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On the Stability of an Interconnected System of Euler-Bernoulli Beam
and Heat Equation with Boundary Coupling

Miroslav Krstic and Jun-Min Wang

Abstract— We study the stability of an interconnected system
of Euler-Bernoulli beam and heat equation with boundary
coupling, where the boundary temperature of the heat equation
is fed as the boundary moment of the Euler-Bernoulli beam and,
in turn, the boundary angular velocity of the Euler-Bernoulli
beam is fed into the boundary heat flux of the heat equation.
We show that the spectrum of the closed-loop system consists
only of two branches: one along the real axis and the another
along two parabolas symmetric to the real axis and open to the
imaginary axis. The asymptotic expressions of both eigenvalues
and eigenfunctions are obtained. With a careful estimate for the
resolvent operator, the completeness of the root subspaces of
the system is verified. The Riesz basis property and exponential
stability of the system are then proved. Finally we show that
the semigroup, generated by the system operator, is of Gevrey
class 6 > 2.

I. INTRODUCTION

Engineering applications give rise to fluid-structure inter-
actions, composite laminates in smart materials and struc-
tures, structural-acoustic systems, and other interactive phys-
ical process, which are modeled by partial differential equa-
tion (PDE) cascades or interconnected PDEs. Control design
and stability analysis for such systems have become active
over the past decades, see [5], [6], [8], [18], [19], [21], [22]
and the references therein.

The stability and controllability analysis for a heat-wave
system, arising from the fluid-structure interaction, were
treated in [21], [22]. Feedback controllers for several classes
of coupled PDEs and structural-acoustic models were intro-
duced in [8]. The stability and Riesz basis property of the
composite laminates and the sandwich beam with boundary
controls were analyzed in [18], [19].

We consider Euler-Bernoulli beam and heat equation (see
Figure 1) governed by the equations:

Wit (2, 8) + Wagza(2,8) =0, 0<z<1,t>0,
w(0,t) = w(l,t) =0, t>0,

Wee (1, 1) =0, t >0,

wwib(o’t) = fl(t)v t>0, (1)
y1(t) = —wg (0, 1), t>0,

w(z,0) = wo(x), 0<z<1,

we(z,0) = wy (z), 0<z<1,
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Fig. 1. Euler-Bernoulli beam (1) and heat equation (2)

and
ug(x,t) — ugy(x,t) =0, 0<z<1,t>0,
u(1,t) =0, t>0,
us (0, 1) = fa(t), t>0, )
yQ(ﬁ):_ (Ovt)a t>0,
u(z,0) = ug(x), 0<z<1,

where the Euler-Bernoulli beam is hinged at the right hand,
the right side of the heat equation is kept at zero temperature,
f1(t) and f5(t) are the boundary controls applied at the left
ends of the beam and the heat respectively, v (t) and ya(t)
are the observations, and (wo(z), w1 (z)) and ug(z) are the
initial conditions. We denote the two dynamic systems with
the mappings

E:fi—=wy
and
H: fo = yo.
It is well known that the feedback law
fi(t) ==y (1) 3)

achieves exponential stability of the Euler-Bernoulli beam
system, as well as that the feedback law

fa(t) = —ya(t) “4)

guarantees exponential stability of the heat equation. In this
paper we study the case where the two subsystems are
interconnected via the feedback laws (see Figure 2)

J1(t) = —y2(t) (5

and

fa(t) = yu(2). (6)

The interconnection (5), (6) can be interpreted in three
ways. The first interpretation of (5), (6) is as

f1(t) = (=Hy1)(?),
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(wo (), w1 () Euler-Bernoulli beam (w@,t), wi(z, 1))

Wit = —Wgzax

u(0, 1) —wg (0, 1)
Heat equation

Ut = Ugy D
J— uw(07t) = _th(oat) _ >
uo(x) u(z,t)
Fig. 2. Block diagram for the closed-loop system (7)

namely, as replacing the unit-gain static feedback (3) of the
Euler-Bernoulli beam by a dynamic feedback law governed
by the heat equation. The second interpretation of (5), (6) is
as

fa(t) = (E(=y2)) (1),

namely, as replacing the unity-gain static feedback (4) of the
heat equation by a dynamic feedback law governed by the
Euler-Bernoulli beam. The third interpretation of (5), (6) is
simply as a coupled PDE system given in Figure 2.

