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L1 Adaptive Output Feedback Controller for Non Strictly Positive Real
Multi-Input Multi-Output Systems in the Presence of Unknown
Nonlinearities

Chengyu Cao and Naira Hovakimyan

Abstract— This paper presents an extension of the £, adap-
tive output feedback controller to Multi-input Multi-output
(MIMO) systems in the presence of nonlinear time-varying
uncertainties without restricting the rate of their variation. As
compared to earlier results in this direction, a new piece-wise
continuous adaptive law is introduced along with a low-pass
filtered control signal that allows for achieving arbitrarily close
tracking of the input and the output signals of a reference
system, the transfer function of which is not required to be
strictly positive real (SPR). Stability of this reference system
is proved using small-gain type argument. The performance
bounds between the closed-loop reference system and the closed-
loop £ adaptive system can be rendered arbitrarily small by
appropriate selection of the underlying filter and by reducing
the time-step of integration. Simulations verify the theoretical
findings.

I. INTRODUCTION

This paper extends the results of [1] to multi-input multi-
output (MIMO) systems that do not verify the SPR condition
for their input-output transfer function. Similar to [1], the
L-norms of both input/output error signals between the
closed-loop adaptive system and the reference system can
be rendered arbitrarily small by reducing the step-size of
integration. The key difference from the earlier results in
[2], [3] is the new piece-wise continuous adaptive law. The
adaptive control is defined as output of a low-pass filter,
resulting in a continuous signal despite the discontinuity of
the adaptive law. For a brief literature review refer to [1]-[3].

The paper is organized as follows. Section II gives the
problem formulation. In Section III, the closed-loop refer-
ence system is introduced. In Section IV, some preliminary
results are developed towards the definition of the £; adap-
tive controller. In Section V, the novel £; adaptive control
architecture is presented. Stability and uniform performance
bounds are presented in Section VI. In Section VII, simula-
tion results are presented, while Section VIII concludes the
paper. The small-gain theorem and some basic definitions
from linear systems theory used throughout the paper are
given in Appendix. Unless otherwise mentioned, || - || will
be used for the 2-norm of the vector. Finally, for a given
matrix M € R™" we let | M|q = \/Amax(M TM). We
notice that ||Mz|| < ||M]|4||x| , for any 2 € R™. Definitions
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of L,-norm of signals and £;-norm of systems can be found
in [2], [3].

II. PROBLEM FORMULATION
Consider the following MIMO system:

i(t) = Ama(t)+ult)+ f(ty@)), =(0)=wxo, (1)
y(t) = Cux(t), yo=y(0)=Cuxo,

where z(t) € R"™ is the system state (not measured), u(t) €
R™ is the input, y(t) € R™ is regulated (measured) output,
Ay € R™™ and C € R™*™ are given matrices, with
A, being Hurwitz and C being full row rank, f(¢,y) :
R x R™ — R" is an unknown nonlinear map, subject to
following assumptions.

Assumption 1: [Semiglobal Lipschitz condition] For any
d > 0, there exist Ls > 0 and B > 0 such that || f(¢,y) —
S < Llly=5loc s [1£(2,0)o < B forall |yl <
9 and ||7]|so < 0, uniformly in ¢ > 0.

Assumption 2: [Semiglobal uniform boundedness of par-
tial derivatives] For any § > 0, the partial derivatives of
f(t,y) wrt t and y are piece-wise continuous and bounded
for any ||yl < 4.

Remark 1: To streamline the subsequent derivations, in
(1) the input matrix of the system has been set to identity.
However, any full rank matrix B can be straightforwardly
accommodated in the design below.

The control objective is to design an adaptive controller
to ensure that, for a given bounded piece-wise continuous
reference input r(t) € R”™, y(t) tracks the response yg.s(t) €
R™ of the following desired system:

i'des (t) =
Ydes (t) =

Apmaes(t) +r(t),
dees (t) ; Ldes (0) = i'O P (2)

where z4.5(t) € R™, and Iy is such that CZg = yo.
Obviously, Zo is not uniquely defined.

