th entries
for all s € {1,---,(n — 1)m}. Then, the unitary matrix

H=HsHp 4

is a RD-realization matrix of the dynamical network (A, B).
Moreover, define

n, otherwise.
Then, (e?'mf.)TH e}~ is uniquely determined.
ma m
Proof: See Chapter 5 in [10] for the details of the
Householder transformation. The proof of the RD-realization
is similar to that of Theorem 1 in [9]. Furthermore, any non-
singular matrix can be decomposed to the product of an or-
thogonal matrix and an upper triangular matrix with positive
diagonal terms, namely QR decomposition. By noting the
uniqueness of the QR decomposition of B;, the uniqueness
of H follows form similar argument as in [9]. (The details
are omitted for space.) [ ]
In computer science, matrices are often transformed to
an easily-handled form via similar transformations. In par-
ticular for symmetric matrices, unitary transformations are
desirable to retain the symmetry. It should be emphasized
that the construction of the Householder matrices does not
require computationally expensive operations, such as matrix
factorizations 2. Moreover, construction methods of the band
matrix for large matrices have been widely investigated in
the computer science since Householder transformations has
various application such as eigenvalue computation [11]. In
this sense, the RD-transformation can be implemented even
for large-scale systems.

B. Fundamental Properties of MIMO Reaction-Diffusion Re-
alization

In this section, we show a low-pass property equipped
with the RD-realization. In the rest of this paper, the transfer
function matrix from the input v € R™ to the state X; € R™
in the RD-realization is denoted by

Gi (s) = (€] @ Im)" (slym — A) ' B. (6)

’In fact, the Householder transformations require only (2/3)n3 com-
putations for the size of matrices n while, e.g., the computation of the
controllability gramians and the eigen-decomposition require 70n? and
30n3 computations. See [11], [5] for details.
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Theorem 2: Let (A, B) be a RD-realization in (3). Then,
G; (s) in (6) satisfies

HP

Pm$;:<mﬂ®f>(ﬂmﬂn—2»1(“]@])

B] 1, (7)

where pp, j :=n—j+1and A; := (e}, @L,) T A(e].,, @1).
Moreover

1P ($)lloe = [IP: (O], Wi € {1,---,n} ®)
holds.

Proof: [Proof of (7)] Trivially from the definitions of
G; and P;, we have G; = P73y, which implies

= P1 (s) Bou-

Suppose &; = H;Zl P;Bj—1u. By regarding X; as an input
to the state equation of X1, we have

HP

Hence, (7) holds by the induction. Lemma 1 below includes
(8) as a special case. |

Lemma 1: For any stable A = AT € R"*" and B €
R™ ™ with m < n

751, — 4B

ﬁ] 1U

XiJrl z+1

~|prats] @

holds.

Proof: Denote as f(s) := B'(sI, — A)"'B. The
condition || f (s)||., < ~ holds true if and only if the
Hamiltonian

A %BBT
J(W)_|:_’1YBBT —A :|

has no eigenvalues on the imaginary axis (see [5] for the
details). Here, we have
1 2
- 107).

This implies that J () has necessarily zero eigenvalues if
~v = ||f (0)]]. Therefore, due to the continuity of .J (v), the
result follows if the eigenvalues of .J () are real or purely
imaginary. For the symmetric positive definite matrix .S :=
(1/4)BBT we have

det (J (7)) = — det (A)* det <1n

J? (7) = Le(A? — S*)+1,®(AS — SA), T

Let a matrix V' € R™*" such that I,V = VI,. By noting

that A—S = (A—5)2 (A—S5)2 is negative definite, the
1

similar transformation of J2 (y) by V ® (A — S)? yields

{vie@-9 2 {ve -9t}
:12®{<A75)*% (A2 S%+ AS — SA) (A 8)
:12®{(A—S) (A+S)(AfS)%}.

Nl

j

Nl

=1

U X X. Xoa[- . 1 A
I P1Bo I ! | P21 | 2 s e z 1Pnﬁn—l z
Fig. 3. Block diagram of RD-realization
Since (A — 5)1/2 (A+S5)(A- S)1/2 is the Hermitian ma-
trix, having real eigenvalues, the result follows. |

Fig. 3 depicts the structure of the RD-realization shown
in Theorem 2.

