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An Adaptive Observer Design for Recirculation based Solid Oxide Fuel
Cell Systems using Cell Voltage Measurement

Tuhin Das

Abstract—In this paper we present an observer design
for species concentration estimation in recirculation based
solid oxide fuel cell systems. The proposed strategy is useful
for sensor reduction and control. In designing the observer,
we attempt to reduce the number of required concentration
sensors, that are often less reliable and also expensive, and
instead use readily available voltage. We design a nonlinear
adaptive observer based on voltage measurement that is an
improvement upon our prior results. For this observer, we prove
ultimate boundedness of state and parameter estimation errors
with arbitrarily small error bounds.

I. NOMENCLATURE

F Faraday’s constant, 96485.34 Coul./mol
) Current draw, A
k Anode recirculation fraction
MW Molecular weight, kg/mol
Mm Anode inlet mass flow rate, kg/s
Mo Anode exit mass flow rate, kg/s
N Number of moles, moles
Nm-r Molar flow rate of air, moles/s
N |t Molar flow rate of fuel, moles/s
Nm Anode inlet flow rate, moles/s
NO Anode exit flow rate, moles/s
n Number of electrons participating
in electro-chemical reaction, (= 2)
P Pressure, Pa
R, Universal Gas Constant, 8.314 J/mol/K
rr, 11, rrr; - Rates of reforming reactions, moles/s
Te Rate of electrochemical reaction, moles/s
T Temperature, K
174 Volume, m?

Veelr Cell voltage, volt

Neenr Number of cells

é Molar flow rate, moles/s

R Species rate of formation, moles/s

X Species mole fraction

Subscripts

a Anode control volume

exr Exit condition of control volume

g Generic gas control volume

in Inlet condition of control volume

1,7 Values of 1 - 7 represent species C'Hy,
OO, OOQ, HQ, HQO, NQ, and 02

r Reformate control volume

58 Steady-state
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II. INTRODUCTION

In recent years Solid Oxide Fuel Cells (SOFC) have
attracted interests due to factors such as their fuel flexibility
and tolerance to impurities. High temperature operating con-
ditions (800 to 1000°C) of SOFCs are conducive to internal
reforming of fuels and the exhaust gases are excellent means
for sustaining on-board fuel reforming. SOFCs are not only
tolerant to carbon monoxide but can also use it as fuel.
Furthermore, high operating temperatures makes SOFC-Gas
Turbine hybrids excellent combined heat and power (CHP)
systems. Optimal performance of SOFC systems can be
realized through well designed control strategies. Critical
performance variables such as fuel utilization and steam-
to-carbon-ratio (STCR) play important roles in determining
the overall efficiency and longevity of the system [11], [5].
Hence they must be controlled within safety limits during
operation.

Utilization and STCR are functions of species concen-
trations. Hence, for implementing control algorithms, it is
necessary to measure the concentrations. The reforming
process in SOFCs results in a number of gaseous species in
the reformer and the fuel cell. For instance, steam reforming
of methane results in five species namely, C Hy, CO, CO2,
Hs and H5>0O. Control of utilization and STCR would there-
fore require a large number of concentration sensors which
would elevate costs and complicate the hardware. A means
of reducing concentration sensors is to design observers
that dynamically estimate the species concentrations. In this
paper, we design an observer for a steam reformer based
tubular SOFC system with anode recirculation and methane
as fuel. We develop a lumped control-oriented model that
captures the details of heat and mass transfer, chemical
kinetics and electro-chemical phenomena of the system.
Detailed description of this model can be found in [3].

In the literature there are few observer designs for fuel
cell systems, [1], with existing designs focusing on either
chemical reactors or on fuel cells exclusively. In contrast,
we consider a coupled steam reformer and fuel cell system.
The observers in [6] and [8] rely on temperature dynamics.
In our observer design, we refrain from using the temper-
ature dynamics of the SOFC system. This is because high
temperature operating conditions can result in significant heat
exchange through radiative means or otherwise, which would
remain unmodeled. Several designs such as [8] and [13]
assume prior knowledge of reaction rates. However, in [4]
the author shows estimation errors arising from uncertain
reaction rate parameters and adopts an adaptive approach to
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circumvent this issue. In [6], the observer design is based on
coordinate transformations that eliminate reaction rate terms.
In our adaptive design, we treat the rates of steam reforming
reactions as unknown parameters that must be dynamically
estimated. In [1], the authors have designed an adaptive
observer for hydrogen estimation in a Polymer Electrolyte
Membrane (PEM) fuel cell. The observer considers the inlet
hydrogen partial pressure as a slowly varying unknown
parameter and uses voltage measurements.

