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L, Adaptive Controller for Air-Breathing Hypersonic Vehicle with
Flexible Body Dynamics

Yu Lei, Chengyu Cao, Eugene Cliff, Naira Hovakimyan, Andrew Kurdila, Kevin Wise

Abstract— This paper presents a modified nonlinear longi-
tudinal model for an air-breathing hypersonic vehicle and the
design of an £, adaptive controller for it. It is assumed that the
mid-fuselage is a rigid-body, while the aft-fuselage is linearly
elastic, and a rigid all-movable elevator is fixed at the end of the
aft-fuselage. In the resulting mathematical model, the pitching
moment depends not only on the control surface position, but
also on the rate and acceleration of the control surface motion.
For compensation of the modeling uncertainties including the
flexible dynamics, the L£; adaptive control architecture is
considered in this paper. It has a low-pass filter in the feedback
loop allowing for arbitrarily fast adaptation with guaranteed
robustness and transient performance for system’s input and
output signals. Simulation results demonstrate the benefits of
the method.

I. INTRODUCTION

The successful test of NASA’s X-43A in 2004 affirms
that air-breathing hypersonic vehicles have the potential to
provide economical high-speed transportation and delivery
in the future. Unlike the conventional rockets, which are
powered by mixing fuel with oxygen, air-breathing hyper-
sonic vehicles need only to carry fuel and can thus have
more room for payload. However there are still numerous
challenges before such vehicles can undertake commercial
or military tasks.

The key challenge for design of a control system for a
hypersonic vehicle is related to its peculiar structure and
operational conditions. Since hypersonic vehicles tend to
have slender and lightweight structure, they vibrate when
operating at a very high speed. Furthermore, unlike conven-
tional aircraft, the airframe of the air-breathing hypersonic
vehicle is designed to be highly integrated with the super-
sonic combustion ramjet (scramjet). Additionally, the vehi-
cle’s slenderness and its lightweight fuselage cause bending
and vibration, which is dynamically coupled to the elevator
motion and further to the rigid-body states. Finally, the
operational condition varies drastically during flight, which
leads to significant uncertainties in system dynamics. As an
example, the speed of X-43A can change from Mach 7 to
Mach 10, which results in a change of airframe and engine
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dynamics. These arguments render the hypersonic vehicle
one of the most difficult plants for modeling and control.

Modeling of the dynamics of hypersonic vehicles has been
addressed from various perspectives. Schmidt and Chavez
provided a generic hypersonic vehicle model [1], [2]. In their
model, an expression of the pressure acting on the vehicle
was directly determined using Newtonian impact theory. This
model was extended by Bolender and Doman [3], in which
compressible flow theory was used to determine aerodynamic
and propulsive forces, and Lagrange’s method is invoked
to derive the equations of motion for a flexible hypersonic
vehicle. The advantage of this model is that the rigid-body
motion and the flexible motion are combined in one set of
equations. Hence, one can relatively easily see the dynamics
of the rigid body and the elastic motion and how these two
influence each other.

We propose a modified model in this paper to study the
coupling dynamics between the flexible body and the rigid
tail elevator. In the proposed model, the elevator is hinged
at the end of the flexible aft-fuselage. The deflection of the
elevator is calculated with respect to a fixed line of the rigid
mid-fuselage. Since the rotation of the vehicle and bending
of the flexible body will alter the orientation and position
of the elevator, the pitch moment may depend on rate and
acceleration, as well as the deflection of the control surface.

The rest of the paper is organized as follows. Section II
develops the coupled model of the vehicle. In Section III,
a brief introduction to the £; adaptive controller is given.
Control design for the vehicle is presented in Section IV. In
Section V simulation results are presented.

