2009 American Control Conference
Hyatt Regency Riverfront, St. Louis, MO, USA
June 10-12, 2009

ThA11.2

Networked Predictive Control of Constrained Nonlinear Systems: Recursive
Feasibility and Input-to-State Stability Analysis

Gilberto Pin, Thomas Parisini

Abstract— The present paper is concerned with the robust
state feedback stabilization of uncertain discrete-time con-
strained nonlinear systems in which the loop is closed through
a packet-based communication network. In order to cope with
model uncertainty, time-varying transmission delays and packet
dropouts which typically affect networked control systems, a
robust control policy, which combines model predictive control
with a network delay compensation strategy, is proposed.
The contribution of the paper is twofold. First, the issue
of guaranteeing the recursive feasibility of the optimization
problem associated to the receding horizon control law has
been addressed, such that the invariance of the feasible region
under the networked closed-loop dynamics can be guaranteed.
Secondly, the Input-to-Stability property of the networked
closed-loop system with respect to bounded perturbations has
been analyzed.

Index Terms— Networked Control Systems, Nonlinear Con-
trol, Model Predictive Control.

I. INTRODUCTION

In the past few years, control applications in which sensor
data and actuator commands are sent through a shared
communication network have attracted increasing attention
in control engineering, since network technologies provide a
convenient way to remotely control large distributed plants
[1]. These systems, usually referenced as Networked Control
Systems (NCS’s), are affected by the dynamics introduced
by both the physical link and the communication protocol,
that, in general, need to be taken in account in the design
of the NCS. Various control schemes have been presented
in the current literature to design effective NCS’s for linear
time-invariant systems [5], [7], [12], [20], [21]. Moreover,
if the system to be controlled is subjected to constraints
and nonlinearities, the formulation of an effective networked
control strategy becomes a really hard task [19]. In this
framework, the present paper provides theoretical results that
motivate, under suitable assumptions, the combined use of
nonlinear Model Predictive Control (MPC) with a Network
Delay Compensation (NDC) strategy [2], [18], in order to
cope with the simultaneous presence of model uncertainties,
time-varying transmission delays and data-packet losses. In
the current literature, for the specific class of MPC schemes
which impose a fixed terminal constraint set, Xy, as a stabi-
lizing condition, the robust stability properties of the overall
c-1 system, in absence of transmission delays, has been
shown to depend on the invariance properties of Xy, [11],
[17]. In this regard, by resorting to invariant set theoretic
arguments [3], [9], this paper aims to show that the devised
NCS can robustly stabilize a nonlinear constrained system
even in presence of data transmission delays and model
uncertainty. In particular, the issue of recursive feasibility
in constrained networked nonlinear MPC, first addressed in
[16], in this paper is shown to be key point to prove the
Input-to-State Stability (ISS) of the scheme w.r.t. additive
perturbations. Indeed, by exploiting a novel characterization
of regional ISS in terms of time-varying Lyapunov functions,
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the closed-loop system is shown to be ISS with respect to
the aforementioned class of disturbances, even in presence
of unreliable networked communication links.

II. MAIN NOTATION AND BASIC DEFINITIONS

Let R, R>p, Z, and Z>y denote the real, the non-
negative real, the integer, and the non-negative integer sets
of numbers, respectively. The Euclidean norm is denoted
as | - |. For any discrete-time sequence ¢ : Zx>o — R™,
@l 2sup k>0{ x|} and [|¢p[|2sup o<k < {|¢k|}, Where o
denotes the value that the sequence ¢ takes on in correspon-
dence with the index k. The set of discrete-time sequences of
v taking values in some subset YCR™ is denoted by M.
Given a compact set A CR"™, let A denote the boundary
of A. Given a vector z € R", d(z, A) =inf {|¢ —x|,£€ A}
is the point-to-set distance from x € R to A. Given two
sets A CR", BCR", dist(A, B) £inf {d(¢, A),(€B} is
the minimal set-to-set distance. The difference between two
given sets ACR"™ and BCR", with BC A, is denoted as
A\B = {z : v€A,2¢B}. Given two sets A€ R", B€R",
the Pontryagin difference set C' is defined as C=A « B=
{zeR™ : x4+£€A,VEeB}. Given a vector 1 € R™ and a
scalar p € Ry, the closed ball centered in 7 of radius p
is denoted as B"(n, p)={E€R" : |¢ —n|<p}. The shorthand
B"(p) is used when n=0. A function o : R>9 — R>g
belongs to class K if it is continuous, zero at zero, and strictly
increasing.

Let us consider the time-varying discrete-time dynamic
system

xt+1 = g(tamt7vt)7 t S Z207 o = E? (])

with ¢(¢,0,0) = 0, V¢ > T with T € Zx(, and where
zy € R™ and v4, € T C R" denote the state and the
bounded input of the system, respectively. The discrete-
time state trajectory of the system (1), with initial state
x9 = Z and input sequence v € My, is denoted by
.lﬁ(t,f, ’UQ¢), t € Z>o.

Definition 2.1 (RPI set): A set = C R" is a Robust Posi-
tively Invariant (RPI) set for system (1) if, for all ¢t € Z>o,
it holds that g(¢,zo,v) € 2, Vx € Z and Vv € T. O

In the following, the Regional Input-to-State Stability
property, recently introduced in [13] (see also [6]), is re-
called. It is worth noting that regional results are needed in
the framework of nonlinear MPC due to the impossibility
to obtain, in general, global bounds on the finite horizon
costs used as Lyapunov function in the stability analysis.
Nonetheless, in the framework of NCS’s, due to the vari-
ability of transmission delays, a time invariant formulation
is not suited, therefore it is necessary to extend the regional
ISS analysis in order to cope with time-varying Lyapunov
functions (see [4] and [14])

The following definition of regional ISS is provided for
time-varying discrete-time nonlinear systems of the form (1).
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Definition 2.2 (Regional ISS in Z): Given a compact set
=ZCR™, if Z is RPI for (1) and if there exist a KL-function
(G and a IC-function y such that

|I(ta Ea UO,t—1)| (2)