This paper is organized as follows. In the next two sections
we describe the SOFC system and provide an outline of the
system model. Next we present the problem and summarize
our prior results. We then present the proposed dynamic
observer design that uses cell voltage measurements. We
prove the boundedness and convergence properties of the
observer followed by simulation results. Finally, we provide
the concluding remarks.

III. SYSTEM OVERVIEW

Our analysis is based on a steam reformer based tubu-
lar SOFC system. The system consists of three primary
components, namely, the steam reformer which produces a
hydrogen-rich gas from a mixture of methane and steam,
the solid oxide fuel cell which generates electricty from
electrochemical reactions, and the combustor where excess
fuel is burnt to generate heat. Methane is chosen as the fuel
for the system, with a molar flow rate of N t. It is noted here
that the analysis and control development approach can be
extended to other fuels as well, such as methanol, ethanol,
etc. The SOFC system is described in Fig.1.

Recirculated fuel flow, k](’a

Steam Reformer
N Solid Oxide
Gas Mixer — Reformed  Fyel Cell N Combustor
..... C.a.tétl)}'%[ fuel [ A node - - - - % cogxbu;lion
e 7. chamber
Fuel flow ‘)/' Nin 7 Cathode ol add
Nf r Bl “Air Supply.=<- - - -2’2 ------ m flow
Exhaust ) Preheated N
Electrolyte air ar

I Arrows represent heat exchange

Fig. 1. Schematic diagram of the SOFC system

The reformer produces a hydrogen-rich gas which is sup-
plied to the anode of the fuel cell. Electrochemical reactions
occuring at the anode due to current draw results in a steam-
rich gas mixture at the anode exit. A fraction k of the anode
efflux is recirculated through the reformer into a mixing
chamber where fuel is added. The recirculation k is assumed
to a fixed known fraction. In tubular SOFCs, recirculation
is typically achieved through the deliberate use of imperfect
seals. The mixing of the two fluid streams and pressurization
is achieved in the gas mixer using an ejector or a recirculating
fuel pump, [5]. The steam reforming process occuring in
the reformer catalyst bed is an endothermic process. The
energy required to sustain the process is supplied from two
sources, namely, the combustor efflux that is passed through
the reformer, and the aforementioned recirculated anode flow,

as shown in Fig.1. The remaining anode efflux is mixed with
the cathode efflux in the combustion chamber. The combustor
also serves to preheat the cathode air which has a molar flow
rate of Nm-r. The tubular construction of each cell causes
the air to first enter the cell through the air supply tube and
then reverse its direction to enter the cathode chamber. The
cathode air serves as the source of oxygen for the fuel cell.

IV. SYSTEM MODEL

The essential dynamics of the SOFC system in Fig.1 are
modeled using fundamental solid volume and gas control
volume models. The control development presented in this
paper is primarily based on mass balance equations of the
reformer and the fuel cell. Hence we omit the heat transfer
and thermodynamic models and present the relevant mass
balance equations for the sake of brevity. The mass balance
equation for individual species is constructed as follows,

NyXjg = Cin&jin — Cealjg + Rjgy §=1,2,---,7 (1)

where specific values of subscripts j, 7 = 1,2,---,7,
correspond to the species CHy, CO, COz, Hy, H2O, Na,
and O, respectively. From Eq.(1), we additionally have

7 7 7Ty
Zj:l Xjjin = Zj:l ){7'79 =1 7:> Zj:l Xjg=0

= Cem - Czn + Zj:l Rj,g
Flow is assumed to be governed by a nominal pressure drop

across each module, as in [9] and [11], and hence pressure
variations are neglected.