III. CLOSED-LOOP REFERENCE SYSTEM

Consider the following closed-loop reference system:

i’ref (t) Amxref (t) + Uref (t) + f(t, Yref (t)) ) (3)
Yref(t) = Curep(t), @ref(0) = o,
Uref(s) = 1(s) = F(s)ores(s), )

where o, (s) is the Laplace transformation of f (¢, yrer(t)),
and F(s) is a low-pass filter with its DC gain F'(0) = 1.
Let H(s) = C(sI — A,,)~!. For the proof of stability and
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uniform performance bounds the choice of F(s) needs to
ensure that there exists positive p, such that

pr = I1H($) ], (7]l e + Z0ll0)

GG le, < R e
where G(s) = H(s)(1 — F(s)), and positive y; such that
N = Lol|G(s)l) > [G(s)llz|Zo = wolloo s (6)
where
p=pr+m. 0

Since H(s) is strictly proper and stable, G(s) = H(s)(1 —
F(s)) is also strictly proper and stable.

Remark 2: The condition (5) is equivalent to the existence
of p, such that p, (1= G(s)l[2, Lp,) > [[H(s)ll 2, (7] 2o +
IZolloo) + BIG(8)|lz, » which can always be satisfied if
|G(s)]|z, is small enough. Increasing the bandwidth of F'(s)
will ensure that ||G(s)||z, can be rendered arbitrarily small.
We notice that for (5) to hold one needs to ensure that

Lo, [IG(8)lle, < 1. ®)

Since L, is continuous w.r.t. p, it follows from (8) that there
always exists 1 such that L, ., ||G(s)|z, < 1. Thus, the
condition in (6) can be verified by reducing ||G(s)]| z,, which
further implies that the constant y; satisfying (6) can assume
arbitrarily small values.

Lemma 1: If F(s) verifies the condition in (5) and
lvollz.. < pr» then

HyTEfHEOO < Pr, 9)

where p, is introduced in (5).

IV. PRELIMINARIES FOR THE MAIN RESULT

Since A,, is Hurwitz, there exists P = P! > 0 that
satisfies the algebraic Lyapunov equation A P + PA,, =
—@Q, @ > 0.From the properties of P it follows that there
exits non-singular /P such that P = (\/]_D)T\/ﬁ . Given the
matrix C'(v/P)~', let D be a (n—1m) xn matrix that contains
the null space of C'(v/P)™':

DECHWP)™T =o, (10)

C
and further let A = [ DVP ] .
Lemma 2: For any & = :,Z € R", where y € R™

and z € R™ "™, there exist positive definite P, € R™*™
and Py, € R(=m)x(n=m) guch that ¢ (A1) TPA~YE =
y " Piy+z2" Pz,

Let T" be any positive constant, I,,,x,, € R"™*™ be the
identity matrix, and O, (n—m) € R™*("=m) be a zero
matrix. Let ¢(T') € R™*("~™) be a matrix, which consists
of m+1 to n columns of [I,,,xm Omx(n_m)]eAAmAflT and
let

T
W(T) = / ot Oy Je™4m A DA iy
(1)

Further, define

«

(1) = lo(M)la W‘FH(T)Aa
2AA-TP|, \°

Amax (P2) [|A(Z0 — x0)1*} (12)

where A = pL, + B. Letting
-1

[Imxm 0m>< (n—m)]eAAmA b= [771 (t) 72 (t)] 5 where

m(t) € R™™ is comprised of the first m columns of
Loxm Opnomyle™=A ' and my(t) € Rmx(r=m)
contains the remaining (n — m) columns, we introduce the
following functions

T) = lla, T) = Hll..
B (T) tg[loﬁ);]l\m()l\ B2(T) tg[loe});]l\nz()l\ (13)
Further, let ®(7) be the n x n matrix

T
oT) = / MmATH T N g
0
= AA! (e —1) (14)
T) = t T) = t 15
Bs(T) tén[oa}%ns(% Ba(T) té?o?)%]”‘*()’ (15)
where
t
1) = [ s Ol D a0 (1)
0
eAAMAilT[Ime Omx(n—m)]THadTa

t
774(t) = / H[Imxm 0m><(n—m)]eAAMAil(t_T)AHadT .
0

Finally, let

B1(T)s(T) + Bo(T) ﬁ(}%) *

Bs(T)<(T) + Pa(T)A.