II. DYNAMICAL MODEL OF HYPERSONIC VEHICLE

The geometry of the notional model used is shown in Fig.
II. The mid-fuselage is assumed to be a rigid-body. The
aft-fuselage is assumed to be linearly elastic, and a is the
distance from mid-fuselage mass center to the connecting
point with the flexible beam. The relaxed length of the beam
is [. A rigid elevator is connected to the other end of the
flexible beam. The offset from the tail center of rotation to
the mass-center of the elevator is denoted by d (positive if
the center of mass is aft of the center of rotation), {é;,é2}
denotes the inertial frame, where é; is the horizontal and
€y is the vertical component. The origin of the body frame
is fixed at the mass center of the rigid mid-fuselage; by
points backward along the unbending aft-fuselage and by is
perpendicular to by and downward.
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Flexible aft-fuselage
Mid-fuselage,

Fig. 1. Notional Model

The configuration of the system is determined by a
set of wvariables {X(t),Y(t),0(t),0¢(t), w(zx,t)}, where
(X(¢),Y(t)) is the position of the center of mass of the
mid-fuselage, 6(t) is the pitch angle, d.(¢) is the elevator
deflection and w(z,t) is the beam bending (z is measured
along the body by axis), which is approximated using Ritz-
Galerkin method, i.e. w(xz,t) = @7 (2)&(t), where ¢(x) is a
vector of shape functions, and £(¢) is the vibration state as-
sociated with o (z) = [p1(), p2(2), ..., 0n(2)] T, pi(z) =
fm(smh Bix — sin B;x) + cosh Bz — cos Bz
where 3; are roots of the equation cosh ;] cos G;l +1 = 0.
We use Hamilton’s principle to derive the equations of
motion, which states that for the actual path of motion the
equation holds

T T
/ SLdt + / SWedt =0, (1)
0 0

where L = K —1I is the Lagrangian, and W,,. is the virtual
work contributed by nonconservative forces. To compute the
Lagrangian we express the body frame position and velocity
components in the inertial frame. For the position vectors of
the center of mass of the mid fuselage, of a generic point
on the flexible aft fuselage and of the elevator’s center of
mass we have respectively “r = X (t)é, + Y (t)éa
e X(t) + &Y (t) + (a + 2)bi(t) + wlz, t)by(t ),E t =
a1 X(t) + &Y(t) + (a4 1 + deosd)bi(t) + (dsind +
w(l,t))ba(t). Therefore, the kinetic energy K of the system
can be computed as K = 11,02 + Img (Fi™ - Pi™) +
L0+ 0)2 + Lmy (Ei't ER) 42 fé oBrP - E¥Pdx, where
mo, Iy and my, I; are the mass and the moment of inertia of
the mid-fuselage and the elevator respectively. The potential
energy of the flexible aft fuselage can be computed as

=3 fo EIw?, dxdx , where E is the Young’s modulus,
and I is the moment of inertia of the cross section. The
potential energy of the elevator due to gravity is ignored, as
its mass is small compared to that of the mid-fuselage and
flexible aft-fuselage.

There are five types of generalized nonconservative forces
considered in the model: aero-dynamic forces acting on
the elevator, the thrust, the actuator moment applied at the
hinge point between the flexible body and the elevator,
weight and damping force in flexible body. Variations of
the virtual work corresponding to these forces are com-
puted below. For the virtual work contributed by aero-
dynamic forces we have dW,eo, = F - 6Er™ + MO =

Epp —

(Fy,csinf — Fy ccos6) X + (—Fs,cosf — Fy . sinf) Y,
where F = F1,c51 + F27CI;2, Fi. = Dcosa —
Lsinoz,Fg,C = —Lcosa — Dsina, D = 2pV S.Cp,L =

pV S.Cr, M pV SecChyr. Here F) . and F} . are the
resultant forces along {by, by}, while S, is the area of the
control surface. Aerodynamic forces are assumed to be acting
at the C.G. of the mid-fuselage. Assuming that the thrust
T is applied only to the rigid-body (the mid-fuselage), we
can write T = T(cosf&; + sinfész),0Wr = T - or™ =
T cos#5X + TsinfdY . The variation of the virtual work
contributed by the actuator moment M, applied at the hinge
point has the form Wy, = M,6(0+8.) — Mao6(0+w,) =
My66e — Myow,(1,t) .