(@)

A. Reformer Model

For steam reforming of methane we consider a packed-
bed tubular reformer with nickel-alumina catalyst [7]. A
schematic diagram of the steam reformer is shown in Fig.2.
The exhaust, reformate and recirculated flows are modeled

[ ] Solid volume (Catalyst bed)

Fig. 2. Schematic diagram of tubular steam reformer

using gas control volumes and the catalyst bed is modeled as
a solid volume. The three main reactions that simultaneously
occur during steam reforming of methane are, [14]:

(I) CHy+ H,O +— CO+3H>

(H) CO+H20 — OOQ+H2 (3)
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From Fig.1, the mass balance equations for CH4, CO, CO2,
Hy and H,O can be written using Eq.(1) as follows:

NTXLT kNoXl,a - NinXl,r + Rl,r + Nj
N’I"XQ,T = kNoXZa - NinXQ,r + R2,T

NTX&T = kNoXB,a - NinXS,r + RB,T (4)
Nr-).(4,r = kNoX4,a - NinX4,r + R4,r

Nr-).(5,r = kNoXS,a - NinX5,r + R5,T

where N, = P,V,./R,T,. Note that the reformer inlet
and exit flows shown in Fig.1 do not contain Oy and N,.
Hence &5, = A7, = 0. From Eq.(3), we express R;,
7 =1,2....5, in terms of the reaction rates r;, r;; and
rrrr as follows

-1 0 -1 Rir
1 -1 0 Ro.r
R, =Gr,G=| 0 1 1]|,R.=]| Rs,
3 01 4 R
-1 -1 -2 Rs.r

(5)

r = [r7,7r1,7117)T. Since G has a rank of 2, therefore there
are only two independent reaction rates among R, j =

1,2,---,5. Considering the rate of formation of C'H, and
CO in the reformer to be independent, we can write
R3,7‘ = _Rl,r - RZ,T
R4,7‘ = _4R1,7‘ - R2,7‘ (6)
R57r - 2R1,r + RQ,T

and rewrite Eq.(4) as follows:

Nr-).(l,r = kNoXI,a - NinXl,r + Rl,r + Nf
NTXZ,T = kNoXQ,a - NinXQ,r + RQ,T
NT')?&T = kNoXB,a - NinXS,r - Rl,r - RQ,T (7)
NTX4,T = kNoX4,a - NinXél,r - 4R1,T - RQ,T
NTX5,7‘ kNoXS,a - NinX5,r + 2R1,r + R2,7‘
From Eqgs.(2) and (7) we deduce
7
Nin = kNo+Nf +ZRj’T = Nzn = kNo—l—Nf — 273,177‘
=1

®)
B. SOFC Model

We assume our system to be comprised of N,y tubular
Solid Oxide Fuel Cells, connected in series. A schematic
diagram of an individual cell is shown in Fig.3. The anode,

Cathode control volume

Anode control volume

Electrolyte  Air feed tube

Fig. 3. Schematic diagram of tubular SOFC

cathode and air flows are modeled using gas control vol-
umes. The air feed tube and the electrolyte are modeled as
solid volumes. The following chemical and electro-chemical
reactions occur simultaneously in the anode control volume:

(1)  CH,+ HO « CO+3H,
(1) CO+ H,O < CO;+ Ho ©)
(IV) Hy+ 0%~ — HyO+2e

Steam reforming, represented by reactions I, II and III, occur
in the anode due to high temperatures and the presence of
nickel catalyst. The primary electrochemical process is steam
generation from Hs, described by reaction IV. Simultaneous
electrochemical conversion of CO to COy in the anode
is also possible. However, this electro-chemical reaction is
ignored since its reaction rate is much slower in presence of
reactions II and IV, as indicated in [2] and references therein.

From Fig.1 and Eq.(1), the mass balance equations for
CHy, CO, COy, Hy and H50 can be written as

Na-)el,a = _NOXI,U, + NinXl,r + Rl,a

NaXQ,a = _NOXQ,U, + NinXQ,r + R2,a

Na')e&a = _N0X3,a + NinXS,r + R3,a (10)
Na')eél,a = _N0X4,a + NinX4,r + R4,a —Te
Na-)e5,a = _NOXS,a + NinX5,r + RS,a + Te

where N, = P,V,/R,T, and r. is the rate of electrochem-
ical reaction given by

LN cell

™G (1)
Since current 7 can be measured, the rate of electrochemical
reaction r. is considered known. As with the reformate
control volume, the anode inlet and exit flows do not contain
O3 and Ns. Therefore, X5 , = X7, = 0. From Eq.(9), we
express Rjq, 7 =1,2,---,5, in terms of the reaction rates
rr, rrr and rrr; as follows

