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Abstract— This paper considers an ‘“homotopy method” for
solving the exact tracking problem for nonlinear affine non-
minimum phase systems. The method is presented in a general
setting and is applied to the special case of the spherical
pendulum. This approach allows finding sufficient conditions
for exact tracking for T-periodic curves and bounds on the
internal dynamics.

INTRODUCTION

It is well known that the exact dynamic inversion problem
is particularly challenging for nonlinear, nonminimum phase
systems. In this case the internal dynamics are unstable and
grow unbounded for generic initial conditions. This problem
has been considered extensively in literature in the last few
years, leading to different approaches. For instance, it can
be solved through the a stable inversion based feedforward
approach ([1]), which is based on a Picard iteration of a
suitable nonlinear operator. This method has led also to
a preview-based approach ([2]), that requires only a finite
preview time of the output trajectory. A different perspective
for stable inversion is presented in [3], based on a sta-
ble/unstable decomposition and the sequential integration of
the stable and unstable subsystems in forward and backward
time. Another possible approach consists in considering a
path-following setting ([4]) which allows an extra degree of
freedom for controlling internal dynamics.

In this paper we present another approach to stable in-
version. Differently from the methods above, it is not based
on Picard iterations but on homotopy. Essentially, a bounded
solution for the internal dynamics equation associated to a
generic reference T-periodic trajectory is obtained through
continuous deformation of a known bounded solution asso-
ciated to a particularly simple trajectory.

We have already used this method to face the exact
tracking problem for some well-known nonminimum phase
systems with two dimensional internal dynamics such as the
VTOL (see [5]), the planar inverted pendulum (see [6]), the
motorcycle and the CTOL aircraft (see[7]). This approach
has allowed us finding a precise characterization of the class
of trajectories for which the exact tracking problem has a
solution and precise bounds on the internal dynamics norm.
This paper extends this method to nonminimum phase sys-
tems with general n-dimensional internal dynamics, finding
results analogous to the 2-dimensional case.
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In this paper the method has been developed for systems
with T'-periodic internal dynamics. The main result (The-
orem 1) has in common with Theorem 3 of [3] the idea
of decomposing system dynamics in stable and unstable
components. The main difference is that we do not need
a global “small gain” hypothesis on the product of the stable
and unstable subsystems gains. Instead, we require a similar
hypothesis only in a bounded subset that grows with respect
to the parameter s. This subset, for s = 1, represents a region
that contains the trajectories of the internal dynamics.

As motivating example we consider the exact tracking
problem for the spherical inverted pendulum. Remark that its
internal dynamics do not satisfy the hypotheses of Theorem 3
of [3]. This same problem has been considered in detail
in [8], where we have proposed a method based on an
analytical condition that is related to the solution of a
differential equation associated to a given reference trajectory
(see equation (5) of Theorem 1 of [8]). In this paper, through
the use of Theorem 1, we complete that analysis, obtaining
sufficient conditions for exact tracking and finding bounds on
the norm of the internal dynamics. More precisely, we show
that it is possible to determine a constant k (that depends
on the pendulum length) such that if ||¥]|e < k then it is
possible to find initial conditions on the internal dynamics
such that the pendulum follows exactly the assigned curve
without overturning, finding a precise bound on pendulum
maximum oscillations.

The following notations will be used: Rt = {z|z > 0};
Va,b € R, a A b = min{a, b}, a Vb = max{a, b} and
[a,0] = {z € Rla < z < b}, Ja,b[= {z € Rla < x < b};
VO € [0,27], 7(0) = (cosO, sin®)T; Vo € R?, argx = 0,
where 6 € [0,2n][ is such that z = |z|7(0); Yo,y € R3,
x x y denotes the vector cross product; Vo = (x1,...,2,)7,
Yy = (yla"‘vyn)T € ]Rn’ <fE,y> = Z?:l TiYi, HJ]H =

(x, ) if I is a real interval, Vf : I — R", ||f|lec =
supge{[|.f(@)|}; for any matrix A = (aij)i=1,....n, j=1,....m-
Al = {327, 2074, a3;} *is the Frobenius norm, and, if
n=m, A5 = 1/2(A + AT) denotes the symmetric part of
A, while A\(A%) and \(A®) denote the associated maximum
and minimum eigenvalues.
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I. THE HOMOTOPY METHOD FOR THE FEEDFORWARD
EXACT TRACKING PROBLEM