Lemma 3: The following limiting relationship is true:
Jim ~o(T) = 0.

(1) =

(16)

V. L£; ADAPTIVE OUTPUT FEEDBACK CONTROLLER

We consider the following state predictor (or passive
identifier):

T(t) = Apa(t) + u(t) + 6(t), 9(t) = Ci(t

S~—
=>
—~
s}
S~—
|
=>
o

R"™ 1is the vector of adaptive parameters.

where 6(t) €
= g(t) — y(t), the update law for G(t) is given

Letting (t)

by
gty = o@GT), teliT,(i+1)T)
6(iT) —o Y T)pu(iT), i=0,1,2,---, (18)
where ®(T) is defined in (14), and u(iT) =
eMAmATIT 0(5(_2':))“ i = 0,1,2,3,---. The
control signal is the output of the low-pass filter:
u(s) =r(s) — F(s)o(s). (19)
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The £, adaptive controller consists of (17), (18) and (19),
subject to the condition in (5)-(6).

Let &(t) = &(t) — «(t). The error dynamics between (1)
and (17) are

z(t) Am(t) +6(t) — ft,y(1)), (20)
g(t) Cz(t), x(0)=2p— 0. (21)
Lemma 4: Let e(t) = y(t) — Yres(t). If
yellew < p (22)
where p is defined in (6), then
ledle < 1Ezallgellzs + 162,120 = Zolloe 55

1= L,||G(s)l .
VI. ANALYSIS OF £1 ADAPTIVE CONTROLLER

Consider the state transformation 5 = AZ. It follows from
(21) that

() = AALATIEWM) + AG(t) — Ao(t), (24)
i) = &) &), £0) = AlZo — m0) (25)
with (0) = 0.

Theorem 1: Given the system in (1) and the £; adaptive
controller in (17), (18), (19) subject to (5), if we choose T’
to ensure

(T) <7, (26)

where

(1= LollG(s)lle,) = 1G(8) ]2y [0 = wolloo
1E (),

and v, is an arbitrary positive constant introduced in (7),
then

5= e

llce. < 7 (28)
Y = Yrefllee < M1, (29)
flu — UT@fHEx < 72 (30)

with 2 = L, [[F(s)ll o + 1 F(s)ll , 7-

Thus, if one omits the initialization error of the state
predictor, the tracking error between y(t) and y,.r(t), as
well between u(t) and uyey(t), is uniformly bounded by
a constant proportional to 7'. The transient due to nonzero
initialization error can be reduced by increasing the band-
width of F(s), and arbitrary improvement of the tracking
performance can be further achieved by uniformly reducing
T.

Remark 3: Notice that the parameter 7" is the fixed time-
step in the definition of the adaptive law. The adaptive
parameters in 6(¢) € R™ take constant values during [T, (i+
1)T') for every i = 0,1, --. Reducing T" imposes hardware
(CPU) requirements, and Theorem 1 further implies that
the performance limitations are consistent with the hardware
limitations. This in turn is consistent with the earlier results
in Refs. [1], [2], where improvement of the transient perfor-
mance was achieved by increasing the adaptation rate in the
continuous-time adaptive laws.

Remark 4: We notice that the following ideal control
signal wigeqi(t) = r(t) — ores(t) is the one that leads to
desired system response in (2) by canceling the uncertainties
exactly. Thus, the reference system in (3)-(4) has a different
response as compared to the ideal one. It only cancels the
uncertainties within the bandwidth of C(s), which can be
selected compatible with the control channel specifications.
This is exactly what one can hope to achieve with any
feedback in the presence of uncertainties.