R,=Gr+7r. 000 —11]"

Te =

where Ry = [Ri.q Ro.a Rs.a Raa Rsa) - and G and r
are given in Eq.(5). Since G has a rank of 2 and r, is
known, therefore there are only two independent reaction

rates among R;,, j = 1,2,---,5. Considering R, and
R2,q to be independent, we can write
R3,a = _Rl,a - R2,au
7?f4,a = _4R1,a - RQ,a — Te, (12)
7z5,a = 27?rl,a + RQ,a + 7e
and rewrite Eq.(10) as
Na-)el,a = _NOXI,U, + NinXl,r + Rl,a
NaXZ,a = _NOXQ,U, + NinXQ,r + R2,a
NaX&a = _N0X3,a + NinXS,r - Rl,a - RQ,a
NaX4,a = _N0X4,a + NinXél,r - 47zl,a - RQ,a —Te
NaX5,a _NOXS,a + NinX5,r + 2R1,a + RQ,a +7e

13)
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From Eqgs.(2) and (13) we deduce that

7
No=Nin+> Rja = N, (14)

j=1

= Nzn - 2Rl,a

V. PROBLEM STATEMENT AND PRIOR DESIGN

The observer design problem statement is as follows:
Given that temperatures and pressures can be sensed in the
reformer and anode volumes, and given that the fuel cell
current and voltage can be measured, design an observer for
estimation of rates of steam reformation reactions, molar flow
rates and species concentrations using a minimum number
of concentration sensors.

We summarize our prior observer design [3] which used
four concentration sensors. The sensing requirement is that
any two species of the gas mixture must be sensed at the
reformer and anode exits. We state the equations for a sample
observer design where CH,; and C'O concentrations are
sensed in the reformer and anode volumes, i.e., measure-
ments of Xy ., X 4, X2, Ao, are assumed to be available.
Note that this choice is arbitrary and similar observers can
be designed by sensing any two of CHy, CO, COs, Ho,
and H5O at the reformer and anode exits. The variables
to be estimated are Nm, NO, Rars R2,a, X”, Xm, =

1,2,---,5. Their estimates are denoted by Nm, NO, RQ .
R2 a XZ s X, a©=1,2,--- 5. Based on Egs.(7), (8), (13),
and (14), the following observer equations are proposed

N, X, = EN, (X1a+05) v in (A1 +05)
+L1 E1p + 15N

NoXi. = —N, (10 +0.5) + Ny (&, +05)
+L14E1,

Nr9é2,r = kf\} oXaa ]\?[zn)E‘Q r+Rop+ Loy oy

Nafoa = —Nodoa+ Ninos + Roa + Lo.a E2a

N, X5, = kN, (nga ~05) = Niy (¥, —05)

. —0.5N; — Ra.,

Nods. = —N, ()Eg,a - 0.5) + Nin (Xg - 0.5)
~Raa

N X, = kN, (X4 a=2) = Nip (1, - 2)
—2N} — Ra,s

Nodia = =Ny (0 —2) + Nig (81, —2)
~Ra —i cezl/nF

N, Xs, = kN, (X5a+1) Nin (%5, —1)
+Nf + Rz r

Nodsa = —No(%a+1)+ Nin (F5,+1)

+7é2,a + iNcell/nF

along with the following adaptation laws

Niw = 7 [(Era— &) (R, 405)
+ (€20 — E2,r) -)82,7‘}

J\?fo = 7 [(kgl,r —&1,a) ()el,a + 0.5)
+ (k&2 — E2,0) -)82,(1:|

ﬁ?,r = v,

Roa = 74E2a

where, 71A,72,73,74 > 0, El,h‘ql,a;£2,r;£2,a > 0, 81{ =
Xl,r - Xl,ra gl,a = Xl,a - Xl,ay 52,7" = XZ,T - XZ,%
and & 4 = Ao — )327(1. This nonlinear observer guarantees
uniform asymptotic stability of the observer error dynamics.

