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An Extension of Sigma-Point Kalman Filtering Using Nonlinear
Estimator Bases

Timothy J. Wheeler and Andrew K. Packard

Abstract— This paper investigates the problem of state es-
timation for nonlinear discrete-time dynamic systems. The
estimator is parameterized as a linear combination of chosen
basis functions. We seek the parameter that minimizes the
mean squared estimation error (MSE); however, computing this
objective is intractable. Hence, the MSE is approximated using
the Scaled Unscented Transform (SUT), which yields a discrete
least-squares optimization problem. Tikhonov regularization is
used to avoid overfitting the data supplied by the SUT. A double
pendulum example is used to compare this estimation strategy
to the Unscented Kalman Filter.

I. INTRODUCTION

In state estimation, the optimal estimate is given by the
conditional probability density function of the state given
past measurements [3]. Except for a few special cases, this
conditional density cannot be computed directly. Hence, we
seek a solution that provides a suboptimal estimate at a
modest computational cost. To this end, we parameterize the
estimator as a linear combination of chosen basis functions
and interpret state estimation as weighted statistical linear
regression [7], [8]. With mean squared error as the cost, the
optimal parameter is a minimizer of a linear least-squares
problem. However, computing the problem data involves
high-dimensional integrals, so in Sections II-B and II-C,
these integrals are approximated by finite sums using the
Scaled Unscented Transformation (SUT) [4], [10]. Because
the estimator basis is arbitrary, we risk overfitting the data
produced by the SUT. Section II-D discusses how to regular-
ize the estimation scheme to avoid overfitting. In the sequel,
our estimation scheme is referred to as a Linear Regression
Filter (LRF).

In Section III, a double pendulum example is used to
compare the performance of the LRF to that of the Unscented
Kalman Filter (UKF) [4]. An unknown time-varying param-
eter is added to the double pendulum model in Section III-C,
and the LRF and UKF are compared on this modified system.

In Section IV, we explore the use of kernel ridge re-
gression to minimize the same squared error cost over the
regression points provided by the SUT. This allows us
to search for estimators in high-dimensional reproducing
kernel Hilbert spaces, while maintaining fixed computational
complexity. The performance of this kernel-based method is
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compared to that of the LRF using the example of Section
1.

II. ESTIMATION METHODOLOGY
A. General Framework (Static Case)

Let W be a random vector taking values in R*. Given
functions f: R® — R™ and g: R® — R™, define the random
vectors X = f(W) and Y = g(W). Assume the density of
W, denoted p,,, is known and Y is measured. The goal is to
estimate X from Y. The estimator is represented in terms of
the basis B = {¢1,..., ¥}, where ¢,;: R™ — R™. Hence,
each § € R® defines an estimator &y = Z?:l 0;p;, whose
mean squared error is given by

J(0) = E[|@6(v) - X];

M
= [ 1@ulotw)) - @)} pulw)dw.

and the estimation error variance is given by
T
Pu = | (2a(s7) = 107)) (a(a7) - 7)) |

Intuitively, ®¢ should approximate f o g~—!. However, in
a typical estimation problem, m < n < s, so g~! does not
exist. Therefore, we seek for an estimator that minimizes the
mean squared error over the distribution of W.

Note that if f and g are linear, p,, is a Gaussian density,
and B is a basis for all affine functions of the measurement
Y, then minimizing (1) yields the Kalman filter.

B. Simplifying Approximations

The cost (1) is simplified by approximating p,, as a
weighted sum of Dirac delta functions. Let S = {w;}7_,
be a subset of R* and A = {a;}7_, be a set of nonnegative
weights such that p,, is approximated by p,, = Z';:l 0, -
Substituting p,, for p,, in the cost (1) yields

J(0) =Y aj |1 ®a(g(wy)) = flwy)ll;
j=1

o b 2 (2)
=i |1> " bepi(g(w;)) — flwy)
j=1 (=1 2

where G € Ro"%b and F € R°™. Hence, finding 0 that
minimizes J is a linear least-squares problem. The resulting
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estimate of X given the measurement Y =y is = ®;4(y),
and the approximate estimation error variance is

P =3t (glati) — f(u) ) (o)) — ()
j=1
C. Choosing Regression Points

Of course, the resulting estimator ®; depends on the
particular choice of regression points & and weights A.
In this paper, we use the Scaled Unscented Transformation
(SUT) [5], [10] to approximate p,,. This method achieves
good performance with only 25 + 1 regression points. How-
ever, in order for (2) to be be overdetermined (i.e., more
regression points than parameters), there must be more than
b/m regression points.

If W can be decomposed as W = [W; ; W], where W
and W5 are independent, then the density factors as p,, =
Duw,Pw,- A reasonable method to generate more regression
points is to apply the SUT to p,, and p,, separately to
get (S1,A1) and (Sz,.Az) and take the set of regression
points to be S = S; x Sy. For each (w;,w;) € S, define
the corresponding weight to be oo, where a; € A; and
a; € Ay If Wy and W have dimensions s; and sg, this
method yields a set of 4s1s2 + 2(s1 + s2) + 1 regression
points, whose weights are still statistically meaningful.