Consider a nonlinear affine system of form
&= F(z) + G(x)u(t)
y(t) = H(z) ,
where z(t) € R™, u(t) € R™, y(¢t) € R? and F, G, H are
vector function of appropriate dimensions and F'(0) = 0.
Given a sufficiently regular curve v : [0,7] — R", the

feedforward exact tracking problem consists in finding an
initial state 2(0) and a control function w(t) such that

y(t) =~(¢), Vt € [0,T] .

ey

If the system has a well-defined relative degree and
functions F'(x) and G(x) are sufficiently regular, then, after
a change of coordinates, it is possible to rewrite (1) in the
following normal form (for the derivation and the details the
reader may refer to Isidori’s book ([9]),

§1,i = &2
: 2
Erii = ai(&,m) + Bi(&, mu(t)
fori = 1,...,m, where §£ = (§;;) = yj(-i),j =1,...,m,
t=1,...,7; and
1 ="(0,&) +(n, ult) (€)

when exact tracking is desired we set y(t) = 7(t), which
implies
&i = ”YJ(-Z)
Because of the hypothesis of well defined relative degree,
the control u(t) can be expressed as a function of (¢) and
its derivatives, therefore (3) takes the form:

n= .f(na F(t))v vt e [OvT] ) (5)

where T'(t) = (WJ(-Z)(t)), j=1,...,m,i=1,...,r;, this
last equation is called the internal dynamics equation.

As usual, the problem to be faced is to find an initial
condition 1(0) such that the solution of system (5) is suffi-
ciently small. This is particularly challenging when the origin
is an unstable equilibrium, especially of hyperbolic type, as
in the case of the inverted spherical pendulum considered in
section V). First of all, it is not restrictive to suppose that v is
T-periodic. The homotopy approach consists in introducing
the following family of differential systems

n= .f(na Sr(t)) ) (6)

depending on the parameter s € [0,4], (6 > 1) and in
regarding (5) as the form that family (6) assumes for s =
1. Applied in this context, Theorem 1 provides sufficient
conditions on f that guarantee the existence of 6 > 0 and
a curve ¢ (defined on [0,d]) of initial data of T-periodic
solutions for family (6). It provides also, by means of (13),
an L., norm estimate of the solution. Therefore, if § > 1,
the desired T'-periodic solution of (5) is obtained taking the

J=1L...omya=1,...,71;. “4)

solution of (6) for s = 1, in correspondence to the initial
data n(0) = ¢(1).

The solution of (5) is obtained trough a continuous defor-
mation until s = 1 of a known periodic solution for s = 0.
In the case of affine non linear systems, since f(0,0) = 0,
this solution is the constant null solution. In fact, when
s = 0, function sI'(¢) collapses to the origin, which is an
equilibrium point.

II. MAIN THEOREM
Definition 1: Let € be an open subset of R™, § > 0 and

F:Rx[0,0[xQ—R"
(t7 S?'I:) ~ F(t7 S?'I:) )

be a C!' map. For every (7,s,y) € R x [0,6[x, let
z(t, T, s,y) be the solution defined on its maximal interval
of existence of system

& =F(t,s,x)

3 3 7

#(r) =y @

Definition 2: If z : [0,T] — R™ is a map and p > 0, set

2(00,T]), = {y € R*3t € [0.7] : ly — «(1)]| < p} -
Theorem 1 (Main theorem): Let €} be an open subset of
R™ and
F: Rx[0,§[xQ2 — R"
(t,s,2) ~ F(t s,x),

be a C! map such that the following hypotheses are verified:
a) VY(s,z) € [0,0[xQ the map ¢t ~» F(t,s,x) is T-
periodic .
b) there exists a T-periodic map 7 € C'(R, (), such that:

Z(t) = F(t,0,%(t)), Vt€R, ®)

c) Set A(t,s,x) = 0, F(t,s,x), B(t,s,x) = 0sF(t,s,x)
and suppose that there exists k : 1 < k < n such that, taking
into account the following block decomposition of A(t, s, z)