VI. DESIGN USING CELL VOLTAGE
MEASUREMENT

A. Observer Design

In the previous section we have outlined an observer
design procedure that uses four concentration sensors. In this
section we propose an observer design that uses cell voltage
measurement and three concentration sensors, reducing the
number of required concentration sensors by one. The three
required concentration sensors are a steam and a hydrogen
sensor at the reformer outlet and a steam sensor at the
anode outlet. Hence, in addition to cell voltage V.., the
measurements of Xy ,, X5,, and X5, are assumed to be
available. The observer equations are

N, X, = kN, (X1 o+ 0. 5) (X1 4 0. 5)
. +LEN, + 11, )
N.X. = —N, (221@ + 0.5) + Ny (Xl + 0.5)
. TN1.a .
Nr)?2,r = kN KXo o _Nzn-)e2r+7é/2r+n2r
Na-)e..Z,a = —N X2a+NmX2r+R2a+772a
N, X3, = kN, (X&a - 0.5) Nin (X&T - 0.5)
, —0.5Nf = Ray + M3
NoXsa = —N, (28341 - 0.5) + Ny, (X3 - 0.5)
. —7:32,11 + 3,0
N, Xy, = kN, (284 Y 2) (X4 - 2)
. _2Nf_R2r+£4rg4r+n4r
NoXa = —N, (X4 Y 2) + Nin (X4 - 2)
. —7}2(1 i cell/nF+774a
Nofyy = kNo (B +1) = Nig (B +1)
. +Nf+R2r+£5rg5r+775r
N.Xs. = —N, (X5 ot 1) 4 Nin (X5 -t 1)

+R2,a + ZJ\/'cell/nF’ + £5,a 85,11 + 75,0
(15)
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with the following adaptation laws

Nin =m [(54 +/Nr —&4,a/Na) ( )
+(&5,0/Ny — &5,/ Ny) (X5 rt 1)} + Np1

N, =7 [(kg4,r/Nr —&4,0/Na) (X4,a - 2)

+ (K5, /Ny = E5.0/Na) (F0+1)] + 12

Rayr =3 [E5,0 /Ny — Ea.r /Ny| + 1p3
R?,a = Y4 [SS,a/Na - 54,11/Na] + Thpa

(16)
where,
g4,r = X4,7‘ - -)24,7‘7 55,7‘ = XS,T - -)25,7‘7 55,(1 = XS,U, - -)25,(1
(17)

and L4, L5y, L5.q, V1, V2. 73 and 4 are positive constants.
In Eq.(16), &4, is given by

54,(1 = -’?4.,(1 - -;%4,a

where 2247(1 is an estimate of X , obtained dynamically using
the cell voltage and measurement X ,, given as follows:

(18)

jﬁl,a = ko |:‘/cell - ‘7cell + qTa ln(XS,a) - qTa ln()ef),a):|

+774,a; ko > O
(19)
The cell voltage V.. of the SOFC system is expressed as
follows:

N, RuTa
Veeu = fiTa, Teyi) + — 2= In (szpé/:/pr) (20)

Since PH, = PaX4.,a, Po, = PCX’?,Ca and PH,O = PaXS.,a,
we can express Eq.(20) as

chell = f2 (Ta7 T07 P07 7;7 X’Y,c) + qTa [ln(Xél,a)

— 1D(X5)a)]

21
where fo = f1 + 0.5(RIs/nF)In(P.X7,) and ¢ =
(Ry/nF). The estimate V, is given by

f/cell = f2(Ta7 Tca Pcu iu X?,c) + qTa ln(/?ll,a)

— ln(/?g,)a)l

(22)
In Egs.(15), (16), and (19), the terms 71,5, N1,a, M2,r> 72,a
N3,rs M3,a> Na,r> M4,a» 77]4,(1’ N5,75 M5,a> Tlpls Mp2s Mp3s and Tp4
are included to provide upper and lower bounds on state
and parameter estimates and prevent integrator wind-up. For

instance, 11, and 7, are designed as
—9J1,r if (-)El,r > 1andgl7T > 0)
M,r = or ()el)r <0andg;, < O)

0 otherwise

g1 = koNo (R1,0+05) = Niw (&1, +05) + 158,

) (23)
—Jp1 if (Nm Z Nin,maac andgpl > O)
Np1= or (Nm < Nin,min and g;1 < 0)
0 otherwise
gp1:71[(84,r - 54,(1)(2 - -)24,7“)"'(85711 - 85,7“)(‘)2577” + 1)]
(24)

The upper and lower bounds on the concentration estimates
are 1 and 0 respectively. The bounds on the estimates of Nin,
NO, 7A€27T and 7%2_11 are dependent on the specific application.