It is assumed that the mass of the elevator is very
small compared to that of the mid-fuselage and the

flexible aft-body. Therefore, the contribution of gravity
has the form oW, = 5Wm1d fuselage T 9Wflexible =

go(alcos® + fo xcosfdx + fo sin w dz)d0 — mogdY —

olgdY + f og cos 0w dz. Finally, damping is assumed to
be mass- proportlonal (damping coefficient ¢ is constant).

Waamping = fol —ci(z,t)0wdx. The variation of the
total virtual work of non-conservative forces can be ex-
pressed as the following sum: W, . = dWyero + Wiy, +
oWrp + Wy + (5Wdampmg Solving Eqn. (1) and applylng
the transformatlon X = Vjcosn, Yy = Vi siny, X =
Vicosy — Viysiny, Y = Visiny + Viycosy, we obtain
the equations of motion in combined wind-body frame as
follows H(x)q + fi(x) + fggrx + G(x)u = 0, where
x = [h, Vt7’7,9 0,0c,0.,&",& |7 is the state vector, q =
\ 0,0,, f T is the truncated state, u = [T, Ma]T is the
control input, V; is the vehicle speed and + is the flight path

angle. The matrices H(x), G(x) and the vector-functions
f1(x), f2(x) have the form

cos 0
sin « 0
G(x) = 0 0
0 1
0 -

c1 cos(a)9 — 202 — dmy cos(de + a)(é + 9)
c1 sm(a)9 +a102 — dmy sm(ée a)((se + 0)
col + a462 + 2a406
—2dmy sin(8) | (1)€6 + a46?
agh2&(t) + @(l)dmy sin 8c (6 + 6)2 — cb1 &
—D — g(mo + lo) siny
L — g(mo + lo) cosy

fi(x) =

fo(x) = | (aglo + %ang) cosd + (ogp] €)sind + M
0
+obigcosd — EIK3€
-m 0 al
0 —mVi as
H(x) = a1 Viao ag
—dmy sin(a+ 8e)  dmycos(de + )V ar
—basina ba Vi cos(a) bs
—dmy sin(de + @) —(goT(l)mt +b 'l‘l o)sina
dmy cos(de + ) (T ()ms +b] o) cosa
—I; —d*m¢ — a3 bJ ()
—Is — d?my fcpT(l)dmt cos Je
—@(l)dmy cos e — (oK1 + K>)

Please refer to the Appendix for the definition of the terms.
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A. Control Objective

The state of the system is x = [h,%,’y,@,é,ﬁ,f}T, in
which h, V},'y,@,é,f,é are the vehicle altitude, the vehicle
speed, flight path angle, pitch angle, pitch rate, vibration
mode and its time derivative, respectively. The control input
of the system is u = [T,d.], where J. is the elevator
deflection and T is the thrust. We assume that h, V;,, 0,9
can be measured by available sensors. The control objective
is to ensure that the vehicle’s velocity V; and the flight path
angle ~ follow the given reference signals, while all other
variables remain bounded.

III. INTRODUCTION TO £; ADAPTIVE CONTROLLER

In this section, we will give a brief introduction to £;
adaptive controller, [13]. Consider the following general form
of the system dynamics:

L(t) = Ama(t) +b(u(t) + f(2(t), 2(1),1))
it) = ( (), 2(t), u(t),t)
u(s) = F(s)u(s) 3)
y(t) = clat),  2(0) = o,
where z € R™ is the system state vector (measurable),

u € R is the control signal, ¥y € R is the regulated output,
b, c € R™ are known constant vectors, A,, is a known n x n
Hurwitz matrix, z is the state vector of the bounded-input
bounded-output (BIBO) stable unmodeled dynamics, F'(s) is
an unknown stable transfer function, while f, g are unknown
nonlinear functions.