Remark 5: Consider the system

#(t) = Az(t) +ut), y(t)=Cx(t),

where A is unknown. If the system is observable, then there
exists L and a Hurwitz A,, such that A,, = A — LC.
Hence, the system in (31) can be transformed into Z(t) =
Apma(t) +u(t) + Ly(t), y(t) = Cx(t), which is a particular
case of the system in (1). Thus, if the system is known to be
output feedback observable, the £ adaptive controller can
be applied to ensure guaranteed transient and steady-state
performance.

(€19

VII. SIMULATIONS

0 1 0
Consider the system @:(¢) = | 0 0 1 |+u(t)+
-1 -3 -3
1 0 0
Fleae) o = | o 3 0 om0 = 1~

where f(t,y(t)) is unknown nonlinear function. Let the
0 1 0
desired system be: Zges(t) = 0 0 1
-1 -3 -3

ydes(t) = (1) (1) 8 :| xdes(t)’ xdeS(O) = 5%(0) = [_1 -
(t

1 0], where r(t) is given reference input and z4es(0) is
chosen such that Czge5(0) = yo = [-1 —1]T. We consider
the £, adaptive output feedback controller defined via (17),

(18) and (19), where F(s) = =455, T =10"*.

+ r(t),

Output y ()

time t

(a) y(t) (solid) and yges(t) (dashed)

Control Signal u(t)

8
sl »
al e [P e
Sl S e
ol
et IR L L bl P
740\_—‘- 5 o t 10 ‘15
(b) Time-history of w(t)
Fig. 1. Performance for r(t) = [1 — 1 0] and f(¢,y(t)) = [y1(t) +
sin(0.18)  y2(t) + cos(0.3t)] T sin(y1 (¢)).
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Output y ()

o 5 10 15
time t

(a) y(t) (solid) and yges(t) (dashed)

Control Signal u(t)

10

time t

(b) Time-history of w(t)

Fig. 2. Performance for r(t) = [sin(¢) —sin(¢) cos(t)] and f(¢, y(t)) =
[y1(t) +sin(0.1¢)  y2(t) + cos(0.3t)] T sin(y1(t)).

1t)
3t) |, and z(0) =

y1(t) + sin(
y3(t) + cos(
sin(y ()

[-1 —1 —1]7. The simulation results of £; adaptive
controller are shown in Figs 1(a)-1(b) for r(t) = [1 —1 0] .
The simulation results in Figs 2(a)-2(b) correspond to r(t) =
[sin(t) —sin(t) cos(t)]T. We notice that y(t) and yges(t)
are almost the same for all ¢ > 0, including the transient
phase.

Next, we consider a different nonlinear uncertainty

e 4 0.5sin(0.5t)

f(ty@) =

y2(t) + cos(0.5t)
sin(y1(t))

sults of £, adaptive controller are shown in Figs 3(a)-3(b) for
r(t) =[1 —1 0]". The simulation results in Figs 4(a)-4(b)
correspond to r(t) = [sin(t) —sin(¢) cos(t)]". We note
that y(¢) and yges(t) are almost the same, independent of
different nonlinearities. The £; adaptive controller ensures
desired tracking performance in the presence of unknown
nonlinearities for different reference inputs without any re-
tuning.

0.
First, let f(¢,y(t)) = 0.

. The simulation re-

VIII. CONCLUSIONS

We presented the £, adaptive output feedback controller
for MIMO reference systems that do not verify the SPR
condition for their input-output transfer function. The new
piece-wise constant adaptive law along with low-pass fil-
tered control signal ensures uniform performance bounds
for system’s both input/output signals simultaneously. The
performance bounds can be systematically improved by
reducing the integration time-step.

Output y (1)

To 5 10 15
time t

(a) y(t) (solid) and yges(t) (dashed)

Control Signal u(t)

time t

(b) Time-history of w(t)

Fig. 3. Performance for r(¢) = [1 —1 0] and f(%,y(t)) = [exp(y1(t))+
0.5sin(0.5t)  y2(t) + cos(0.5t)  sin(y1(¢))] .