< max{ﬂ(|f|, t)77(|‘v[t—1] ||)}7 VtEZZ()a erEa

then the system (1), with v € M~ is said to be regional
Input-to-State Stable (ISS) for initial conditions in =. O

In literature there exist some recent results concerning the
characterization of the ISS property in terms of time-varying
Lyapunov functions for perturbed (uncertain) discrete-time
system [8], [10]; on the other hand those results guarantee
the Input-to-State Stability property in a semi-global sense,
and cannot be trivially used in the MPC setup due to
the impossibility to obtain global bounds for the candidate
ISS Lyapunov function. Indeed, for systems controlled by
predictive control schemes the stability analysis needs to be
carried out by using non smooth ISS-Lyapunov functions
with an upper bound guaranteed only in a sub-region of the
domain of attraction [13]. Therefore, a regional ISS result
for a family of time-varying Lyapunov functions is needed
to assess the stability properties of MPC-based NCS’s.

To this end, let us first consider the following definition.

Definition 2.3 (Time-varying ISS-Lyapunov Function):
Given a pair of compact sets = C R™ and Q C =,
with = RPI for system (1) and {0} C €, a function
V(,): Z>o x R — Rs is called a (Regional) ISS-
Lyapunov function in =, if there exist K -functions a;,
«g, a3, and C-function o and o5, such that
1) the following inequalities hold Vv € T and Vt € Z>¢

V(t,z)>aq(|z)), VzeZ, (3)

V(t, z)<as(|z|) + o1(|v]), Ve, (4)
V(t+1,9(t,z,0)-V(t,z)<—az(|z|)+o2(|v]) VZEE, (5)
2) there exist some suitable K -functions € and p (with p

such that (id — p) is a Ko-function, too) and a positive
scalar ¢ € R+ such that the set

O 2 {z:V(tx) <b®),Vtc Z>o}, (6)
verifies the inclusion
OCQ w B(0), )

A

with {0} € © and where b(s) £ a;' o p~' o oy(s), ay
az o, ', as(s) 2 min(az(s/2),e(s/2)), @(s) £ as(s
01(5), 04 = €(8) + 02(s) and T £ max,er{|v|}.

o + 1

Now, under the following assumption, the characterization
of the regional ISS property in terms of Lyapunov functions
can be stated.

Assumption 1: For every t € Ry , the state trajectories
x(t,To,vo,1—1) of the system (1) are continuous in Ty = 0
and v = 0 with respect to the initial condition Ty and the
disturbance sequence v ;—1. O

Theorem 2.1 (Lyapunov characterization of regional ISS):

Suppose that Assumption 1 holds. If the system (1) admits
a (time-varying) ISS-Lyapunov function in =, then it is
regional ISS in = with respect to v and
tlimd(x(t,f, ’Uoﬂg,l),@):O, Vx € E. O
— 00

Theorem 2.1 can be proven following the same lines of
the main regional-ISS result in [13]. For a detailed proof see
[15].

Notably, the ISS-Lyapunov inequalities (3),(4) and (5)
differ from those posed in the original regional ISS formula-

tion [13], since an input-dependent upper bound is admitted
in (4) (thus allowing for a more general characterization).
Moreover, with regard to the regional ISS result presented in
[6], the ISS-Lyapunov function V' (¢, z) is allowed to belong a
family of time-varying functions. Remarkably, the possibility
to incorporate an input-dependent upper bound in (4) and to
admit a time-varying characterization will be instrumental for
characterizing the ISS property for NCS’s, as it will clearly
emerge in Section IV.

III. PROBLEM FORMULATION

Consider the nonlinear discrete-time dynamic system
Tep1 = f(@,up,vp), t € Lo, 1o =7, (&)
where x; € R"™ denotes the state vector, u; € R™ the control
vector and v; € Y is an uncertain exogenous input vector,
with T C R” compact and {0} C Y. Assume that state and
control variables are subject to the following constraints
$t€X7 teZZO, (9)
’u,tEU, tGZZo, (10)

where X and U are compact subsets of R™ and R™,
respectively, containing the origin as an interior point. Given
the system (8), let f(z¢,ut) , with f(0,0) = 0, denote the
nominal model used for control design purposes. Moreover,
let T4y ;¢, 7 € Z>o denote the state prediction generated by
the nominal model on the basis of the state informations at
time ¢ with the sequence uy ;4 1 = col{ws, ..., U1}

Ty =f (Togj—1pe, Wit j—1), Tp=2¢,t€L>0, j€L>0. (11)

Assumption 2 (Lipschitz): The nominal map f(x,u) is
Lipschitz with respect to x in X, with Lipschitz constant
sz S R>0. I:l

Introducing the additive transition uncertainty vector d; =

f(xy, us, vr) — f(at,ut), the true state dynamics writes
.’L't+1 :f(xt,ut)+dt, teZZO, .’E()Zf. (12)
Assumption 3 (Uncertainty): The transition uncertainty

vector d; belongs to the compact ball D= B"(d), where d=
sup yer{p(|v])}, and pis a K-function. O

Under the posed assumptions, the control objective con-
sists in guaranteeing the ISS property for the c-1 system
w.r.t. the prescribed class of uncertainties, while enforcing
the fulfillment of constraints in presence of packet dropouts,
bounded transmission delays and bounded disturbances.