_ All(t,s,;v) Agl(t,s,;v)
A(t,s,x) o ( Agl(t,s,;v) Agg(f,s,x) ’

where Ay (t,s,z) € RF<F Ap(t,s,2) € RFX(=F)
Aoy (t,s,x) € RO=FIXE Aoy (t, 5, 1) € ROVFIX(=F) there
exist smooth functions — A1 (s, p), A2(s, p), a1(s, p), az(s, p),
b(s, p) defined on R™ x R™, non decreasing in the p variable,
such that

A(Afl(tvsvx)) > /\l(sup)v/\(Alsl(tvsvx)) < )‘2(57p)7
HA12(t7 va)” < al(svp)v HAQl(tv va)” < a2(57p)7
[B(t, s, 2)[| < b(s,p),
Vs >0, Vp > 0:2([0,7]), C €,
VieR, Ve e R": |lz —2(®)| <p,
)
where the bar denotes the closure of the set.
d) Set

D= {(s,p) € RT x RT|\a(s, p) < Ai(s, p),
al(s,p)ag(s,p) < (/\1 (Sap) - /\Q(S,p))2,
a(s,p) <1, as(s,p) <0< al(s,p)}
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and let ¢ : D — R™ be the function defined by
(s,p) b(s, p)
(Sv p) 061(8, p) A (_QQ(Sv p))
where a(s.p) = 2ar(s.p) V as(s,p){(Ni(s.p) -
)\2(87 p)) + \/(Al (87 P) - AQ(Su P))2 - 40/1(87 p)a2(87 p)} s
CYl(S, p) = Al(S, p) - U(Sa p)al (Sv p)’ QQ(Sv p) = )\2(57 p) -
o (s, plaz(s, p).
Suppose that (0,0) € D and let [0, §] be the right-maximal
interval of existence such that

1+o
1—0

(s, p) =

,(10)

{ ZE(S))) z ’léJ(S,p(S)), Vs € [075[ an
and
i([O,T])p(S) cQ, Vse0,4]. (12)

Then there exists a unique ¢ € C*([0, 5[, R™) such that

¢(0) = (0)
and
xz(T,0,s,9(s)) = ¢(s), Vs € [0,9],

(2, 0,5, 6(s)) = Z(t)|| < p(s), Vs € [0,4],

in other words ¢ is the curve of initial values of T-periodic
solutions of the family of systems {i = F(t,s,2)}sc[0,0]
such that ¢(0) = z(0).

Proof: We want to apply Theorem 2 . It remains only
to show that its hypothesis c) is satisfied. By hypothesis d),
let p(s) be the solution of system (11) defined on its right-
maximal interval of existence [0, §[ such that (12) holds. Let
Po = Sup,cpo,5112(s)}. Then ([0, T1),, C Q and (17) holds
if we take as % in c¢) the function given by (10). We want to
show that (18) holds too. Set 5 € [0, [, since {(s, p(s))|s €
[0, 5]} is a compact subset of D, we can find an € > 0 such
that (s, p(s) 4+ €) € D, Vs € [0, 8] which implies that

13)

(s,p) €D, Vs €[0,8,Vp:0<p<p(s)+e, (14)

since D has the property that if (s, p) € D, then (s, p) € D,
Y0 < p < 5, being —A1(s, p), Aa(s,p), a1(s,p), az(s,p),
b(s, p) non decreasing functions of p.

Let 7 € [0,T], s € [0,35], y € R™ be such that (s,y) € Q,
t ~ x(t,7,s,y) is T-periodic and |x(¢,7,s,y) — Z(t)|| <
p(s) +¢€ Vt € [0,T). Let us call, Vt € [0,T)

A(t) = aIF(t‘f'T,S,.’I](t'i‘T, Tusuy))a
B(t) =0, F(t+T1,s,2(t+7,7,8,y)) .

Since (s, maxo<i<7 ||(t,7,5,y) — &||) € D by (14),
by hypotheses (9), we deduce immediately that hypothe-
ses (20), (21) of Theorem 3 are verified for matrix A(t).
Then det(I — ®¥(T 4 7,7)) # 0 and (22) implies that

T+t

(I = ®UT +7,7)) 7" YT + 7,p)B(p)dpl|

.
< — I .
< w(s’ogl%XT lz(t, 7, s,y) —z@)|)

Therefore (18) holds and Theorem 2 can be applied.
|

III. AN HOMOTOPY THEOREM

Definition 3 (Variation equations): Set ®Y(t,T) the solu-
tion of the homogeneous linear system

{ b = 0. F(t,s,x(t,7,8,y))P 15)

(I)(T) :Ia

where [ is the n-dimensional identity matrix.