B. Boundedness and Convergence

We first prove that &, = Xi, — X4, is ultimately
bounded. From Eqgs.(19), (21) and (22), we have

54,11 - _ko qTa [ln(X4,a) - ln(-)?4,a)] + X4,a

Taking V = 0.5542@ as a Lyapunov function candi-
date and noting from the Mean Value Theorem that

- 77]4,(1

[ln()@a) — In(Xy, a)] =AE4a A > 1, we have
vV o= —ko qTo a0 [In(Xsa) — In( Xy 0)]
+E€4.0Xaa 54,a]74,a .
< —koqTu &3, + |€aal | Xl )
= —koqT, (1 - 91)5341 —koqTy 915241 (25)
HExal sup (114
< —koqTy (1 —01)|Es.0|?

» sup (1%0al)

v |g4a| > W1, p1 = ko q Ta 01

where 0 < 67 < 1. Note that in Eq.(25), the term €4 47,4 2
0. This can be inferred from Eqs.(23) and (24). If 224 o >
1 and g4, > 0O, then 84 o« < 0and 74, < 0. Slmllarly,
if X4a < 0 and g4, < O, then 84a > 0 and 74,a > 0.
Otherwise, 74,, = 0. Also note that in Eq.(25), sup |X47a| can
be obtained from the range of operating conditions. It can be
easily shown that &4 , is uniformly ultimately bounded with
an ultimate bound of ;. Hence, by choosing k, to be large,
causing Xy , in Eq.(19) to be singularly perturbed, £, , can
be brought arbitrarily close to zero.

We next prove the ultimate boundedness of the state
estimation errors &4y, 4,4, &5, and & ,. The variables
Eurs Es,r, and &5 , are defined in Eq.(17) and

54,(1 = X4,a - -)84 a

)

(26)

Consider the following Lyapunov function candidate

Vo= ;[&, + & +5§T+5§a
+Lie2 +1ek +iep +iep, ]
where
€Ny = Nin —AJ\}m, Ey, = N, — ]{fol
ERy, = Rowr —Rapr, Ery, =Roa—Raoa
gl\'hn: _J\?/vinvgj\'/o_ Nongz = Rz,m&zz,a: —7ég7a

27)
From Eqgs.(15), (16), (18), (26), and (27), the derivative of
V' along the system trajectories can be expressed as

~(La;r+Nin)E3 1 /Net (k No/Ne+ Nin /Na) 1,1 Ex,a
_Nogzia/Na - (£5W + Nl")ggvT/Nr
+(I€ NO/NT+Nin/Na)55,T 55.,(1 - (£57G+N0)552-,¢1/Na

+Eia [(2—?34@)51\70+(?34,r—2)5zvm—5722,a] /Na
_774,7‘64,r - 774,(184,@ - 775,7‘65,r - 775,(165,11
—Mp1€x,,, — M2, — Mp3ERs, — MpalRa,



From Eqgs.(23) and (24) and the discussion after Eq.(25) we
can show that

774,7“54,7“ > 07 774,ag4,a > 07 775,7“55,7“ Z 07 775,(155,(1 Z 0

m€x,, 20, mp2ly >0, np3ér,,. =0, Mpalr,, =0
Hence,
V < -E] Q,Es — EI Q5 E;
—0—54_,(1{(2—?2'4@)5]\‘,0+(/"E'4,r—2)51\'/m—ng,a] /Na

(28)
where . .
E4 = [54,Tg4,a] y E5 = [85,T55,a]
L4,+Nin Vo Vin
a-| gt e
kNo Nin NO
—0.5( N, T N_a) N
Q [ (Ls,T]\-[i-Nm) _05(19]\1[\/'0 + %)
5= KNy | Nin (Ls.atNo)
—05(% + F2) .

The molar flow rates Nm and NO are positive and bounded,
and 0 < k£ < 1. Furthermore, in the fuel cell NO > Nm.
This is because in the anode internal steam reforming pro-
duces more product molecules from fewer reactant molecules
and the electrochemical reaction conserves the number of
molecules. Also, the molar contents N,, = P,.V,./R,, T, and
N, = P, V,/R, T, are positive with bounds dependent on
the range of operating conditions. Hence, proper choice of
the observer gains L4 ,, L5, and L5, will ensure positive
definiteness of Q4 and Q5. It can be shown that Q4 will be
positive definite if

Lap > 7 [N No+ Nip N2 = N, Nin

=Ly, > [max (sup(Nr),sup(Na))]2 sup (NO)
(29)
With L5, = L5, = L5, we can show that Qs will be
positive definite if

(Nm+£5)<1\']0+£5) > 3(k No No+Nin N;)?