With regard to the network dynamics and communication
protocol, it is assumed that a set of data (packet) can be sent,
at a given time instant, through the network by a node, while
both the sensor-to-controller and the controller-to-actuator
links are supposed to be affected by delays and dropouts
due to the unreliable nature of networked communications.
In order to cope with network delays, the data packets are
Time-Stamped (TS) [20], that is, they contain the information
on when they were delivered by the transmission node.
In this work, we will consider first the case of networks
with acknowledged communication protocols, also known
as TCP-like [7], in which the destination node sends an ac-
knowledgment packet (ACK) of successful packet reception
to the source node, and then the results will be extended to
non-acknowledged protocols, which are usually referred to as
UDP-like [7]. In a TCP-like scenario, the acknowledgment
messages are assumed to have the highest priority among all
the routed packets, such that, after each successful packet re-
ception, the source node receives a deterministic notification
within a single time-interval.
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In this regard, the presence of ACKs in TCP-like networks
can be exploited by the controller (which is acknowledged
of successful packet reception by the actuator) to internally
reconstruct the true sequence of controls which have been
applied to the plant [18] from time instat ¢ — 7.(¢) to t — 1,
in order to get an estimation of the current state Ty;_-_ (1),
on the basis of the most recent available plant measurement
Ty_7,(t)- A graphical representation of the overall NCS
layout is depicted in Figure 1, while the NDC and the
controller will be described in the next sections.

A. Network delay compensation

In the sequel, 7., (t) and7s.(t) will denote the delays
occurred respectively in the controller-to-actuator and in the
sensor-to-controller links, while 7,(¢) will represent age (in
discrete time instant) of the control sequence used by the
smart actuator to compute the current input and 7.(t) the
age of the state measurement which had been used by the
controller to compute the control actions at time ¢. Finally,
Tt (1) 270 () +Te(t— T4 (1)) is the so called round trip time,
i.e., the age of the state measurement used to compute the
input applied at time ¢.

The NDC strategy adopted in the present work, which
relies on the one devised in [18] (originally developed for
unconstrained systems nominally stabilized by a generic
nonlinear controller), is based on exploiting the time stamps
of the data packets in order to retain only the most recent
informations at each destination node: when a novel packet
is received, if it carries a more recent time-stamp than the
one already in the buffer, then it takes the place of the
older one and, in the TCP-like case, an acknowledgment
of successful packet reception is sent to the node which
transmitted the packet. The TS-based packet arrival manage-
ment implies 7, (t) < 7.4 (t) and 7.(t) < 74.(t). Moreover,
the NDC strategy comprises a Future Input Buffering (FIB)
mechanism, which requires that the controller node send a
packeted sequence of IV, control actions (with N, to satisfy
Assumption 4) to the actuator node (relying on a model-
based prediction performed, in this case, by the MPC). In
turn the smart actuator, at the arrival of each new packet,
first stores the entire sequence in its internal buffer, then, at
each time instant ¢, selects a time-consistent control action to
apply to the plant, by setting u; = u?, where u? is the 7, (t)-
th element of the buffered sequence u’t’fTa (1) t—7a (D)4 Na—17
which is given by

b b
u U,

t—7a (), t4+Ne—1 7 = col[uy

ub

Upra(t) - t—Ta(t)+Nc—1]
= UL ()t N1t (8)°

where the sequence u; ()bt No— 1|t e (£) had been com-

puted at time ¢ — 7,(¢) by the controller on the basis of the
state measurement collected at time ¢ — 7,4 (t) = t —7,(t) —
Te(t—74(t)). In most situations, it is natural to assume that
the age of the data-packets available at the controller and
actuator nodes subsume an upper bound [18], as specified
by the following assumption.

Assumption 4 (Network reliability): The quantities 7.(t)
and 7,(t) verify 7.(t) < 7T and 7,(t) < Tq, Vt € Zso,
with 7. + 7, + 1 < N.. Notably, we don’t impose bounds
on T4 (t) and 7., (t), allowing the presence of packet losses
(infinite delay). Under these conditions, the round trip time
verifies 74 (t) < Trt =Te +To < No — 1, Vt € Zsy. |

B. Current state reconstruction in TCP-like networks and
shortening of the optimization horizon

At time ¢, the computation of the control sequence to
be sent to the actuator must rely on a state measurement

performed at time ¢ —7.(t), 4_ (). In order to recover the
standard MPC formulation, the current (possibly unavailable)
state x; has to be reconstructed by means of the nomi-
nal model (11) and of the true input sequence u;_r (1)

applied by the smart actuator to the plant, w;_, (¢),;—1 &
collus_r ¢y, -+, ur—1] from time ¢t —7.(t) to t—1. In this
regard, the benefits due to the use of a state predictor in
NCS’s are deeply discussed in [18] and [20], [21]. The
sequence W;_r (y):—1 can be internally reconstructed by
the controller thanks to the acknowledgment-based protocol.
Moreover, in presence of delays in the controller-to-actuator
path, we must consider that the computed control sequence
may not be applied entirely to the plant. In order to ensure
that the sequence used for prediction would coincide with the
one that will be applied to the plant, we can retain, at time
t, some of the elements of the control sequence computed at
time ¢t — 1 (i.e., the subsequence uft),t-&-?a—l\t—l—n(t—l))’ and
optimize only over the remaining elements (i.e. the sequence
W47, t+N.—1), initiating the finite horizon optimization with
the state prediction Z;47,. We will show that the recursive
feasibility of such a scheme can be guaranteed w.r.t. (suitably
small) model uncertainty.

C. Finite horizon predictive controller

In the following, we will describe the mechanism used by
the controller to compute the sequence of control actions to
be forwarded to the smart actuator. It relies on the solution,
at each time instant ¢, of a Finite Horizon Optimal Control
Problem (FHOCP), which uses a constraint tightening tech-
nique [11] to robustly enforce the constraints.

First, let us introduce the following sets, obtained by
restricting the nominal constraint X.

Definition 3.1 (X;(d)): Under Assumptions 2 and 3, sup-
poseJ, without loss of generality, L, #1. The tightened sets
X;(d), are defined as

_ L —1
Xi(d)éXmB"<f”” .