D. Regularization

The basis B should be rich enough that ®gog approximates
f well over the distribution of W for some § € RP.
However, if the basis is too rich, the estimator ®y may
be highly nonnlinear and may overfit the relatively small
number of regression points provided by the SUT. To allow
for a sufficiently complex basis B while avoiding overfitting,
we use Tikhonov regularization [2]. The regularized cost
function is

Te(0) = 11GO — Fl3 + X[ L6]5, 3)
where A > 0 and L € R®*’. Since the optimal solution

is 0 = (GG + ALTL)"'G"F, the matrix L also makes
computing 6 better conditioned.

E. Application to Dynamic Systems
Consider a discrete-time dynamic system of the form
Xir1 = f( Xk, Vi), Xo ~ N (o, Px,),
Y = 9( Xk, Vi), Vi ~ N(0, Py, ),

where Vi, and X}, are independent for all £ > 0. One time
step of this system fits the general framework of Section II-A
with W = [Xy; Vi], X = Xg41, and Y = Y. The LRF is
iteratively applied to the system (4) as follows:

1) Use the SUT to get regression points that approximate

the densities of X, and V.

2) Use the regression points to compute G and F.

3) Find 6 that minimizes .J..

4) Measure Y, = yg.

5) Estimate #x41 and Pz, , using ®; and yg.

6) Assume X1 ~ N (Zpy1, Piypy)-

7) Increment k and repeat Step 1.

“

III. DOUBLE PENDULUM EXAMPLE
A. System Dynamics & Discretization

A simple double pendulum system is used to compare the
effectiveness of the LRF to that of the UKF. Assuming that
each link has unit mass and unit length, the equations of
motion are 91 = w1, 92 = ws,

b= W2yB + gsin a3 + wiy — 2gsin Oy d
2— 2
Gy = w3yB — 2(gsin 618 + wiy — gsinbz) d,
p* =2
where g = 9.81, 8 = cos(fy — 61), and v = sin(f2 — 61).
Here, d; and dy are exogenous disturbances. The measured
outputs are y; = 01 + ny and yo = we — w1 + ng, wWhere
ni and ng are measurement noises. To express this model in
the form of (4), define X = [0; w1 O wo]T, Y = [y1 42]7,
and V = [d; dy ni ng]’. Also, let f and g be such
that X = f(X,V) and Y = g(X,V). We define f, to
be the discretization of f using the fourth-order Runge-
Kutta scheme with stepsize h. Hence, if X, = z(kh) and
Y}, = y(kh) for k € N, the discretized system has the desired
form of equations (4). The unknown initial condition of the
system is modeled as a random vector X ~ N (xg, P,,) and
the unknown disturbance V' is modeled as an i.i.d. random
sequence Vi, ~ N (0, P,).

B. Numerical Results

Define o = [3.1, 3.1, 0.8, —5.5]T, P,, = 0.71, and
P, = diag([1, 1, 0.5, 0.5]). Spanning the set of all third-
order polynomials, the basis is given by

B:{yf‘lyg‘%]— | 011,04220,0414—012 S3,j:1,...,4},

where e; is the ¢th column of the 4-by-4 identity matrix. The
regularization parameters A and L are chosen to minimize
the contribution of high-degree polynomials in the estimator.
In particular, we take A = 1 and L;; = (o + a2)%?, where
©;(y) = y7" y5%e;. The off-diagonal entries of L are zero.
We integrate the system for N = 80 time steps with a
stepsize of h = 0.025. Figure 1 shows that LRF and UKF
produce similar results for a single trial. However, Figure 2
shows the norm of the estimation error (i.e., ||z — &kll,)
averaged over 50 independent trials. From this figure, we
see that the LRF usually outperforms the UKF. Because
the LRF with no regularization consistently exhibits poor
performance, only the regularized case is considered here.

C. Estimating an Unknown Parameter

To further demonstrate the performance of the LRF, we
consider the double pendulum example with an unknown
time-varying friction parameter ci. The modified system
dynamics are

XkJrl - fh(Xk; Vk) + [07 CkAwk; Oa _CkAwk]Tv

where A, = X 22) - X ,gl). To apply the LRF and UKEF,
we extend the state vector to X" = [X; ¢;] and model the
dynamics of ¢y as cx1 = cx + ps, where i, ~ N(0,0.05).
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Fig. 1. States of the double pendulum and their estimated values. Legend:
True (red,—), LRF (blue, — —), UKF (black, - - -).
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Fig. 2.  Estimation error |z} — 2|, averaged over 50 independent

simulations. Legend: LRF (blue,—), UKF (black, - - -).