Under the feedback laws (5), (6), the interconnected
system of Euler-Bernoulli beam and heat equation is:

W (2, 1) + Wegee(z,6) =0, 0<xz<1,t>0,
ug(x,t) — ugy(x,t) =0, 0<z<1,t>0,
w(l,t) = wee(1,8) = 0, t>0,
u(l,t) =0, t>0,
w(0,t) = 0, t>0, -
u(0,t) = wm(O t), t>0,
Uy (0, 1) = —we(0, 1), t>0,
w(z,0) = wo(x), 0<z<1,
we(z,0) = wy (x), 0<z<1,
u(z,0) = up(x), 0<z<1.

B = [ bt el @) + @] de. @)

Then we have

1
iE(t) = —/ u?(x,t)dz <0
dt 0
and E(t) is non-increasing.

We provide a detailed spectral analysis for the system
(7). We show that there are two branches of eigenvalues
of (7): one is along the real axis, and another is along the
two parabolas symmetric to the real axis and open to the
imaginary axis. The latter branch of eigenvalues generated
by the beam is very similar to the case studied in [4],
where the well-posedness and exponential stability of an
Euler-Bernoulli beam with non-monotone boundary feedback
Wear (0,8) = —kwy(0,t), proposed early in [11], were
considered for the feedback gain k£ > 0 with k& # 1. Later
on, its Gevrey regularity was treated in [1], [14].

In this paper, the asymptotic expressions of the eigenvalues
and eigenfunctions, the Riesz basis property and exponential
stability of (7) are studied. Moreover, we show that the Cy-
semigroup, generated by the system operator, is of Gevrey
class 6 > 2. (Gevrey regularity is described in terms
of the bounds on all derivatives of the semigroups. The
differentiability of the Gevrey semigroup is slightly weaker
than that of an analytic semigroup [1], [14], [17].)

We proceed as follows. In Section 2 we formulate the
problem as an evolution equation in Hilbert energy space.
The Cy-semigroup approach is used to prove the well-
posedness of the system. Section 3 is devoted to the spectral
analysis and the asymptotic expressions of eigenvalues and
eigenfunctions are presented. The Riesz basis property and
exponential stability are established in Section 4. Finally,
Gevrey regularity of the semigroup is obtained in Section 5.

II. WELL-POSEDNESS OF THE SYSTEM (7)
We consider the system (7) in the energy space
H = H7(0,1) x L*(0,1) x L*(0,1)

where H2(0,1) = {f| f € H*(0,1), f(0) = f(1) =0} and
the norm in H is induced by the following inner product

(X1, X2) = /01 [

where X; = (fi,g9:,hi) € H, i = 1,2. Define the system
operator by

VT g+ ke | dz, )

A(f.9:h) = (.= f W, 1"),(f,9,h) € D(A),
(f.0.h) € (H* % HE x H) 0 (10)
D(A) =4 h(1) = f"(1) =0,

g'(0) = =1’(0), f"(0) = h(0)
Then (7) can be written as an evolution equation in H:
dX(t)
{ = ax >0, an
X(0) = Xo.

where X (t) = (w(-,t), w(-,t),u(-, %)) and Xog = (wo, w1,
ug). We have the following result directly.

Theorem 1: Let A be given by (10). Then A1 exists
and is compact. Hence, o(.A), the spectrum of A, consists
of isolated eigenvalues of finite algebraic multiplicity only.
Moreover A is dissipative in H and A generates a Cjp-
semigroup e“** of contractions in .

ITI. SPECTRAL ANALYSIS

Let us now consider the eigenvalue problem of A. AX =
AX, where X = (f,g,h) € D(A), if and only if g(z) =
Af(x), and f, h satisfy the following eigenvalue problem:

FW (@) + A2 f(z) =0,

' (xz) — Ah(z) = 0,

F(0) = f(1) = f"(1) = h(1) = 0, (12)
£(0) = h(0),

Af'(0) = —h'(0).

A direct computation yields the following lemma.
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Lemma 1: Let A be defined by (10). Then for each A €
o(A), we have ReA < 0.