O

Problem 3.1 (FHOCP): Given a positive integer N, €
Z>p, at any time t € Z>o, let Tyy_r (1) be the estimate
of the current state obtained from the last available plant
measurement x;_r ;) with the controls u;_ ;) ;-1 already
applied to the plant moreover let Tz, —-. () be the state
computed from Z;;__ (¢) by extending the predlctlon using
the input sequence computed at time ¢ —1, ug, - ;. Then,
given a stage-cost function h, the constraint sets X;(d) C
X,i € {To(t)+1,...,N.}, a terminal cost function hy
and a terminal set Xy, the Finite Horizon Optimal Control
Problem (FHOCP) consists in minimizing, with respect to
a N.—T7, steps input SEQUENCE, Wyyz, 14N, —1|t—ro(t) =
collty 7, t—ro(t)s - - uf+N “1|t—r.(t))» the cost function

d>7ViGZ>0 .

Jon (Zeiz, t—r. (1), 0 t+7'a,t+N —1[t— Tc(t)7N Ta)

t+N,—1
A . A
T Uy R e (1) E h(x”t*ﬂ-(t)’ ullt*Tc(t))
:t+Fa

+hf(”%t+th—Tc(t))}

subject to the

i)nominal dynamics (11);

i))input constraints U (¢)4if¢t—r.(t)
{Te(®)+Ta, ..., 7e(t) + N—1};

e U, with i €

' The very special case L f,=1 can be trivially addressed by a few suitable
modifications to the Definition 3.1
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Fig. 1 Scheme of the combined NCS-NDC strategy. In evidence the predictive controller (MPC), the Time-Stamping packet
arrival management (TS) and the Future Input Buffering (FIB) mechanism at the actuator node.

uc
t—Tea(t)t—Tea(t)+ Ne—1[t—Tcq () —

ub
t—7q (t),t—Ta (t)+Ne—1|t—7re (1)

Te(t—Tsc(t))

Lol =T,

ug | f (4, ut, vr) sensor(s) '—D_—+_ - data packet
Lt node at each node/network
21 f interface
packet-based network
$u57t+Nc—l|t—Tc(t) uy e —1)t—1-re(t—1) B ! Us_ 7 ( B networked

MPC | Zttalt—7e(t)

controller node

packet-based link

iii)state constraints Ty, (¢)4ift—r.(t) € X;(d), with i €
{Te(®)+Ta+1,. .., 7c(t)+Nc}s

iv)terminal state constraint &y n,|t—r.(¢) € X-

Finally, the sequence of controls forwarded by the con-
troller to the actuator is constructed as uy,, n Afere(t)
col[uf W 7, —1t—1—7e(t—1)° oo N, Cift—ropy) (e, it s
obtained by appending the solution of the FHOCP a
subsequence computed at time t — 1). In the follow-
ing, we will say that a sequence U;, n 1 , () =

colluf o 11— (e— 1)’ut+7a,t+N —1lt—7e (t)] is feasible
if the first subsequence yields t0 T¢_r_ (4)4i|t—r.(t) € X;(d),
Vie{r.(t)+1 Te(t)+7, and if the second subsequence
(possibly suboptimal) satisfies all the constraints of the
FHOCP set up at time ¢. |

The following definitions will be used in the sequel.

Definition 3.2 (X prpc(7)): Given a non-negative integer
T € Z>o, the set containing all the vectors o € R” for
which there exists a sequence of N, control moves which
satisfies all the constraints specified below is said feasible set
with T-delay restriction, and it is denoted with X ;pc(7)

HﬁO,chl e UNe .

B (i, T0, W,i-1) € Xrpi(d), U (14
Vie{l,...,N.} and
i:(N67EO7ﬁ07Nc—1)€Xf ]

)(Mpc(T)é E()ER"

For the sake of brevity, the set X pc(0) will be denoted
as XMpc.

Definition 3.3 (Feasible sequence at time t): Given a de-
layed state measurement z;_. (;), available at at time ¢ to
the controller, let us consider the prediction Zy|;_,, (s of the
actual state z; obtained with the nominal model and with
the actual control sequence applied from time ¢ — 7.(t) to
—1, Wy_+_(1),4—1, which is known to the controller. Moreover
consider a sequence of N, control moves u;,;, n _; and
its two subsequences U} ;- _; and Uy, - ;. _; such that
U5y N, 1 = col[uy 4T~ 10 ut+7a,t+N

The input sequence U” = Uy, y__q 18 sald feasible at time
t if the subsequence Uy, = _; y1e1ds t0 Tp 7 () +i|t—ro(t) €
Xi(d), Vie{r.(t)+1 Te(t)+T4 and if the second sub-
sequence satisfies all the constraints of the RHOCP initiated
with Zy47, j1—r. (1) = Z(Tar Tomre(t)s Wi—ro (), 1470 —1)- U

Remark 3.1: Note that what we call feasible sequence in t
is not just an input sequence which satisfies the constraints of
the RHOCP (specified in the horizon [t+7,+1,. .., t+Ng|),
but it is required to keep the nominal trajectories inside the
restricted constraints for an horizon of N, steps from ¢ +
1 to t + N, that is larger than the one considered by the
optimization.

By accurately choosing the stage cost h, the constraints
Xi(d), the terminal cost function hy, and by imposing a
terminal constraint X  at the end of the control horizon, it is
possible to show that the recursive feasibility of the scheme
can be guaranteed for ¢t € Zs, also in presence of norm-
bounded additive transition uncertainties and network delays.
Moreover, in absence of transmission delays, this class of
controllers has been proven to achieve the ISS property if
the following assumptions are verified (see [17]).

Assumption 5: The transition cost function h is such that
h(|z]) < h(z,u),Vz € X,,Yu € U, where h is a K-
function. Moreover, h is Lipschitz w.r.t. x, uniformly in wu,
with L. constant L€ R+g. O

Assumption 6 (ky, hy, X¢): There exist an auxiliary con-
trol law k¢(z) : X — U, a function hy(z) : R —=R>0, a
positive constant Ly, €R~¢, a level set of hy, Xy C X and
a positive constant § €R>O such that the following properties
hold:

D Xf CX, Xy closed, {0} € Xy;

i) rkg(z) € U, Vo € Xy @ B"(9);

iii) f(x, ks (x)) € Xf, Vo € X5 @ B™(6);

iv) the closed-loop map f(z, ky(x)), is Lipschitz in Xy, with

L. constant Ly, € R+o;

V) hy(z ) Lipschitz in Xy, with L. constant Ly, € R>o;
Vi) by (f (2, (@) ~hp (@) S—hle, (@), Voe X 0B (5).
O
In addition, in order to establish the ISS property for the c-1

system, we require the following assumptions to be verified
together with 5 and 6.