In the previous notation, the following theorem is a
result of existence of periodic solutions for the family of
systems (7) depending on parameter s.

The following Theorem holds.

Theorem 2: Let €2 be an open subset of R™ and

F: Rx[0,0[xQ2 — R"
(t7 S, :Z:) ~ F(t7 S7x) )

be a C! map such that the following hypotheses are verified:
a) Y(s,z) € [0,0[x§ the map ¢t ~ F(t,s,x) is T-
periodic ,
b) there exists a T-periodic map 7 € C'(R, (), such that:
Z(t) = F(t,0,%(t)), Vt € R, (16)
¢) there exist d,p9 > 0 such that Z([0,77),, C € and
a locally lipschitz function v : [0,8[x[0, po[— R*, non
decreasing as function of p, such that the following system
can be solved on [0, ]

{ p(S) = ’Q/J(S,p(s)), Vs € [075[
p(0) =0,

and the following property holds:

a7)

Vs € [0,d[, Je > 0 with the property that

if 7 €[0,7],s €[0,3], y € R™ are such that
(s,y) € Qt~ z(t+7,7,8,y) is T-periodic and
lz(t, 7, s,9) = Z()[| < p(s) + € VYt €[0,T]
then det(l — ®Y(T + 7,7)) # 0 and

|2 = @Y(T +7,7) = [T @UT 4 7,p)

T

aSF(pa S, (p7 T,S,y))de
< (s, maxo<e<r |2, 7,8,y) — Z(B)]]) -

(18)
Then there exists and is unique the map ¢ € C*([0, §[, R™)
such that

¢(0) = (0)

(which implies that x(¢,0,0, ¢(0)) = &(t)),

$(T,0,S,¢(S)) = (]5(8) ) (19)

(2,0, s,6(s)) — (@) < p(s), V(¢ s) € [0,T] < [0,4]
in particular (¢, 0, s, ¢(s)), 0 < s < ¢ is the only T'-periodic

solution of system (7) contained in Z([0,77]),, such that

$(0) = (0).
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Fig. 1.
the space.

Spherical pendulum constrained to follow a given periodic ~ in

IV. SOME PROPERTIES OF HYPERBOLIC LINEAR SYSTEMS

The following theorem holds, it gives a characterization
for solutions of linear hyperbolic systems with 7T-periodicity
conditions.

Theorem 3: Let k be an integer: 1 < k < n and
A € C([O,T],Rnxn), Ay € C([O,T],Rka), A €
C([O,T],ka(n_k)), Ay € C([O,T],R(n_k)Xk), Agy €
C([0,T]),R(=R)*(n=k)) be such that

Aq1(t)  Ai2(t)

A(t)_<A21(t) A22(t)),Vte[O,T],

and set

a1 = supo<s<r{[A12()[[}; a2 = supg<i<p{l|A21 ()|}
A1 = info<rcr{A(AT (1)}, A2 = suppe,<r{A(A5 (1)} -

Suppose that

/\2 < )\1, ar1as < ()\1 — )\2)2 (20)

0<o<]l, ae <0< 21)

2((11/\(12) , and
(A1=X2)+y/(A1—A2)2—4da1az

where o =

ay = A1 —oay, as = Ay + oas .

Then (I — ®(T,0)) is invertible and if B € C([0,T],R™),
the solution z of the following boundary problem:

{ﬂw_A@ﬂw+B@LWemj]
2(0) = =(T),
is the unique solution of the following initial value problem
{i@:A@ﬂﬂ+B@ﬁﬁeMﬂ
2(0) = (I — ®(T,0))"" [ ®(T,7)B(r)dr ,

and
l+o0 |Bls

1—0c 041/\|042|.

[z(0)]] < (22)
V. AN APPLICATION: EXACT TRACKING PROBLEM FOR
THE SPHERICAL PENDULUM

Consider a spherical inverted pendulum of mass m linked
to a moving base of mass M through a massless rod of length
I, in Figure 1 the pendulum is represented as the smaller
sphere and the base as the bigger one. It is supposed that
during the motion the force f € R? is applied on the center
of mass = of M.