= L5 > max (sup(N, ), sup(V,))sup (N((?
(30)
Thus, using the Rayleigh-Ritz inequality, we have

ET QuE; > inf(Agpmin)|Edl,

ELQsE; > inf(Asmin)|Es|’

where A4 ;i and As i are the smaller eigenvalues of Qq
and Qs respectively. Hence,

 ETQUE,+EIQ;E; > A|Eys)’,
A £ min (inf()\47mm), inf()\g,,mm)) s A>0

\yhere.E4y5 = [E4 E5]T = [54_’7« 847(1 5577« g5ya]T. Note that
Nin, N, andA’Rg,a are bounded variables and their estimates,

along with Xy ,, X4 4, and N, are also bounded by design
(Egs.(15) and (16)). Therefore, from Eqs.(28) and (31) we

€19

deduce
V S _g\ HE4,5H2 + |g4,a|2hmgx 5 B
= A1 =60)[[Egsl” = A2 |Ess]" + [Ea,a] Pmaz
< =M1 —02) |Eysl®,

V |Eas| > p2, g2 = v/ 111 hinaz /A 02

where, 0 < 65 < 1 and
Pomas =sup( [ (2= ua)Ex, +(Rar ~2)Ex, ~Era | /N )

Thus ||E4 5| is ultimately bounded with an ultimate bound of
p2. Furthermore, from the definitions of jz; and \ in Eqs.(25)
and (31), we infer that po can be made arbirarily small by
choosing large observer gains k, and \.

(32)

Next we show that Nm, NO, ﬁg,r and 7@2@ converge to
their true values with small bounded errors. Since p5 can be
made arbitrarily small, for every ¢y > O there exists 7' > 0
such that 74, = N1 = M5r = N5, = 0 for t > to +T.
Therefore, for sufficiently large ¢, the state equation for E4 5
can be written as

Ei5=Ay5Eq 5 +BysE, 33)
where E, = [ENM &y, Era, 8R2,a]T’
(LayrtNin) kN,
_74.]\]? e 0 0
Nin _No
Ays = Na N (« O+N- ) k](\)f
O 0 _ 5,7}\] in N_;
_(Xar—2) B(Xaa—2) 1 0
. NT ANT NT‘
(Xar=2) _ (X10-2) 0 —-L
N, N, N,
Bys = (14%5.,)  k(14Xs.q) 1 0 (34)
N, N, N,
(14+¥,)  _ (14+%¥s.) 0 L
Ng N, N,

From Eq.(33), we have
Eyis=Ay5E;5+Ay5Ey5 +BysE, + BysE, (35

In Eq.(35), ||A45| and ||A4Z5|| are bounded with bounds
on N,, Ng, NT, Na, Nin, N,, Nm and No governed by
the operating conditions of the fuel cell. |E4 5| was shown
to be bounded with an ultimate bound of pus. ||By4s|| and
| B4s|| are bounded due to the observer design in Eq.(15).
|E,|| and |E,| are also bounded by virtue of the design of
the adaptation laws in Eq.(16). Finally, ||[E, 5| is bounded as
inferred from Eq.(33) and the foregoing discussion. Hence
|[E45]| is bounded. We can show that

[Easll < po, [|Basl < s, po, ps >0
= [[Easll < v2p2p3
The result can be proven through elementary geometry and is

omitted here for brevity. From Eqgs.(33) and (35), we deduce
that

(36)

|Eas|| <crpptea, =  pz=cips+tco 37
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where c; and co are fixed positive constants given by

sup(|Ass]? + | A,
sup( || Assl [Basl + [Basl] 1By | +1Basl 15, )

C1

C2

From Eqgs.(36) and (37), we conclude that as po — 0 with
large values of the observer gains k, and ), both ||E, 5| and
| E4.5]| approach ultimate bounds that are arbitrarily close to
zero. From Eq.(34) we infer that since ||E4 5| < po, for all
feasible operating conditions of the solid oxide fuel cell, By 5
will be non-singular and therefore from Eq.(33) we have

E, = B} {E4,5—A4,5E4,5}
=Bl < IBZAI [v/202 (erpa + c2) + | Aus]l o]

(33)
From Eq.(38) it is clear that as o — 0 so will ||E,| and
this implies convergence of Nin, NO, 7A€27T and 7A€27a to their
true values with small bounded errors.