Assumption 7: Let Xy be a sub-level set of hy (ie. Xyp=
{xeR™: hy(x)<hys} ), then we assume that the transition
cost function h and the terminal cost h; satisfy the condition

min (hy(a) - <,w§>muam

uelU {xecl(xf )\(Xf ®B"(4))

2330



where 6 € R~ is a positive scalar for which Points iii) and
vi) of Assumption 6 hold. ]

Now, the following Lemma ensures that the original state
constraints can be satisfied by imposing to the nominal tra-
jectories in the RHOCP the restricted constraints introduced
in Definition 3.1.

Lemma 3.1 (Robust Constraint Satisfaction): Any feasi-
ble control sequence Wy, . _1j;_r, (1) applied in open-loop
to the perturbed system from time ¢ to ¢+ N, — 1, guarantees
that the true (networked/perturbed) state will satlsfy T4 €X,
vie{l, ..., Nc}. O

Proof Given the state measurement z;_,_(;), available
at time ¢ at the controller node, let us consider the combined
sequence of controls u* formed by: ) the subsequence
used for estimating Z¢|;_r,(¢) (i.e., the true control sequence
U;_ - (¢),+—1applied by the NDC to the plant from ¢ —7.(t) to
t —1) and i) a feasible control sequence uy ,, —1ft—ro(t)
that is

Uy (), 4 N [t (1)

—c (16)
= COl[ut—Tc(t),t—l7ut,t+NC71|t4C(t)]'

Then, the prediction error ét_TC(t)H-“_TC ‘ éxt_Tc(t)Jri—
Tp—7o (t) i t—Te(t)» With iE{l s Ne+e(t Si and ;- ()4
obtained by applying u}_ T ()4 N, — 16— (8) in open loop
to the uncertain system (8) is upper bounded by

€t —ro(t)tilt—ro(t)] < Lf d Vie{l,...,Ne+7(t)}

where d is defined as in Assumption 3. Being
ﬁf,H—Nc—llt—rc(t) feasible, it holds that &y, (¢)4it—r.(t) €
Xi(d),Vi € {7c(t) + 1,...,N. + 7.(t)}, then it follows
immediately that Tiro()+i = jt—n(t)—&—ﬂt—n(t) +
Ct—ro(t)+ilt—To () EX - u

In the next section, the robust stability properties of the
described control policy will be analyzed in presence of
transmission delays and model uncertainty.

IV. RECURSIVE FEASIBILITY AND REGIONAL
INPUT-TO-STATE STABILITY

In the following, the set invariance theory [3] will be
used to prove the robust stability of the devised NCS. The
following definition will be used .

Definition 4.1 (C;(X ,H)) Given a set Z C X, the i-step
Controllability Set to Z, C;(X,Z), is the set of states which
can be steered to = by an admissible control sequence of
length 4, ug ;_1, under the nominal map f(z,u), subject to
constraints (9) and (10), i.e.

ro€X: 31101 1€UX..
Ci(X, E)é{ #(xo,u0,-1,t) €X, Vt € {1,.
and .’17(.’170,110 i—1,70 )E_

.xU such that
Ji— 1},
O

In the sequel, the shorthand C; (=) will be used in place of
C1(R™,E) to denote the one-step controllability set to =.
Resorting to recursive feasibility arguments, the following
Theorem states that the set X,;pc, is RPI under the c-1
networked dynamics, w.r.t. bounded uncertainties.

Theorem 4.1 (Invariance of the feasible set): Assume
that at time instant ¢ the control sequence computed by
the controller, ﬁit N1t () is feasible. Then, in view
of Assumptions 2-6, if the norm bound on the uncertainty
satisfies

= : : Ly,
dgker%l,r;c}{mm<lwdlst (R™\C1(X¢),X¥),

I 17)
#dlsf; (R"\Xk_;,.]\[c (d),Xf))} 5
P

then, the recursive feasibility of the scheme in ensured
for every time instant ¢+ ¢,Vi € Z~o, while the closed-
loop trajectories are confined into X. Hence, the feasible
set Xprpco is RPI under the c-1 networked dynamics w.r.t.
bounded uncertainties. (]

Proof: [Theorem 4.1] The proof consists in showing that
if, at time ¢, the input sequence computed by the controller
Uy, N, _1)¢—r,(r) 18 feasible, then, under the perturbed c-
I dynamics, there exists a feasible control sequence at
time instant ¢ + 1 (i.e., the VHOCP is solvable and the
overall sequence verifies the prescribed constraints).Finally,
the recursive feasibility follows by induction. First, notice
that Points ii) and iii) of Assumption 6 together imply that
dist(R™\C1(Xy),Xs) > 6 > 0. Now, the proof will be
carried out in three steps.

D Zip N [t—ro(t) € Xf = Top N 41]t41-7o(141) € Xyo Let us
consider the sequence ujﬁTc(t)’t N1 [t—re(t) defined
in (16). It is straightforward to prove that the norm
difference between the predictions Zy_r ()4jt—r.(t)
and  Ty_r ($)4jt+1—-7.(t+1) (initiated respectively by
Ti_r.(r) and Lot —ro(t+1))s respectively  obtained
by applying to the nominal model the sequence
uf () t— o () j—1 [t —Te (1) and its  subsequence

up, o (b4 1) o ()4 —1]t—7o(t)> AN be upper bounded

by

|37t Tc(t)+j|t Tc(t) +i— Ty Tc(t)+j|t_7‘r¢(t)‘

E:Laz+r s Lﬂ-a
- LfT Ly—1

(18)

where we have posed i = T(t) —Te(t + 1)+ 1 and
with j € {i,..., N.+7.(t)}. Considering now the case
j = N, + Tc( ), then (18) yields to \;vH_N [t—ro ()i —
TiyN. [t— n(t)| ‘$t+N [t+1—Te(t4+1) — Ty, [t— ‘rr(t)‘ <
(LY _ N O (1 1)dL Tf the following
inequality holds Vke{1,...,7.}
fa fa

then 24 N, [t+1—r.(t+1) €C1(X), whatever be the values
of 7.(t) and 7.(¢ + 1) Hence, there exists a control move