Output y(t)

1.5
B
0.5
o
—0.5
—1
—1.5

—=c 5 . 10 15

time t
(a) y(t) (solid) and yges(t) (dashed)
Control Signal u(t)

20

time t

(b) Time-history of w(t)

Fig. 4. Performance for r(t) = [sin(¢) —sin(t) cos(t)] and f(¢,y(t)) =
[exp(y1(t)) +0.5sin(0.5¢)  y3(t) + cos(0.5t)  sin(y1(¢))] "
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IX. APPENDIX
Proof of Lemma 1. It follows from (3)-(4) that

Yreg(s) = H(s)(r(s) + &0 + (1 = F(5))ores(s)) -

If (9) is not true, since ||Yref(0)|loc = |[[CZrer(0)|loc < pr and
yref(t) is continuous, there exists ¢ such that

(32)

lyresilleee < pr, (33)
Yref(t) = pr. (34)
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Using Assumption 1 and the upper bound in (33), we arrive at the
following upper bound

||O-Teft|‘£oo S LPTHyTﬁftHﬁoo + B. (35)

Substituting (35) into (32), and noticing that ||r¢||z.. < ||7]lco. We
obtain [|yref, [lca < |G(8)l2y (Lo pr+B)+[H(8)ll e, |7]lo +
|H(s)|lz, |Zo||co- The condition in (5) can be solved for
pr to obtain the following upper bound |G(s)||z,Lp.pr +
[H ($)lle1 ([Pl + Zolloc) + 1G(8)]l 2, B < pr, which implies
that ||yres, ||z < pr, and contradicts (34). This proves (9). O

Proof of Lemma 2. Using P = (vVP)"VP, one
can write ¢ (ATY)TPATYe = £T(VPAHT(VPA Y.

1

We notice that A(\/I_D)*1 C’(\/Dﬁ)f . Let Q1 =
(CWP) )CWP)™)',Q: = DD'.
(PP = | G
of A and /P implies that (A(vVP) 1 )(A(VP)™H)T is non-

singular, and therefore ()1 and (2 are also non-singular.
Hence, (v PA™Y)T(vVPA™Y) = (A(I\/I_D)’l) AVP)"HT)t =
(AWP)™ )" T(VPA™Y) = { Qé Qo,l . Denoting P, =
2
Q7" and P> = Q;", completes the proof.
Proof of Lemma 3. Notice that since 51(T"), 53(T"), A and «
are bounded, it is sufficient to prove that

From (10) we have

0 . .
Qs } . Non-singularity

lim (T) = 0, (36)
%iglo G2(T) = 0, 37
lim 5:(T) = 0. (38)

. . AAp AT
Since  lim [Lmxm Omx(nmyle” "™
T—0

= [Imxm Omx(nfm)] )
then TPmo &(T) = 0y, (n—m) , Which implies TPmo lo(T)|la =0.
Further, it follows from the definition of x(7°) in (11) that
%inl()”(T) = 0. Since A and « are bounded, %imog(T) =
0, which proves (36). Since n2(t) is continuous, it fol-
lows from (13) that %imoﬂg(T) = PI%an(t)Ha- Since

}im [Imxm Omx(nfm)]eAAmAilt = [Ime Omx(nfm)] , We have
}in})”nz(t)ﬂ = 0, which proves (37). Similarly %imo@l(T) =
}in(l) |[7a(t)]] = 0, which proves (38). Boundedness of A, «
and () implies lim (ﬂl (T)s(T) + Ba(T) ﬁ(&) +
B3(T)s(T) + Ba (T)A) = 0, which completes the proof. O

Proof of Lemma 4. Let 6(s) = 6(s) — o(s), where o(t) =
F(t,y(t)). It follows from (21) that

y(s) = H(s)a(s) + H(s)(Zo — xo) - (39)
It follows from (19) that
u(s) = r(s) = F(s)a(s) — F(s)a(s), (40)

and the system in (1) consequently takes the form: y(s) =
H(s) (r(s) +zo + (1 — F(s))o(s) — F(s)&(s)). Using the
expression for y,c¢(s) from (32), and letting d.(s) be the Laplace
transform of d.(t) = f(t,y(t)) — f(t,yres(t)), one can derive

e(s) =H(s)((1 — F(s))de(s) +x0— &0 — F(s)a(s)). 41

It follows from Assumption 1 and (22) that ||de,|lz.. <
L,lle]|s - Hence, it follows from (39) and (41) that |le¢]|z.. <