Due to Lemma 1 and the fact that the eigenvalues are
symmetric about the real axis, we consider only those A
which are located in the second quadrant of the complex
plane:

)\::in,pGS::{p€C|O§argp§%}. (13)

Note that for any p € S, we have

Re(—p) < Re(ip) < Re(—ip) < Re(p), (14)
and
Re(—p) = —|p| cos(arg p) < —¥Z|p| < 0, 1s)
Re(ip) = —|p|sin(arg p) < 0.

Moreover, if we denote S = S; U Sy with
S1:={peC|§<argp< T} 6)
Sy:={peCl0<argp< g},

then we have

Re(ip) < —|p|sin (37) <0, Vp e Sy, (17
Re(—Vip) < —|p|cos (37) <0, Vp € So.

Now substituting A = ip? into (12), we have the eigenvalue
system of (7) in p:

= f"(1) = h(1) =0, (18)

Let

{ f(-%”) = c1e’" + coe”PT 4+ c3eipac + 046—1‘/)95’ 19

h(z) = dle‘ﬁ’” + dge_‘ﬁ’”,

where cg, s = 1,2,3,4 and dy, dy are constants. Substituting
these into the boundary conditions of (18), we have
cp+ca+ces+cys =0,

c1eP + cae P + c3etf + cqe” P =

c1p?e? + cop’e P — c3p?e’ — cyp?e” P =0,
dle‘ﬁ” + dge_ﬂ" =0, (20)
clp2 + czp2 — 03/)2 — c4p2 —d; —dy =0,

c1ip® — caip® — c3p® + cap®
+d1\/ZTp — dQﬂp =0.

Then (18) has the nontrivial solution if and only if the

characteristic determinant det A(p) = 0, where A(p) =

1 1 1 1 0 0
ef e P etr e~ 0 0
p2eP pleP  —plelt  —ple () 0
0 0 0 0 eVir  e=Vie
p* P -’ - -1 -1
| ip® it PP s Nip —Vip

1)

Lemma 2: Let A\ = ip? with p € S and let A(p) be given
by (21). Then the following asymptotic expansion holds:

—271p=5e=P det Ap) = are'eViP + ayeire=Vir

) . . . 22
—|—a3671pe‘ﬂp + a467”’e"ﬂp + (9(@7“")7 @2)
where
a1 =1+vV2+i(1+v?2),
az =v2—14+i(v/2-1), 23)

az=1—-+v2—i(1++2),

ag=—1-2—i(v/2-1).
Moreover, when p € S and p € S, det A(p) has more
accurate asymptotic expansions respectively: for p € 51,

1 . . _
fipf‘r’e*pe”’ det A(p) = aze¥"? + aze VP + O(e~crlrly
(24)
and for p € So,

—%p_%_”e—ﬂp det A(p) = a1€” + aze™ " + O(e~I°l)
(25)

where ¢ and co are positive constants.
Proof: Due to the space limitation, we omit the details
of the proof here. [ ]

Theorem 2: Let A be defined by (10). The spectrum o (A)

has two families:
(7(./4) = {)\1n,ﬂ S N} U {)\Qn,XQTHTl € N}, (26)

where \j,, and A, have the following asymptotic expan-
sions:

AMp = — [TL’IT + %91]2 + O(eicln),

A2y = [nm+ 365] Inr 27
—|—% [(27177 +6)? — (In r)2] i+ O(e 2"),
and
0, = m — arctan 2v/2, 0y = arctan ?,
3 (28)
T = 1+\/§<1’ Inr < 0.
Therefore,
ReAin,ReXy, =& —0c0, as n — oo. (29)

Proof: Since this is a direct computation, for the space

limitation, we omit the details here. ]

We now get the asymptotic behavior of the eigenfunctions
of A and A* respectively.
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Theorem 3: Let A be defined by (10), let o(A) =
{An,n € N} U {don, Aan,n € N} be the spectrum of
A. Then there are two families of approximate normalized
eigenfunctions of A:

(i) One family {®1, = (f1n, AMnSf1n, P1n),n € N}, where
®1,, is the eigenfunction of 4 with respect to the eigenvalue
A1n, has the following asymptotic expression:

1 (z) -2V {@hﬂ(x) +m}
Mnfin(e) | = | avi [P1n(@) @) | GO
han(@) a391n2(T) + a4P1n2()
where ©1,1(), p1n2(x) have the following forms:
{ Yin1(x) = eVilrmratile O(e—m), 31)
Pin2(x) = eilrmratle O(e—m),

and as, a4, 6; are constants given by (23) and (28) respec-
tively;

(ii) The another family {®s,, = (fan, A2n fon, hgn) Dy, =
(fons A2nfons h2n),n € N}, where @3, and ®,,, are the
eigenfunctions of 4 with respect to the complex conjugate
eigenvalue pairs Ao, and Aan respectively, has the following
asymptotic expression:

[ L, Pan1 = Pon2 i
1" +[T§e§lgz - 74_56_5192]@27&
2n . )
)‘2nf2n = L 1%02n2 - 11@271}4 (32)
hon +Z'[T‘565“92 — r_ie—ilaz](pzn?)
[7‘%6%% - r*%e*%“’?} Pona
where @on,;(x), j = 1,2,3,4, are given by
902711(13) = 6%[1HT+(2"7"+92)1-](1*1) + @) (efcgn) ,
Pana(z) = e 3T HETHE)i (1) | O (gmeam)
pans(x) = etlilnr—2nr+02)lz 4 (e=c2n),
¢2n4(37) = e%\ﬁ[ilnr—@n‘n-kei,)]z + 0O (e—czn)
(33)

and 6o, r are constants given by (28).

Since A*, the adjoint operator of A, has the following
form:

A*(fagv )*( 9, f4)ah//)7v(fagvh) € D(-A)
(f,g,h) € (H* x H x H*)N'H
D(A*) = § R(1) = (1) =0,
g'(0) = 1'(0), f"(0) = h(0),

(34)
A* is a discrete operator ([2], p.2354), and A* has the
same eigenvalues as A ([10], p.26) with the same algebraic
multiplicity for the conjugate eigenvalues ([2], p.2354 or [3],
p-10). Moreover the eigenfunctions of 4* can be deducted
as the following result..
Theorem 4: Let A* be defined by (34), let o(A*) =
o(A) = {Ain,n € N} U {A2,, A2, n € N}. Then there
are two families of approximate normalized eigenfunctions

of A*:

(i) One family {Vy, = (fin, —Ainfin,hin),n € N},
where Wy, is the eigenfunction of A4 with respect to the
eigenvalue Aj,, has the following asymptotic expression:

—2Vi {@1711(55) +m]
= | -2Vl [cplnl(l’) - m]

a3@1n2(T) + a1@in2(x)

1n(7)
_)\lnfln(x)
hln(l‘)

(35
where ©1,1(x), p1n2(x) are given by (31), and a3, a4 are
constants given by (23);

(ii) The another family {Us, = (fon, —A2n f2n,h2n)
Wo, = (fons —A2nfon, hon),n € N}, where Wy, and Uy,
are the eigenfunctions of .4 with respect to the complex
conjugate eigenvalue pairs Ay, and \o,, respectively, has the
following asymptotic expression:

P2onl — P2n2
1 1. 1 1,
1" +[r565192 - 71_56_5192]902713
2n . .
—Aon fon = ) 12902n1 - ’Llsﬁzn%
han —i[rzez’?? —r73em 22y

1 lio 1 1 2:|
rzez —r ze" 2 Pan4
i (36)
where @an;(x), j = 1,2,3,4, are given by (33), and 5,7

are constants given by (28).

IV. RIESZ BASIS PROPERTY AND EXPONENTIAL
STABILITY

In this section, we show the Riesz basis generation and
exponential stability of the system (11). Before going to show
the Riesz basis property, we first list the following two results
and due to the space limitation, we omit the proofs here.

Proposition 1: Let A be defined by (10). Then all A €
o(A) with sufficiently large moduli are algebraically simple.

Theorem 5: Let A be defined by (10). Then both the root
subspaces of A and A* are complete in H, that is, Sp(A*) =
Sp(A) = H.