Ut+N [t+1—7o(t+1) = Uf($t+N [t+1— rc(t+1)) € U, with
:C1(Xy) — U defined as
{lu—rs()]},

Us(z) £arg min
uweU:f(z, u)EX 5

which can steer the state vector from &y n_|¢41—r.(t4+1)
O Ty N 1ft41—ro(t+1) € X

) By r () +lt-re(t) € Xi(d) = Brori(t)4jlt+1-m.(t+1) €

X l(d), With i = 1o(t) —To(t + 1)+ 1 and Vj €

{re() + ; Ne + 7c(t)}: Consider the predictions

Ty n(t)ﬂlt o (t) and Ty (¢)4j|t—r.(t)+i(initiated re-
spectively by x;_. ;) and - r.(t)+i), respectively ob-
tained with the sequence ujy__ () b= Te ()i —1[t—To(t) and

its subsequence uj_ ()i t— T (B j— 1\t ro(t)” Assuming
that &y - (t)4jt—r.(t) € X B"((Ly, =1)/(Ly, —1)d),
let us introduce n € B"((L}. " —1)/(Ls, —1)d). Let

§ 2 Byr (1) 4glt—ro(t)ti — Btmro(t)+jlt—ro(t) + 7, then, in

19)
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view of Assumption 2 and thanks to (18), it follows that

€1 <184 (0) 4 ilt—re (@) +i = Ttmrr(O)+41t—re(t) | 7]

Ly — 1g (20)
and hence, £ € B"((L} —1)/(Ly, —1)d). Since

s ()44t € X (d), it follows that &; () +ijlt— Tc(t) +
§ = Ty s (t)rjlt—re(t)ri T M € X, VN € Bn((Lj
1)/(Ly, — 1)a), yielding to xt—n(t)+j|t+1—7'c(t+1) €
X ro(t)4re(t+1)—1(d)-

iii) i't—i-NC\t—Tc(t)i € Xy = Tip14Nji41-r(t+1) €
XN.4r.(t+1)(d); Thanks to Point i), there exists a fea-
sible control sequence at time ¢+ 1 which yields to
it+1+NC\t+1—Tc(t+1)€Xf If d satisfies

dl tH(R™\ X (d), Xf)},

mln
j€{Ne,...,No+7.} LJ

it follows that mt+1+NC|t+17Tc(t+1)EXN,:+TC(t+1)7 what-
ever be the value of 7.(¢t + 1).

Then, under the assumptions posed in the statement of
Theorem 4.1, given zy € Xjpc, and being 7.(0) = 0
(i.e. at the first time instant the actuator buffer is initiated
with a feasible sequence )in view of Points i)—iii) it holds
that at any time ¢ € Z-o a feasible control sequence
does exist and can be chosen as ﬁ§+1,t+Nc+1|t+1frc(t+1):

COl[ﬁg-i-l,t-‘rNc—lr—Tc(t)7ﬂt+Nc‘t+177—c(t+1)]' Therefore the
recursive feasibility of the scheme is ensured. |

Next, we will show that the devised NCS is Regional ISS
w.r.t. bounded uncertainties.

Theorem 4.2 (Regional Input-to-State Stability): Under
Assumptions 2-6, if the bound on uncertainties verifies (17),
then system (12), controlled by the proposed MPC-NDC
strategy, is regional ISS in X;pc with respect to additive
perturbations d; € B"(d). O

Proof: [Theorem 4.2] Recalling that we have posed the
assumption that, at time ¢ = 0, the FIB contains a feasible
control sequence, then, in a worst case situation, the system
will be driven in open-loop for 7, time instants. With regard
to the ISS property, this observation implies that the bound
on the trajectories after 7, should depend on z7, and the
regional ISS inequality (2) has to be modified as follows

|z(t + T, T7, , V)]

<max{B(|%=, |, )Y (|vs=7, -1l }, VI€ZL>0, VT, €E,
where 7=, is the state at time T, after the system has been
driven for 7, steps by the open-loop policy stored in the
buffer at time ¢t = 0. In view of previous consideration, the
proof consists in showing that there exist a ISS-Lyapunov
function V(¢ 4+ 74, 2447, ) for the closed-loop system.

To this end, let us define the following positive-definite
function V° : R" — Rxg

Vo(xt+?a\t7'rc(t))
A J 2, o N.—F 21
= Jra\Tt+7u =1 () W7, i+ No—1|t—7e(t) Ve T Ta
where &y 7 |t—r.t) = T(t + Tay To—ro () Weer, (1) 1470 —1)
is a prediction obtained with the nominal model initiated
with z;_. ;). Notice that V° corresponds to the optimal

cost subsequent to the reduced horizon optimization. Now,
consider the following candidate ISS-Lyapunov function V :

ZZO x R™ — RZO
V(t + ?a, JIH_?G)

S — 1u° -7
= Jpa\ Tt Wz, 1N —1)e—r. () Ve Ta)

t+Ne—1 A (22)
:z 2 h(x”t+?a’u?|t77c(t)) +hi(Ze N t47,)
t+7q
where #;17 447, € {1,...,Nc — 7o} are obtained

using the nominal model m1t1allzed w1th Toy7, |47, = Tt47,
and the sequence uH_T A No—1[t—7o (1) (which is optimal
for Tpyr,|t—7.(r) and not for xt+7u) Notice that, since

Ul N Ajt—ra(t) is not computed in correspondence of
Tigrys but explmtmg a past state information z;_, (), V
becomes a time-varying function of the state. We will show
in the following that V(t + Ta,Ti47,) verifies the ISS
inequalities with time-invariant bounds.