Assumption 1: There exist bounded L, and Ly such that
1f (), 2(2), )| < Lallx(t)lloo + Lo

Assumption 2: The partial derivatives of f(x,z,t) are
piece-wise continuous and bounded.

Assumption 3: There exists Lp such that ||F(s)|z, <
L, where ||F(s)]|z, denotes the £1-norm of the system.
It follows from Assumptions 1 and 2 that there exist bounded
0(t) and o(t) such that f(z(t),z(t),t) = 0(t)]|z(t)|leo +
o(t), where the unknown time-varying parameters and the
disturbances are uniformly bounded:

0(t)| < Ly, |o(t) <Ly, V>0, )

and continuously differentiable with uniformly bounded
derivatives:

0(t)] < dg < o0, |6(t)] <dy <00, Yt>0. (5)

The design of £, adaptive controller involves a feedback
gain k € R™ and a strictly proper transfer function D(s) =
1D(s), where D(s) is proper and stable, which leads to a
strictly proper stable

C(s) =

with DC gain C(0) =
D(s) = 1/s (D(s) =

kF(s)D(s)
14+ kF(s)D(s)

1. The simplest choice of D(s) is
1). Let ro(t) be the signal with its

(6)

Laplace transform (sI— A,,) " 1zg. Since A,, is Hurwitz and

xg is finite, ||rol|z., is finite. Further, let

(IIG(S)IIcl 1Lz + [[H(s)C(s)kgl 2, 7]l £

pr =
Hirolle.. ) /(1= 1G(s)lles L) )
kD(s
Pu, = HlJr(())F(s) LI(L1PT+L2+kgHT||£m),
where k, = —1/(c"A,'b), and G(s) = H(s)(1 —
C(s)), H(s) = (sl — A,;,)"'b. Finally, let p, = py, + 7,

where v is an arbitrary positive constant. The elements of
L1 adaptive controller are introduced next:

State Predictor: We consider the following state predic-
tor:

i(t) = Ana() +b(@Ou) + @)oo +5(1))
) = cla(t), #(0)==o, ®)

where the adaptive estimates &(t), 6(t),
the following adaptation laws.
Adaptive Laws: Adaptive estimates are given by:

&(t) are governed by

0(t) = ToProj(f(t),~z " (H)Pbl|z(t)[s).  6(0) = bo
5(t) = T,Proj(a(t),— ()Pb), 5(0) =65 ()
w(t) = TuProj(@(t),~&" ()Pbu(t)), &(0) =,

where Z(t) = Z(t)—x(t) is the error signal between the states

of the system and the predictor, I' € R¥ is the adaptation
gain, P is the solution of the algebraic equation A} P +
PA,, = —@Q, Q > 0, and the projection operator ensures that
the adaptive estimates &(t), 6(¢) remain inside the compact
sets [wy, wnl, [—op, op), respectively, where w; and wy, are
chosen to be nonzero constants with the same sign, and oy
is the following upper bound: o, > Lo + ||F(s) — (w; +
wn)/2|| 2, pu, and O(t) remains bounded according to (4),
ie. [0(t)] < L.

Control Law: The control signal is generated through
feedback of the following system:

x(s) = D(s)r(s), uls) =—kx(s),

where 7(s) is the Laplace transform of 7(¢) = @(t)u(t) +
0(t)||z(t)|| oo + 6 (t) — kgr(t). The stability and performance
bounds of £, adaptive controller given by (8), (9) and (10)
are proven in [13] in the presence of the following £;-norm
upper bound: ||G(s)|z, L1 < 1.