Again, the system is simulated for N = 80 time steps with a
stepsize of h = 0.025. Figures 3 and 4 show the results when
the true value of ¢ varies from O to 1 continuously, while
Figures 5 and 6 show the results when the true value of cj
varies from O to 1 in three discrete steps. The data shown
in Figures 4 and 6 are the values of ||[zx,cx]” — i:thHQ
averaged over 50 independent simulations. In both cases, the
LRF performs better than the UKF.
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Fig. 3. States of the double pendulum with friction and their estimated
values. Legend: True (red,—), LRF (blue,— —), UKF (black, - - -).

I'V. KERNEL RIDGE REGRESSION

Computing 6 that minimizes .J;, involves solving a on-
by-b least-squares problem. Hence, the computational com-
plexity of the LRF increases with the size of the basis B.

g
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Fig. 4. Estimation error || [zh, cr]T — Ai"t ||2 averaged over 50 indepen-

dent simulations. (continuously varying friction parameter) Legend: LRF
(blue, —), UKF (black, - - -).
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Fig. 5. States of the double pendulum with friction and their estimated

values. Legend: True (red,—), LRF (blue,— —), UKF (black, - - -).
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Fig. 6. Estimation error ||[mk,ck]T — Q%Z’“HQ averaged over 50 inde-

pendent simulations. (discretely varying friction parameter) Legend: LRF
(blue, —), UKF (black, - - - ).

However, if we use kernel ridge regression (KRR) to find an
estimator that minimizes the squared error over the regression
points provided by the SUT, then the computational complex-
ity of the estimator is fixed. Although the estimator takes
values in R™, we can estimate each of the n components
separately. Thus, we present KRR for the scalar-valued case
with the understanding that the procedure is repeated for each
component.

Let H be a reproducing kernel Hilbert space (RKHS) with
positive definite kernel K: R™ x R™ — R. Given regression
points S and weights A from the SUT, our goal is to find
€ 'H that minimizes

1< A
min 5 ;Oﬁ le(g(w;)) — f(w;)]3 + 3 el - ()

By the Representer Theorem [6], the optimal ¢ € H is
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of the form ¢(-) = >°7_, 0;K(-,g(w;)). Note that this
expression does not depend on the dimension H. Let z =
[f(w1),..., f(w,)]" and A = diag({a1,...,a,}). Also, let
K € R7%7 be given by K;; = K(g(w;), g(w;)). Substituting
», z, A, and K into (5) yields

min % |A(z — KO)||5 + AT g, (6)

feRe 2
Because K is a positive definite kernel, the matrix K is
positive definite and (6) is a convex quadratic program. It
is easily shown that an optimal solution to (6) is

0= (KA’K + \K) 'K A% (7

Therefore, applying KRR requires that we solve a o-by-o
linear system of equations for each of the n components of
our estimator, regardless of the dimension of H.

To compare this kernel-based approach with the LRE,
we use the inhomogeneous polynomial kernel K(z,y) =
(xTy+1)4, where d is the degree [9]. The KRR-based filter
is applied to the system of Section III-B with d = 3 and
A = 0.1. Figure 7 shows the state estimates for a single
trial and Figure 8 shows the value of ||z — 2|/, averaged
over 50 trials. From these figures, it is clear that the LRF
performs better than the KRR-based method. The estimates
produced by the KRR-based filter are very sensitive to the
value of the regularization parameter A. It is likely that a
time-dependent parameter \j that depends on the variance
of the noises and the estimation error will produce better
performance. However, further research is needed to develop
such a regularization scheme.

rad/sec

sec sec

Fig. 7. States of the double pendulum and their estimated values. Legend:
True (red,—), LRF (blue, — —), Kernel Ridge Regression (black, - - -).
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Fig. 8.  Estimation error ||z}, —Z||, averaged over 50 independent

simulations. Legend: LRF (blue, — ), Kernel Ridge Regression (black, - - -).

V. CONCLUSIONS & FUTURE WORK

Within the framework of Section II-A, one step of the
UKF can be interpreted as weighted statistical regression
over a particular set of regression points. Using the same
regression points but allowing nonlinear basis functions, our
Linear Regression Filter is a natural extension of the UKF. If
the nonlinear estimator basis functions are chosen carefully,
the LRF achieves better performance than the UKF with a
slight increase in cost.

Kernel ridge regression allows us to consider an even
larger class of estimators that lie in reproducing kernel
Hilbert spaces. However, the performance of this kernel-
based approach is very sensitive to the particular value of the
regularization parameter used. Further research is required to
develop a regularization scheme that takes into account the
statistics of the estimation error and noises at each time step.

Because the LRF assumes that Z; is a Gaussian random
vector at each time step, any algorithm that uses the Kalman
filter can be extended to nonlinear systems by simply re-
placing the Kalman filter with the LRFE. For example, the
LRF can be applied to nonlinear systems with Markovian
switching parameters by replacing the Kalman filter in the
Interacting Multiple Model algorithm [1] with the LRF.
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