Suppose, without loss of generahty, that Ly # 1.
Now, let us point out that, in view of (18), the in-
clusion x;17, € Q = Xmen((L;;“a - 1)/(Ly, —
1)d) implies Zy47,|i1—7.c) € Xy whatever be the
value of 7.(t). Then, by Assumption 6, the control
sequence Ugir, t4N, —1|t—7.(t) £ COI[Hf(jtJr?u\tf'rc(t))v
Ki(Biqma1ft—ro(t))s- - s Ff (Tea N, —1t—7e ()] is feasible for
the RHOCP, hence the set Xum pc_1s not empty.

Now, our objective consists in finding a suitable compar-
ison function to upper bound the candidate ISS-Lyapunov
function V(¢ + T,,%:47,). By adding and subtracting
VO(Z447, [t—r.(t)) to the right-hand side of (21), we obtain

V(t +?a,xt+?a)
t+N.—1
<z ;h(xl\twav“m Tc(t)> h(illt—n(t)’“ﬁt—n(t))

+hf($t+Nc\t+?a) - hf(xt-s-Nclt—Tc(t))

FI (B tamalt—re () Wam, N~ 1]t—ro (1) Nc—?a) ,
. t+Ne—1, (=~ - (23)
Considering  that e b (Ege—ro )y Tape—ro )+
hf(it+Nc|t—7—c(t) < hf(it+?a\t77—c(t))a then the following
bound can be established

JFH(j?tJr?a\t Te(t)s §+T‘1’t+Nc_1t—Tc(t)7N(:_Ta2
< hf(l‘Hm\t ro(t)) — hp(@egz,) + hy(@egz, o

Trt

S thﬁﬂd[wﬂfl]n + hy (@47, )

Finally, in view of Assumptions 2,5 and thanks to (18) and
(24), the following inequality holds

V(t+Ta, Tr7,) < aa(|zes7,1) + or(l|dj=, — 1)) 25)
VZH_?GEXJP,VdE B (d)
where
al(s)Ath‘ ‘ _
( )ALZL I Lj‘\iﬁm_ 4L, LNe—Ta=lip
R Ly—1 Tk hel?

The lower bound on V (t+7,, z+7,) can be easily obtained
using Assumption 5

V(t+Ta,017,) = M2t47,), Y017, € Xypo  (26)
Then, in view (25) of (26), the ISS inequalities (3)
and (4) hold respectively with = = Xpypc and
Q =Xp-~B"((L}* —1)/(Ly, — 1)d). Moreover, in view

2The case Ly, =1 can be trivially addressed with a few suitable
modification to the proof of theorem 4.2

2332



of Point i) in the proof of Theorem 4.1, given the (feasible)
control sequence computed at time ¢, ut N[t (t) =
col[uf Wy 7 —1)t—1—7e(t— 1)’ut+7'a t+N—1l>
the sequence US4 N i1 rp(t+1§ =
colluy s\, 1), (t)vuf(xtJrN jt+1—re(t+1))]> with
Ug(-) defined as in (19), is a feasible sequence (in
general suboptimal) at time ¢ + 1. The subsequence
t+7a+1 N [t—7e (1) along the reduced horizon gives rise

to a cost which verifies the inequality
JFH<xt+Tu+1\t+1 Te(t+1),1 t+ra+1 t4+ N |[t—7c(t)” Ne Ta)
SIpulTedFalt—re () U7, 14N, —1[t—Te(t) s Ne—=Tq

_h(xﬁ?alt*‘fc(t)’ ut\tf‘rc(t)
t+N.—1 (27)
+ Zh(ii'l\t-s-l—fc(tﬂ) 7U?\t_Tc(t)) —h@l\t—fc(t) 7u?\t_7-c(t))
I=t+7,+1

+h(£t+Nc|t+1ch(t+1)7ﬂf(‘%t+Nc\t+17‘rc(t+l)))

Fhp (T N1 i1 (t11)) = P (TN t— (1))

Now, by (23), in view of Assumptions 2,5, we have that

’JFH<£t+?a+1|t+lf‘rc(t+1)’u§+?(L+17t+Nc\t—rc(t)7NC—?‘1)
—V(t+7.+1 $t+?a+1)‘

T (28)
< L;;t_l L]\i e L LN —Tg—1 d
= Ly -1 L1 iz

Moreover, in view of Point vi) of Assumption 6 and thanks
to Assumption 7, it follows that

h<xt+N \t+7a+17uf(~rt+N \t+ra+1))

Fhp( T N 1ft47a+1) —Pp(Tig N, |t+‘ra)
< hf($t+N [t+7,+1 —hp(Zign, [t+74
< L, ?677a71||d[t+ra |

Finally, considering (27), (28) and (29) and by using Point
v) of Assumption 6, the third ISS inequality can be obtained
V({E+To+ Lztir,+1) —V(E+Ta, Tey7,)
< —a(|zigz, |) + o2 (lldp, D),
thJr?a eXupco, VdEMBT,, @) with

az(s)=h(s)

L7r—1 L” 1LY T
Uz(S)éth I 4L o

(29)

(30)

L Lch?afl
Lf -1 fo—l fo—l + hi™fa

x

L1 LNe"Taq ,

fz fz N.—7T,—1
+2 L Ly, LY Ta )
Ls —1< 7 E T )]

Finally, in view of (25), (26) and (30), it is possible to
conclude that the closed-loop system is regional ISS in
Xy pe with respect to d € B™(d). [ ]