To establish the Riesz basis property of the system (11),
we recall the following two lemmas:

Lemma 3: An approximately normalized sequence
{€;}$2, and its approximately normalized biorthogonal
sequence {ef}>°, are Riesz bases for a Hilbert space H if
and only if ([20], pp.27)

a) both {e;}5°; and {e}$2, are complete in H; and

b) both {el}fil and {ez};ﬁl are Bessel sequences
in H, that is, for any z € H, two sequences
{{x, e}, {{x,€7) 172, belong to ¢2.

Lemma 4: ([16, Lemma 3.2]) Suppose that a sequence
{un} satisfies sup,,~; Rej,, < oo and has asymptotics

a#0,n=1223,---

OO

tn = a(n+iflnn)+0O(1), 37

where 3 is a real number. Then the sequence {e#n*}> | is
a Bessel sequence in L2(0,1).
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Lemma 5: Let @1,5(x) and o (z) s = 1,2, j =
1,2,3,4 be given by (31) and (33) respectively. Then all
{@lns(x)}?zl and {@QHJ(x)}Zozl’ s = 1725 ] = 172a374
are Bessel sequences in L?(0,1).

Proof: By (31), if we take a = ivim, = 0 and
a=1im, =0 1in p1,1(x) and p1,2(x) respectively, then it
follows from Lemma 4 directly that both {¢1,1(2)}52, and
{p1n2(2)}22, are Bessel sequences in L?(0,1).

Similarly, by (33), if we take o = im, 8 = 0 in pa,1(x),
a=—im, B =01n pa,a(z), « = —m, B = 0 in pa,3(x), and
a = —\ﬂﬂ, B = 0 in pa,4(x) respectively, then it follows
from Lemma 4 directly that @9, (z), j = 1,2, 3,4 are Bessel
sequences in L2(0,1). The proof is complete. ]

Now we can establish the Riesz basis property of the
system (11).

Theorem 6: Let A be defined by (10). Then the general-
ized eigenfunctions of .4 form a Riesz basis for H.

Proof: Let 0(A) = {A1n, A2n, A2, 22, be the eigen-
values of A. By Theorem 2 and Proposition 1, we have
that each eigenvalue of 4 with sufficient large modulus is
simple, and hence there exists an integer N > 0 such that
all Ain, Aon, Ao, With n > N, are algebraically simple.
For n < N, if the algebraic multiplicity of each Ay, is
Msn, S = 1,2, we can find the highest order generalized
eigenfunction ®, ,, 1 from

(»A - Asn)mmq)s,n,l =0 and (-A - )\sn)msnilq)s,n,l 7é 0.

The other lower order linearly independent generalized
eigenfunctions associated with Ay, can be found through
P = (A= Asp) 1P 01, §=2,3,+,mgy,. Assume
®, , is an eigenfunction of A corresponding to A, with
n > N. Then

LTS FTTC N WS o

U {{{@2%3‘ it nen Y {E}nZN}

are all linearly independent generalized eigenfunctions of A.
Let {{Us,; 1727 ba<n U{¥s s }n>n be the bi-orthogonal
sequence of {{®s,n,j}?§{‘}n<N} U{®s n}n>n. Then

2
{{{\PS,"J T:Sf n<N U {\Ps,n}nzN}szl

U {{{‘1/2,71,]' ;n:zf n<N U {\IIQ,n}nZN}

are all linearly independent generalized eigenfunctions of
A*. It is well-known that these two sequences are minimal
in H and from Theorem 5, they are also complete in H.
Hence, in order to prove the Riesz basis of the system, it
suffices to show that both eigenfunctions {®; » }rn>N s=1,2
and {U; ,,}n>ns=12 Of A and A* respectively, are Bessel
sequences in H. Since 1 < || Dy, |[|Tsn] < M for
some constant M independent of n (see [20, p.19]),
we may assume without loss of generality that ®,, =
(fsna )‘snfsna hsn) and l:[/s,n = (fsn; _)‘snfsna hsn) giVen
by (30), (32) and (35), (36) respectively, forall s =1,2,n >
N. It then follows from Lemma 5 and the expansions of (30),

(32) and (35), (36) that all of {f),}>° \ {£Aenfsn}n
and {hs,}°° 5. s = 1,2, are Bessel sequences in L?(0,1).
Therefore both of