LollG(s)llzilledll o +IE () 22 Tl 2 + G (8)[| 21 |20 — 2o 00
which proves (23). O

Proof of Theorem 1. The proof will be done by contradiction.
Assume that (29) is not true. Then, since ||y(0) — yref(0)]|oc =
0 < 71, y(t), yres(t), are continuous, there exists 7 > 0 such that

[9(T) = Yres(Tllee = 71, (42)
while
1 = yres)rllea < (43)
At first, we will prove that if (43) holds, then

9rllcoe <7- (44)
We prove the bound in (44) by a contradiction argument. Since
7(0) = 0 and gy(t) is continuous, then assuming the opposite
implies that there exists ¢ < 7 such that ||g(¢)|| < 7, V0 <

t <t |lg(t")] =7, which leads to
9l =7- (45)

It follows from (43) that ||y ||z.. < p, and hence Assumption 1
implies that
lovllee <A (46)

It follows from (24) that

Zos _ AALATYEZ, s AA A (G T+t—7)
T +t)=e E(T) + e
iT

T+t L

A&(iT)dT—/ MAMAT T A6 (1) dr 47)
Jir
— ~ t —
= MmATEGT / MmAT D NG (1T dr
0

t —
—/ ghAmA 1<t7T)A0’(iT+T)dT.
0

Since £(iT) = { y(BT) } + { 2(?T) } , it follows from (47) that

EGT+1) = X(T+t)+CET +1), (48)

where x(iT + ) =  eMmATl { yer) } +

Jy eMAm AT DAG (T dr, (T +t) = M AT { ) } -

OteAAmAilufT)Ao(iT + 7)d7. In what follows, we prove that
for all s7" < t’ one has

gD < <(T), 49)

T GT)P:(T) < a, (50)

where ¢(T") and « are defined in (12). Since £ (0) = 0, it is straight-

forward that [|77(0)|| < ¢(7"). We further note that 27(0)P22(0) <

Amax(P2)[Z0)[ < Amax(P2)EO)° < Amax(P2)l|A(Z0 —
x0)||*> < a. For any (j 4 1)T < t/, we will prove that if

lgGDI < <(T), 51

2 T)PEGT) < a, (52)

then (51)-(52) hold for 5 + 1 too. Hence, (49)-(50) hold for all

T <t.
Assume (51)-(52) hold for 7, and in addition, (j + 1)T < ¢'. It

follows from (48) that £((7 +1)T) = x(G+1)T)+<((j+1)T),
where

X((+ D7) = eMmr T { v }
T .
+ / MMM TN (5T dr (53)
JO
. Al 0
C((] + 1)T) = eAA AT { Z(jT) }

T —
—/ ehAmA 1(T*T)AU(jT +7)dr. (54)
0
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Substituting the adaptive law from (18) in (53), we have
x((G+1)T)=0. (55)

It follows from the definition of ((i7" + ¢) in (48) that ((¢) is the
solution of the following dynamics:

{(t) = AR ATI(t) — Ao (), (56)
i = sip |+ telT GroT 6
Consider the following function V ({(2)) = ¢ (t)A~ " PAT'¢(t)

over t € [iT, (i + 1)T]. Since A is non-singular and P is
positive definite, A~T PA™" is positive definite and, hence, V' (¢)
is a positive definite function. It follows from (56) that over
LE UT. G4 DT Vi) = ¢TOATPAZAdnA TC() +
g g TATAT PTATIC() — 2T (A" TPA Ao (t) =

AT TQATIC(t) — 2¢T (t)A T Po(t). Using the upper
bound from (46), over t € [iT, (i + 1)T] one can derive