(10)

IV. CONTROLLER DESIGN

The analysis of the linearized hypersonic model (in the
coming subsection) shows that this system has several modes
with quite different time constants. The phugoid mode has
the time constant about hundreds of seconds, while the short
period mode may reach its steady state within a couple of
seconds. The fundamental frequency of fuselage vibration
is about 2H z. We will divide the system into several loops
according to their different time constants and stabilize each
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loop in the presence of unmodeled dynamics. The inner-loop
stabilization would be a pitch axis stability augmentation
system. The virtual control for this loop is the elevator
deflection J.. The control objective of this loop is to stabilize
the short-period modes and leave the long period modes
unaltered. Since the hypersonic flights are at very high
speed, there is significant vibration/disturbance between the
torque driving the elevator and the actual deflection of the
elevator. If we regard the virtual control §. calculated in
the previous step as a “reference signal” d., the difference
between the actual deflection d. and the preferred value J..
due to vibration/disturbance can be viewed as unmodeled
actuator dynamics. The £; adaptive control architecture is
used to address this challenge. The controller should be able
to maintain the vehicle pitch angle 6 in the presence of
unmodeled disturbances. Then, the outer-loop controller is
used to change the speed to its desired value by providing
appropriate thrust. Finally, the altitude control is attained by
maintaining the speed of hypersonic vehicle and generating
appropriate command signal of flight path angle V.o, .

A. Analysis of the Linearized Model

Before we go ahead with the controller design, we study
the linearized model. Readers are referred to the Appendix
for the geometry and physical data of the model. For sim-
plicity we only expand the shape function of the flexible
fuselage at its first mode, i.e. we consider ¢(z) = ¢ (z) with
B1 = 1.875/1. Tt is assumed that the vehicle speed V4, the
flight path angle ~, the pitch angle 6, the elevator deflection
0. and the generalized vibration modes ¢ all remain constant
at the trimmed point. In other words, the trimmed point x* is
a solution of f4(x*) 4+ G(x*)u* = 0. Numerical result for
the trimmed condition of level flight at the speed of 2380
m/s (Mach 8 at 85,000 ft) is V; = 2380m/s, v = 0,0 =
1.62deg, 6, = 1l.4deg, & = 0.04m, T = 1.12 x 10%N.
The following linearized model at the operation point & =
Ax + Bu is obtained with A and B given in Appendix. The
state variables can be further divided into three categories:
Xrigid = V4,7, 0, q]" can be referred to as rigid body state
and the virtual control for this sub-system is the elevator
deflection 6. Next, X,er = [0e, 0] | describes the dynamics
of the servo motor, which drives the elevator. The vibration
states, which are not directly measured by the sensors, are
Xflex = [5,5]? The linearized dynamics can therefore be
rewritten as:

Arigid Béc 0 Bflezl By

x = Biigidal Aqct Bflegz | x+| Bz |u
Brigidz Bget Aflex Bs

X = [X'rigid7 Xacty xfle:t]T

Next we discuss each subsystem in details.

1) Rigid-Body Subsystem: The dynamics of the rigid
body are given by Xyigia = ArigiaXrigia + B1de + Biu +
Bfiex1Xfier - Eigenvalues of this subsystem are —0.0007 £
0.00734,6.7883, —6.8911. The pair of the complex poles is
the long period mode (open-loop vehicle speed V; has a

damping ratio of ¢ = 0.09 and a time constant of about
850 sec). The two real poles are those of the short-period
dynamics and are not stable. From the equation one can also
find that the speed is dominantly influenced by thrust 7T,
which however has very limited effect on pitch loop states,
i.e. flight path angle ~, pitch angle 6 and pitch rate é(q). Due
to hypersonic vehicle’s high velocity and its slender structure,
rigid-body variables are heavily disturbed by flexible body
vibrations. It can also be found from the linear equation that
the control torque M, does not directly change the states of
the rigid-body, but through servo dynamics. An immediate
analysis shows that not only J., but also its higher order
derivatives are coupled with rigid-body states.