{CDS,TL}TLZN,S=1,23 {\I’s,n}nzN,s:l,Q

are also Bessel sequences in H and the result follows. W

Theorem 7: Let A be defined by (10). Then the spectrum-
determined growth condition w(A) = s(A) holds true
for the Cy-semigroup e* generated by A. Moreover, the
system (11) is exponentially stable, that is, there exist two
positive constants M and w such that the Cy-semigroup e**
generated by A satisfies

let] < Me™+t (38)

Proof: The spectrum-determined growth condition fol-
lows from Theorem 6. By Lemma 1, for each A € o(A),
we have Re\ < 0. This, together with (26)-(29) and the
spectrum-determined growth condition, shows that e’ is
exponentially stable. The proof is complete. |

V. GEVREY REGULARITY

In what follows, we show that the Cp-semigroup e*

generated by A is of a Gevrey class § with any 6 > 2.
We recall the definition.

Definition 1: ([1], [17]) A Cy-semigroup T'(t) is of a
Gevrey class § > 1 for ¢ > to if T'(¢) is infinitely differen-
tiable for ¢ > ¢y and for every compact subset K C (tg, 00)
and each 6 > 0, there is a constant C' = C'(K, 6) such that

[T < Conmy, Vie K, n=0,12,...

In order to get the Gevrey regularity of the system (11),
we need the following theorem established by Taylor in [17,
Theorem 4, Chapter 5].

Theorem 8: Let e*' be a Cy-semigroup satisfying
lleAt|| < Me*t. Suppose that for some p > w and «
satisfying 0 < a < 1,

| l‘im sup [T|*|R(p + i1, A)|| =C < o0, T€R.
T|— 00

Then e*? is of Gevrey class § with § > 1/« for ¢t > 0.
Now we establish the Gevrey regularity of the system (11).

Theorem 9: Let A be defined by (10). Then the semigroup
e, generated by A, is of a Gevrey class § > 2 with to = 0.
Proof: From Theorem 7, A generates a exponentially
stable Cpp-semigroup e in H. So, by Theorem 8, we only
need to show

T €R.

¢ (39)
7|

lim ||R(it, A)|]? = — < oo,
| 7] =00

|
By Theorem 6,

(2 SNV CR I i

U@ U (T o }
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forms a Riesz basis in . Then for each Y € H, we have

N—-=1 2 mgp

Y= ZZZGS”J Snﬁj—'_zzasn s,n

n=1 s=1 j=1 n=N s=1
N—1man,
+ Z ZbQ n7j(I)2n_7 + Z b2 nq)2n7 (4())
n=1 j=1
and
N—1 2 mgp
HYH2 Z ZZ |a5"7|2 + Z Z|as n‘2
n=1 s=1 j=1 n=N s=1
—1man
+ZZMW+ZMﬁ (41)
n=1 j=1

Let 7 € R and 7 > 0. Then we have it € p(A), and, in
addition,

R(it, A)YY
N-1 2 man a u
s n,] s n,j s,n*¥sn
I I I
n=1 s=1 j=1 =N s
N—1mgn [ _
NS b Pang i b2n P2
n=1 j=1 iT — )\2” n=N T — )‘2n
N-1 2 N-1 1
+ o( )+ o(,)
n=1 s=1 ‘ZT o sn|2 nz:; |7’T - )\2n|2
(42)
and
IR (i, A)Y > (43)
N—-1 2 mgp |a | |a |
s,n,j s,m
=22 F+ZZM
n=1 s=1 j=1
Dk Lo R
+ SRl DT, vt
wel 51 i — Aan |2 7;\[ [iT — A2n|?

where {\i,,,n € N} and {)\a,,, Aap, n € N}, given by (27),
are eigenvalues of A.

A direct computation yields that there is an M > 0 such
that

lim [|R(ir, A? = — < o0 (44)

7]
On the other hand, when 7 € R and 7 < 0, the same
argument yields

< o0. (45)

li R(it, A)|? = —
[ RGr A=
Therefore, this together with (44) yields (39), and by Theo-
rem 8, the semigroup e, generated by A, is of a Gevrey
class § > 2 with ty = 0. The proof is complete. [ ]
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