Remark 4.1 (UDP-like networks): In the case of UDP-
like networks, no ACKs are sent by the actuator node to the
controller. In this scenario, the problem of delayed arrival
of packeted input sequences to the actuator (which may
lead to wrong open-loop predictions at the controller side,
due to the fact that the truly applied input sequence is not
known), could represent a major source of uncertainty, if
no proper provisions are adopted. Thus, with the aim to
recast the formulation in a deterministic framework, such
that the sequence used by the controller to obtain z; would
coincide with the true input sequence applied by the actuator
to the plant from time ¢ — 7.(¢) to ¢t — 1, a possible solution

consists in further shortening the optimization horizon w.r.t.
the TCP-like case. In this set up, being N, the length of the
sequence computed by the controller to be forwarded to the
actuator, the optimization is performed over the N, — 7,
subsequence Wiy 7, 4 Ne—1]t =7 (t)> and initiated with the
predlcted state Zyi7, (=) The input sequence used to
obtain Ty =, 17 (¢) 18

u;_ 7o (t),t4+Tre—1
uC

—col[ut 7o (t),t—2 t—l,t+?rt—1|t—1—rc(t—1)]
where uj ro(t) =2 and uy ) are respec-
tively a subsequence of uf ; (1) N2 and a sub-
sequence of the control sequence uy , ;. ot 1—r(t—1)

computed at time ¢t — 1. At this point, notmg that the first
Trt elements of uy_, AN, _2“ 17 (t—1) coincide with the

subsequence u;_; ;.= o, then (31) can be rearranged as

€1y

u*
t—7c (1), t+TM 1
= collu;_ () 44T —2 Wy 1|t — 17 (t— 1)]
where uH_T (At 1-7(t-1) is the first element of the
optimized sequence uy, . L4 No— 2]t 1 7o (1—1)° ob-
amed by solving the RHOCP at time t — 1; ie.,
t+nt tm1—ro(t—1) = Y7 —1ft—1—7.(t—1)- BY this po-
sition, with suitable few modifications to the proof Theorem
4.1, we can show that the proposed scheme is robustly
recursively feasible in the UDP-like framework.
Remarkably, the further shortening of the optimization
horizon may reduce the degree of optimality of the control
action w.r.t. the TCP-like formulation. ]

V. EXAMPLE

In order to show the effectiveness of the devised control
scheme, the closed-loop behavior of the following nonlinear
system (forward-Euler discretized version of an undamped
single-link flexible-joint pendulum) is simulated first in nom-
inal conditions and then under the simultaneous presence of
model uncertainty and unreliable communications between
sensors, controller, and actuators

T(1),417T(1), +$5x(2)t
@)1 =2@)  MILsin(ea),) ko)~ z@),)
T(3), 4 =T(3), T LTy,

T
2@y 1=r @, + 7 [k (20, —2e),) +4]
To=77,t€E ZZO

(32)

where x(;),,i € {1,...,4} denotes the i-th component of
the vector Tt, Ts = 0.05s is the sampling 1nterval I =
0.25 kg - m? the 1nert1a of the arm, J=2kg - m? the rotor
inertia, g=9.8 ms? the gravitational acceleration, M =1 kg
the mass of the link, L =0.5m the distance between the
rotational axis and the center of gravity of the pendulum-
arm, k=20 N -m/rad the stiffness coefficient of the link. The
control objective consists in stabilizing the system toward the
(open-loop unstable) O-state equilibrium, while keeping in
the trajectories within prescribed bounds depicted in Figure
2 (green).
The following auxiliary linear controller is used x(z) =

[—55.92 —7.46 124.01 19.22] - z, with X; = {z € R* :
- Pp-x <1}, hy(z) = 103(2” - Py -z) and

1.3789 —-0.0629 —1.7904 —0.1508
P, — 103 0.0629 0.0186 0.1404  0.0074
= 1.7904 0.1404 3.1580 0.2216
—0.1508 0.0074 0.2216 0.0292
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The predictive controller has been set up with control se-
quence length N, = 12, and quadratic stage cost h(x) =
T.Qr+Ru?, where Q=diag(10,0.1,0.1,0.1) and R=10"3.

In the uncertain/unreliable networked scenario, a TCP-like
protocol has been simulated, with delay bounds 7.=7, =
5, while the nominal model is subjected to the following
parametric uncertainty M5, =1.05M. Figure 2 shows the
trajectories of the state variables in the nominal case (black)
and in the uncertain/delayed conditions (blue). Notably, the
constraints are fulfilled and the recursive feasibility of the
scheme is guaranteed even in the networked case.

Fig. 2 Trajectories of the state variables of system (32)
controlled by the combined strategy MPC+NDC over an
unreliable network with uncertainty (blue : 7. = 7, = 5)
and in nominal conditions (black : 7. =7, = 0).

1.2 10
0.8 6
03 2
S o2 s 5
-0.7 -6
-1.2 -10
0 02 04 06 08 1 0 02 04 06 08 1
t t
2 10
1.5
1 6
05 2
= 0 o
= =
05 _2\/ \/’
-1
-1.5 -6
-2 -10
0 02 04 06 08 1 0 02 04 06 08 1

t t

At the opposite, if a network delay compensation strategy
is not used, then system (32), controlled by a nominal MPC,
becomes unstable even for small delays 7.=7,=2, Figure 3.

Fig. 3 Trajectories of the state variables for system (32)
controlled by a nominal NMPC, without delay compensation
(T.=To=2). Feasibility gets lost and instability occurs.
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CONCLUSION

In this paper a networked control system, based on the
combined use of a model predictive controller with a net-
work delay compensation strategy, has been designed with
the aim to stabilize toward an equilibrium a constrained
nonlinear discrete-time system, affected by unknown pertur-
bations and subject to delayed packet-based communications
in both sensor-to-controller and controller-to-actuator links.
The characterization of the robust stability properties of the

devised scheme represents a significant contribution in the
context of nonlinear networked control systems, since it
establishes the possibility to enforce the robust satisfaction
of constraints under unreliable networked communications in
the feedback and command channels, also presence of model
uncertainty. In particular, sufficient condition to ensure the
recursive feasibility of the scheme have been determined.
Finally, by exploiting a novel characterization of the regional
Input-to-State Stability in terms of time-varying Lyapunov
functions, the closed-loop system has been shown to be
regional Input-to-State stable with respect to bounded per-
turbations.
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