III. APPLICATION TO MODEL ORDER REDUCTION
A. Approximation Error Analysis

In this section, we propose a model reduction method
based on the direct truncation of the RD-realization. We
simply retain the upper km states, and analyze a resulting
error bound.

Theorem 3: Consider the transfer function matrix G; (s)
in (6) and define the km-th order transfer function matrix

GH) ()= (F @ 1) (sTom — Ax) "By (10)
where
Ak = ( 1. k:m) Ael km> Bk = (6?$77L)T B. (11)
Then, for all i € {1,---,n} and k € {1,---,n— 1}
|6:(5) =6 (s) (12)
i k i
priry 365 | [T riet I ptia]p i<k
< j=1 1=j I=1,1#4]
[Iridi1, i=k+1
j=1
holds, where
pi =P O, i :=Bill- (13)
In particular, if m =1
|6:6) =60 )| _=a-¢P© as

holds.

Proof: For an integer k € {1,---,n— 1}, denote
by G;(s;7x) the transfer function G, (s) for which [y
is replaced with 73, for 7, € [0,1]. Here, note that
Gi(s;e=1) = G;(s) and G; (s;7, =0) = QAZ.(]C) (s). For
1> k+1, QAi(k) (s) = 0 and consequently the desired result
holds from Theorem 2. Thus, in what follows, we assume
1 < k.

Similarly to G; (s;7x), denote by P; (s;7) the function
P; (s) for which fy is replaced with 7103y for 75, € [0, 1].
From (7), using the differential formula for a non-singular
matrix, we have

-

k k
=2 | [1Qs (s:7)) Prsr (s:m) [ ] Qs (sim)

Jj=t j=i

(15)

where Q, (s;7,) = [;P;(s;7x). Furthermore, from the
semi-negative definiteness of P; (0; ), we have

[Pi (0; 7 = DIl = [[Pi (0; ), V7 € [0,1].

d'PZ (S; Tk)
di

(16)
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First, we consider the case of m = 1. Noting all the
transfer functions and f; are scalars, we assume

dg; (s; k) dg; (05 73)
di S di (17)
then we have
1
(s) — ™ _| [ Gilsim)
-] = | e
1 0 0.
< [ Bt = 6. 0im = 1)~ G (0 = 0).
0 di»

Therefore, what remains to be shown is (17). From the
differentiation of G; (s; ) = H;Zl P;j (s;71) Bj—1 and (15),
we have

dgi (s;v) _ Z

H Pi(s) Bi-1
dr 1=1,1#]
i k
= 27, P41 (S)Z Bj-1 Py(s)° 7 HPz )Bi—1
j=1 I=j 1=1,l#j
=21 ) (Boy -+ B Pr(8:70) -, P (5570))

Noting the function fL(k is given by the summation and
multiplication of 8; and P; (s;73), where P; (0;7%) > 0 and
B; > 0, we have from (8)

dg; (s; T

‘;Tkk ‘27 (1) v (Bos s Pyt (3§Tk))‘
dg; (0;

< 2t (B Prs () = 90T,

Then, (17) follows.
Next, we consider the case of m > 2. We have

1 . .
Jo.0 -6 )< [[[#42) dn. as
oo 0 Tk o

We can see from

dGi (s; 1)
di

ZZ H Pi(s) Bi-1 (HPz ) Bi- 1)
=1 (\u=j+1 dris

=21, f) (Bo -+, B, P (s; Th) s Par (8:7k))

and (15) that the function f is given by the summation
and the multlphcatlon of j; and Pi (s; 7). In addition, since
the function f;ﬁ . can be interpreted as an extended function

of f 1) , whose domain is extended to m x m matrix, (8) and
(16) yleld

dg; (s;7 m
H 7 ) ’ = HQkai(k)(ﬁo,"kaﬂ (S;Tk))H
Tk [e'e]
1
< 255 Bl 1P (557 )
= QTk;fi(i) (Do, -+, bk, Py s Prot) -
By substituting this inequality into (18) and the integration,
the result follows. u

Theorem 3 states that for single-input systems, we have the
exact error. Here, (12) seems inconvenient for the calculation
due to its complicate form. The following corollary gives an
equivalent expression of the error bound (12) as a closed
matrix form:

Corollary 1: For the constants

1 1

911 = 7?3 01 = 7; - ¢?pi+lv (RS {L"'an* 1}
with ¢; and p; in (13), define
[ 61 o1 i
¢ Oy
®(k> (T) — T¢k‘ ERnxn
T
i . anfl
L ¢n71 9n J
® = [¢o 0 -+ 0] er™! (19)
and © := @<1>(1) == @(n_1>(1). Then 3
e} (r
. _l(e?)TL() d, i<k
la:s) 60 ()] <q 2 ar |
—(emTe e, i>k+1
(20)

is equivalent to (12).
Proof: For all ¢ < k, we can see from the proof of
Theorem 3 that

‘ Gi(s) — ka) (S)Hoc < fi(;) (o,

Note that (6, (1), ®) is a RD-realization for m = 1. When
7 = 1, considering the recurrence formula in (7) associated
with (O, (1), ®), we have P, (0) = —1/6,, = p,. Here,
the supposition of P; (0) = p; yields inductively

1
—0i—1 — ¢7 1 Pi (0)

and therefore P; (0) = P; (0;7 = 1) = p; holds for all ¢ €
{1,---,n}. By substituting 7 = 1 into

d
— (- e (me) =2rsf) (40,

the result follows. Next, for all 7 < k 4+ 1 we have

—(emTe e = HP

Therefore, the result follows. |
Remark 1: We can approximately compute the differential
coefficient in (20) by

a¢k7p17"'apk+l) .

Pi—1(0) = = pi-1,

Pk+1 (O, T)) )

) 6 1—Hpj¢>] "

j=1

467! (1) 01071 (1- A7)
(k) (k)
U~ v 21
dr ) AT @h
39(&)( 7) denotes {@ k) ( 7')}
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for some small A7. It should be emphasized that the value
of (21) can be efficiently found by exploiting the structure
of ¥, © and O, (1 — A7) [5].

In the above arguments, we discuss the model reduction
of the mapping form the input to the states. These results
immediately lead the result for the input-to-output mapping
as shown in the following corollary:

Corollary 2: Consider the RD-realization (A, B) of the
dynamical network (1) with the output mapping y = CX,
where C = [c1,--+,¢,] € RYX™™ for ¢; € R1*™. Denote
the transfer function matrix and its km-th order model by

G(s) = C(shym—A)'B
é(k) (S) = Ck (kam — Ak)_l Bk

where Ay, and By, in (11), and Cy, := Cel}, .. Then, G®) (s)
is stable and

HG(S) —G® (s)H < UE, 22)
holds, where
-1
1 T d@@) ()
§e=—5(efy) ——|@
sk;:{ Sk } g \C1:k ar |
Mn—k T .
h—k = — (e;clJrl:n) e ¢
U= [ e llenll -

Moreover, if m =1

HG (s) — G (s)H < |abs (Cx) Ay ' By, — abs (C) A™'B|
- (23)
holds. In particular, if the elements of C have the same sign,
the relation (23) holds with the equality.
Proof: The proof of the stability of G/(*) (52 is trivial
thanks to the negative definiteness of .4. Noting QALk) (s)=0
for all 7+ > k£ + 1, we obtain

e -c® o) <Ylel|g -6 6|
j=1

Therefore, (22) follows from Corollary 1. (See [9] for the

case of m =1.) [ |

Corollary 2 gives the upper bound of the approximation
error of the input-to-output mapping. For the model reduction
of the dynamical network (1) with the output mapping y =
Cz, we calculate C as C = C H. Furthermore, for the multi-
output systems, we can simply evaluate (22) or (23) for all
outputs.

Remark 2: The proposed model reduction method is
mathematically similar to the model reduction based on
Arnoldi algorithm in Krylov method (see, e.g., [5], [13]).
However, Krylov method in general does not produce a
band matrix in which diagonal entries in off-diagonal block
matrices have the same sign. Moreover, the Krylov methods
cannot provide an a priori error bound for the reduction.
On the contrary, the proposed method uses Householder
transformation to make the diagonal entries in the off-
diagonal block matrices non-negative. The non-negativity
enables to derive the error bound in (22).