From the above discussion one can find that the vehicle’s
speed V; does not change rapidly as compared to 7,6, q,
therefore V; is assumed to be trivial in the following analysis.
Letting x, = [,0,¢]", the nonlinear dynamics for x,, are
given by F(x)%, = F(x). When x,, and J. are near to their

trimmed values x; and 47, it can be approximated as:

oF oF OF . OF

Eb%, = —0%p + ——00c + ——00, + —=06,  (11)
P '4 e e
9%, dde 90, o6
-mVy> 0 a2
where E = 0 1 o |, & =
Viaz 0 ag
~Lo—T% +Lao+T* 0
- 0 0 -1 |, oE =
M Mo +ogde™ 0 ‘
CLs. oF 0 oF e
- 0 s =~ 0 |, 5F=— 0 , Wi =
Ch,s 00 It o¢ Wa
—(@T()yms +b] o)sina, Wa = —(¢' ()m¢ + b d)cosa, m =

mo + my + ol, where as,ag are given in Appendix and
will be treated as constants. Further, L, is the partial
derivative of L with respect to o, L 5, D o, M , are defined
similarly, i.e. L, = gg = 1 VQS.3 036; ,D = ‘gg =
1pV28 2En M, = M Qth Se chcM It is clear
from Eqn. (11) that the rigid-body motion depends not only
on elevator deflection ¢,, but also on its derivative 5 . and the
derivative of elastic modes f Another obvious observation
is that W5 > W7, which implies that the vibration is mainly
coupled with pitch rate ¢ and its direct effect on flight path
angle ~y is negligible.

2) Actuator Subsystem: The angular position of the eleva-
tor is driven by a motor, and the linear equation of motion for
the dynamics is Xgct = AqctXact + B2 Mg + Brigia1Xrigid +
Byiex2Xf1er - The open-loop eigenvalues of the subsystem
are +3.0971. In order to follow a given reference signal
deref, an adaptive controller has to be designed to stabilize
the subsystem with very quick response time in the presence
of disturbance.

3) Flexible Fuselage subsystem: The numerical data of
the SubsyStem ).(fle;n = Aflemxflew + Brigid2xrigid +
BactXqct + B3sM, show that flexible fuselage motion can
be treated as a 1-DOF vibration excited by the rigid-body
variables 6,+,6. and the control M,. The frequency and
damping ratio are wg = 1.9Hz and ¢ = 0.013, respectively.
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B. L1 Controller for Pitch Axis Stability Augmentation

As stated above, a stability augmentation system (SAS)
is required since one pole of the short-period mode is not
stable. The main function of the adaptive controller . ¢orm =
Uapt (0, ¢, Y, Ocom ) 1s to hold the pitch angle 0 at its preferred
position 6.,,,, with settling time about 10 seconds. One of
the two design challenges in this subsystem is the unmodeled
dynamics in the actuator d./dccom. The other one is that
the vibration from the flexible part is heavily coupled with
the vehicle’s pitch rate. The variables involved in the SAS
are V4,7v,0,q and J., which are treated as virtual control
inputs. The state equation of the system is given by Zs45 =
Agas® + Bsasde . The system is considered as a cascaded
system, where pitch-loop (6, q) is treated as the inner-loop
since it has a faster time constant and speed V; and path-
angle v belong to the outer-loop.

The parameters of the controller for the pitch-loop are
A =10 1;—400 — 40],b = [0;—11],Ty = 30000,T, =
30000, T, = 30000, D(s) = 1, k =20,Q = Izxs.

C. L1 Controller for Outer-loop (flight path angle )

The parameters for this loop are A,, = —0.06,b = 0.06,
Ty = 5000,T; = 5000,T,, = 5000, D(s) = Y35, k =
1,Q=1.

D. Ly Controller for Outer-loop (Velocity V;)

The parameters for this loop are A,, = —0.02,b = 0.02,
'y = 1000,T, = 1000,T,, = 1000, D(s) = % k=20,Q =
1.

E. L1 Controller for Altitude h

The parameters for this loop are A4,, = —0.0
0.025, 'y = 2000,T, = 2000,T, = 2000,D(s) = -2
k=10,Q = 1.