V(t) € —Amin(A7TQATHICOIP+2/CONIATT PllaA . (58)
Notice that for all ¢ € [T, (j + 1)T7, if

V(t) = o, (59)
o 2A||AT TP,
h t > >
ve have KOl 2 /3 SRTPATY) Z X (A TQAT)
and the upper bound in (58) yields
V(i) <o0. (60)

It follows from Lemma 2 and the relationship in (57) that
V(¢C(4T)) = 27 (jT)P=2(5T) , which further along with the upper
bound in (52) leads to the following

V(C(HT)) < a 61)

It follows from (59)-(60) and (61) that V (t) < «, V ¢ € [T, (j +
1)77, and therefore

V((G+D)T) = ¢ (G+)T)(A™ T PAT

Since

K(G+DT) < a. (62)

EG+1T)=x((G+1)T) +¢(G+1T), (63)

the equality in (55) and the upper bound in (62) lead to the following
inequality £ ((j + 1)T)(A~ " PA™! $ j+1)T) < «. Using the
result of Lemma 2 one can derive that ' ((i+1)T P22((i+1)T) <
ET(G+1)T)(A™TPA™ )g((z+1)T) ga whlch implies that the
upper bound in (52) holds for j + 1.

It follows from (25), (55) and (63) that g((j + 1)T) =
TnxmOmx(n—m)]C((7 + 1)T), and the definition of
C((7 + DT) in (54) leads to the following expression:
s -1 0
B+ D) = Hoxn O o477 | O |
Opscnm] fo €42 T=DNG(jT + 7)dr. The
in (46) and (52) allow for the following
l5G + VD)< eI IEGT)| +
Jo MTmxm 0mx<n e A TN o (T + 7)ldr <
[6(T)l\/ sy T A(T)A = <(T), where ¢(T') and #(T)
are defined in (11), and ¢(7") is defined in (12). This confirms
the upper bound in (51) for 5 + 1. Hence, (49)-(50) hold for all
T <t.

For all T + t < ¢,
using the expression from
geT + t) =

[Imxm

[Im Xm
upper bounds
upper bound:

where 0 < t < T,
47) we can ¥vrjte that

T xm Omx(n— {n)]eAAmA tf(iT) +
Ornx (- m] [ M AT D NG ((TYdr
MmO (nmy) Jy A "D T 4 7)dr. The
upper bound in (46) and definitions of 71 (t), n2(t), n3(t) and

na(t) allow for the following upper bound |g(:T + t)|| <

[ Ol [5G+ [[n2(®)lla ZET)] + 13O NFET)| +na() A
Taking into consideration (51)-(52) and recalling the
definitions of B1(T), [B2(T), Ps(T), Ba(T) in (13)-(15),
for all 0 < ¢t < T and for any non-negative integer
i subject to T + t < ¢, we have |[gGiT + t)| <
BUTK(T) + BolT) [ + Ba(T)(T) + Ba(T)A
Since the right hand side coincides with the definition of ~o(7')
in (16), then for all ¢ € [0,¢'] we have ||g(t)] < ~o(T),
which along with the assumption on 7" introduced in (26) yields
|9¢]lcoe < 7. This clearly contradicts the statement in (45).
Therefore, ||7-||c., < 7. which proves (44).
It follows from (43) that ||y||c.. n

| F(s s T z0|| oo
4 implies that [les||c.. < (¢ )Iall “i:“f}ﬁ;}ll (F)(|I5§)1||HL10 oll
Further, it follows from (27) and (44) that |ly-||z.. < 71, which
contradicts (42). Hence, (29) has to be true. Further, since (44)
holds for any 7, (28) is proved.

It follows from (40) and (4) that u(s) —uref(s) = —F(s)de(s)—
F(s)a(s). It follows from Assumption 1 and the upper bound
in (29) that [[u — trefllea < Lol[F(s)l21lly = yresllee +
1£'(s)ll 2, 19l 2o » Which along with (28)-(29) leads to the second
bound in (30). The proof is complete. ]

, and hence Lemma
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