Finally we show that the remaining state estimates, )EM,
)227“ )237“ )217(1, 232,,1, and )237(1, are ultimately bounded
around their true values with small errors. We prove this by
establishing the ISS (input-to-state stability) property [10] of
E1r E1.as E2ry E2,45 E3,p, and E3 4, Where

1y =X — X1y E10 = XN1q — X1,
g?,r = XQ,T - X2,r7 52,(1 = XQ,U, - XQ,aa
gS,r = X3,7‘ - X3,7‘7 53,(1 = X3,a - X3,a

Consider the state equation of E3 which is given as

E; = Qs E; + B3 E, (39)
where,
T Nin —_ kNO
Ez =[8,84) , Q3= ]}r\fn NJ\!T (40)
N, No
and
_ (Rsr—05)  k(X3.-05) 1 0
B — N, N, Ny
3 (X3,,—0.5)  (X3,,—0.5) 0 —-L
N. N, Na

Considering B3 E,, to be the input in Eq.(39), the origin of
the unforced system

E; = Q3E;

is globally exponentially stable since Q3 and Qs are bounded
and the pointwise eigenvalues of Qs are negative and
real [12]. Hence, the system in Eq.(39) is ISS. Therefore
||Es|| is ultimately bounded by a class K function of
sup(||Bs||) sup(]|E,||). From Eq.(38) it is clear that as pi3 —
0 so will [[E, || Thus, as |[E,|| — 0 so will |E;||, confirming

that the convergence of Nm, NO, ﬁg,r and 7@2,,1 to their
true values will lead to correct estimation of X3 ., and X3 ,.
Similar conclusions can be drawn for & ,, &5 4, &> .., and
X> , by performing similar analysis as above for the state
equations of E; = [817T517Q]T and Eq = [Sg,ré’g,a]T.

C. Simulations

We provide simulation results to demonstrate the perfor-
mance of the voltage based observer design presented in the
foregoing sections. The observer was tested on the compre-
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Fig. 4. Nm No, Ra,r, and R2 4 and their estimates

hensive fuel cell model that captures the details of heat and
mass transfer, chemical kinetics and electrochemistry. We
performed an open-loop simulation of the plant model in
conjunction with the observer. For the simulation, we chose
Nf = 0.0lmoles/s, N,m = 0.1moles/s, and k = 0.75. The
current demand was changed in steps as given below

65 for 0<t<60
1= 70 for 60 <t <110
68 for 110<t

The values of the observer gains are chosen as k, = 10,
£4,r = £5 = 1, and Y1 = Y2 = V3 = Y4 = 250. The
estimation algorithm was switched on at ¢ = 10s and was
left active for the rest of the simulation. The estimates Nm,
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Fig. 5. CHy, CO, CO2 mole fractions and their estimates

NO, ﬁg)r, and 7@2,,1, along with their model-generated actual
values are plotted in Fig.4. The accuracy of these estimates is
important since it directly determines the estimation accuracy
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of CHy, CO and COy concentrations, which are shown in
Fig.5. The corresponding plots of Hy and H,O are omitted
for conciseness.

We have outlined an observer design procedure that uses
three concentration sensors and cell voltage measurement.
The number of concentration sensors can be further reduced
by one if measurements of the net molar flow rates at the exit
of the reformer and anode, i.e. if Nm and NO, are available.
The development of the observer equations are left to the
reader for the sake of brevity.

VII. CONCLUSION

We have presented an observer design for species concen-
tration estimation in recirculation based solid oxide fuel cell
systems. In this design we do not assume the knowledge of
the rates of reforming reactions. Instead, they are treated as
variables that are dynamically estimated in conjunction with
dynamic concentration estimation. The proposed observer
desin is based on cell voltage measurement. We show that
this observer guarantees ultimate boundedness of state and
parameter estimation errors. The error bounds can made
arbitrarily small through proper choice of observer gains.
Simulation results are provided in support of our proposed
observer design.
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