)
S
>

Il

V. SIMULATION

The simulations are done with a mid-fuselage mass 2800
kg and flexible body mass 1600 kg, EI = 1.9 x 10°N - m?,
a = 2m and | = 10m. We prepared three scenarios to test
the pitch-loop controller, the velocity loop controller and
the altitude controller respectively. Note that the inner-pitch-
loop is exercised in all these tests. Since the vehicle is a
nonlinear open-loop unstable plant, it has to be under the £4
controller continuously to be able to operate at its trimmed
condition until the 50th second, when there will be a change
of a certain command. Simulation results of the first test are
given in Fig. 2, where the flight path angle was at rest of 0
degree. At the 50th second the command reference steps to
3 degree. One could tell from the simulation result that the
response time of the flight path angle v is about 170 seconds.
As discussed before, the vehicle vibrates due to its slender
flexible structure and control J. oscillates as well trying to
cancel the flexible fuselage’s effect on the system output
Fig. 2(b). Simulation results (zoomed-in part in Fig. 2(a))
show that the oscillations’ effect on the vehicle’s flight path
angle was suppressed to a very low amplitude. One can also
see from Fig. 2(c) that the vehicle speed decreases, when
the flight path angle is increased. The engine also has to

generate more power, when we increase the vehicle’s flight
path angle and maintain its speed.

The test results for the velocity controller are shown in
Fig. 3. The initial velocity of the second simulation test
is 2400 m/s until the 50th second ,when it changes the
speed up to 2500 m/s. The response time of the velocity
is about 200 seconds. Similar to the situation in the first
test, changing of vehicle speed also disturbs the flight path
angle, but the controller can easily recover the vehicle’s level
flight condition.

The behavior of the altitude controller is demonstrated in
Fig.4. In the beginning, the vehicle was making a level flight
at 85000 ft and at the 50th second, it tries to climb up to
88000 ft. From the simulation result, it takes the vehicle
about 200 seconds to fulfill the task.

VI. CONCLUSIONS

A new mathematical model for an air-breathing hypersonic
vehicle model is proposed and a novel £, adaptive controller
for the vehicle model is presented. The model shows that
there is heavy dynamic coupling between fuselage bending
and elevator deflection. Simulation data show the vibration
in the pitch loop from dynamic coupling was suppressed by
the £, adaptive controller.
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VII. APPENDIX

The notations are a1 = —am sin a— (mew(l, t)+o€Tby) cosa, ag =
amcosa — (mgw(l,t) + UﬁTbl)sinoz,am = % + mel +
aol + am¢,a3 = (@ + )mydcosd + medw(l,t)sinde,as =
(a + l)mydsind — medw(l,t) cosde, as -2 ((a+1)3—a3) —
me(l+a)? —d?my—Ig—1It, a6 = a5—mtw(l,t)2—2a3—§TK1£, a7 =
Iy — d®my — az,as = oK1 + K2,b1 = [ly(x)de, by =
fol o(z)xdz,bs = —@()mi(a + | + dcosé) — abio,bsy =
e()mi + bio,bs = —p()mi(a + 1 + dcosd) — o(abr +

bo)o, K1 = [y @)@ (@)de, Ka = @U)mueT (1), K3
S e @)l (@) deer = —2mupT (D& — 2b] €0,
—2() Téme(dsin(d) + T ()€) — 28 Ki€o. Also, pi(z) =
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Fig. 4. State/control responses to altitude command ( solid: system response
dashed: command)

—%(sinhﬁiw—sinﬁix)—i—coshﬁiz—cosﬁix, cosh 3;1 =
_ﬁmw = 1pV2S.Cp,L = LpV2S.CL, M = 1pV2S.eCy
where m and m; are mass of the rigid-fuselage and the
elevator, respectively, o is the linear density of the flexible
aft-fuselage. The unbending length of the fuselage is [ and
shape of the aft-fuselage is w(z,t) = &' (t)¢(z),z € [0,1],
a is the dimension of the rigid mid-fuselage and d is the
distance between the hinge point and the mass center of
the all-movable elevator, T" is the thrust and D, L, M are
the drag, lift and pitch moment of the hypersonic vehicle,
respectively, S, is the area of the control surface, and p is
the density of atmosphere.
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