Fig. 4. Dynamical network on two-dimensional lattice; 25 X 40 nodes

The algorithm of the proposed model order reduction
method is as follows:

(a) Transform the dynamical network (1) with the
outputs y = Cz to the RD-realization (A, B) with
C = CHT by Theorem 1.

(b)  Give a positive constant € as the upper bound of
the approximation error.

(c) By Corollary 2, find the minimum £ satisfying for
all outputs

abs (Cx) A; ' By, — abs (C) A™'B
—abs (C) A~1B
W=y
-V~
i.e., the upper bound of the approximation error

whose value is normalized to 1 at £ = 0.
(d)  Construct the km-th order model (A, B, Cx).

ifm=1

<eg,

<eg, ifm>2 (24)

B. Numerical Example

We consider a dynamical network over the square lattice
composed of 25 x 40 nodes, as shown in Fig. 4. Suppose
the dynamical network (A, B) with C is given as follows:
A € R1000x1000 j5 ojven by

1 (if node i and j, ¢ # j, are connected)

G = { 0 (else, i # j)

T1:17 Ti:O, 2#1
and B € R1000%2 and ' € R1¥1000 are given by
T
1 0 -~ 0
B_[O 0 —1 ,C=[1 1],

i.e., the inputs are applied at the first and 1000-th nodes and
the output is the sum of the all states.

The RD-realization (A, B) with C of this system is given
by Theorem 1. For the matrices @ € R500%500 and ¥ ¢
R*590 derived from (19) and (23), we denote the (i, 7)-
entry of © by ©; ; and the i-th entry of ¥ by ;. Then, in
the upper figure of Fig. 5, for each k in the horizontal axis,
the broken line shows the values of ngi Oy,; (i.e., reaction
term), the line of * shows the values of O 41 (= ¢ in
(19), i.e., diffusion term), and the solid line shows the values
of U;. We can see from this figure that the entries of W,
corresponding the output matrix, have the value of almost
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[Values of element of matrices ©® and V]

10 T T T T
- - Reac. term of © *** Diff. term of ©
5l — Element of & |
s ‘ ‘ ‘ ‘ Tk
100 200 300 400 500
[Upper bound of approximation error]
1 T T T T
**%  Exact error
— Upper bound
0.5 il
0.05 | o R o ot s 1k
° 100 200 300 400 500

Fig. 5. Plots of matrices © and ¥, and upper bound of the approximation
error for dynamical network on two-dimensional lattice

Bode Diagram

From: In(1) From: In(2)

80
60

= = 40

g =

T S 2

@

8 0

<

o- -20

—~ -4

% 188

o 135

EER

gu 5 4

= 5 0 ..

_ —— Original system
% *#% Reduced model
10 ° 10° 10° 10°
Frequency (rad/sec)
Fig. 6. Bode diagrams of dynamical network on two-dimensional lattice

and reduced order model

zero for around k£ > 60, and each value of the reaction term
and the diffusion term decreases as k increases.

The lower figure of Fig. 5 expresses the values of the left-
hand side of (24) by the solid line, i.e., the upper bound
of the exact error via the model order reduction, for each
k. Furthermore, to validate the conservativeness of the error
evaluation, the value of the exact error normalized to 1 at
k = 0 is denoted by the line of . This figure shows that
(22) appropriately gives an upper bound of the approximation
error. This figure also shows that the approximation error due
to truncating Xsx g7 to Xax 500 is small 4. Then, the minimum
of k satisfying (24) is given by k = 87 when ¢ = 0.05.
From Fig. 6, which shows the Bode diagram of the original
dynamical network (1000-th order; solid line) and that of the
reduced order model (2 x 87-th order; line of %) at k = 87,
we can see that both Bode diagrams are almost identical.

4The differential coefficient for the estimation is approximately calculated
by using (21) at A7 = 0.05.

IV. CONCLUSION

In this paper, we proposed a model order reduction method
for MIMO linear dynamical networks based on the Reaction-
Diffusion transformation. The model reduction is performed
by the direct truncation of the Reaction-Diffusion realization
and preserves the stability of the system. The resultant
approximation error is analyzed in terms of the H.,-norm.
Thanks to the numerical efficiency of the Reaction-Diffusion
transformation, this method can be applied even to large-
scale systems.
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