The problem we want to solve is the following one: given
an arbitrary (not necessarily plane) T-periodic curve y €
C3(R,R3), we want to find a control force f € C(R,R?),
applied to the point z, such that if z(0) = ~(0), then
x(t) = (t), Vt > 0 and || — eg| is sufficiently small,
where e3 = (0,0,1)7. In other words, if at the initial time
2(0) = ~(0), then « follows all the curve v and the rod
remains close to the vertical without overturning. Moreover
we want to find bounds on [[{ — es|| that reduce with vy
maximum acceleration.

As shown in Section 3 of [8], through the homotopy
approach, this problem can be restated in the following form.

Problem 1: Find initial conditions zg, wg, Zg, Wo such that
the following family of differential systems has a T-periodic

solution for s =1

z _ z B z .

w )\ w w

2?4 By (1 — VT = 22—t

1—22—w?
+Sl_1(2’.§/1 + w2 + y34/1 — (22 + w2))} — sl ( 71 >

72
2(0) = 20, w(0) = wo
£(0) = %o, w(0) = 1y .

~ka

(23)
Moreover, find a non decreasing function k (with £(0) = 0)
such that

1z, w)lloo < E(IF]loo) - 24)
Equation (23) can be written in the form:
j=F(tsy)
(25)
{M@—m,

where y = (z,w, £,W), yo = (20, wo, 20, o) and F' : R x
R x Q — R, (t,s,y) ~ F(t,s,y) , is given by

Y3
N Y4
F(t787y) = d Y1 —ylh(t757y) _Sg;}}l
d*y2 — yah(t,s,y) — s34
moreover

(y1y3 + Y2ys)®
L—(y7 +y3)
1—(yi+v3)+

h(t,s,y) =y3 + i + +
—d? (1 _

+§(ym + ¥z + 45y 1— (47 +13)) |
where d?> = gl=!, Q = (B x R?), with B = {(z,w) €

R[] (z, w)|| < 1}.
Remark that for any (¢,s,y) € Rx R x Q

0
0

OsF(t, s, y) = y1d2§(y1‘?1 + y242 +‘?3\/1 - (y% +y§)) - g‘h
y2d2§(yﬁ1 +y2d2 +93y/1 — W3 +93) - g‘?z

0 0 1 0
_ 0 0 0 1
Oyt s v) =1 a2 4 hgyjoyh y10yy h y1dyzh  y19y,h ,
yody1h d2 + h+y2dyoh  y2dysh  yady,h
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0 9 1 0
therefore o, #(t,0,0,0) = ( 2 0 0. ) . which has the
o d®> o0 o
following eigenvalues (d, d, —d, —d) and eigenvectors
0 1 0 1
vy = a , V2 = 0 ,v3 = _d , V4 = 0 N
0 d 0 —d
set V = (’Ul,’l}g, U3, ’U4), then
0 0 1 0
- 0 0 0 1 - -
oy F(t, s, u) ( FEI o s e ) = 0y F)o + (9y F)1
1 >+ f2  f3  fa
where e;, f; are defined consequently. Setting £ = (y1, y2)
and n = (ys,ya4), the following bounds hold
L€l Iml® — e . & s
Al < |Inl* + T T d*(1- V1~ H§||2) + 5ol =
|\77||2 2 ”gHz ”’Y”
e 1+4/1 |\£|2
|ay1h| =

— (Ui +93)) (1ys + yaya) + y1 (y1ys + yaya)®
(1= (37 +y3))?

1
|2y3( +

9 1
_d2¢ + s— 0 7 . S
L= (% +43) SQ((\/%) W
Sl = €PNl + NNl 2 li€]
(1 —llgl?)? V1=l

relp——L—
9 VI-TER
and the same bound holds for |9y, h|. Moreover it is

2[[nll (1 +1I€11%)
el IS

y1(y1y3 + y2y4)
12(ys |
1—(yi +v3)
and the same bound holds for |9,,h]|.

Summarizing the previous computations it follows that
vVt € R’ Vs € R’ vg = (y17y2)’ Vn = (y37y4) : (5777) €N

leal, [ f2] < |Al+ ([y10y, h] V [y10y,h]) <
< d¢1(H§H7 ”77”787 HVHOO?d) ’
leal, [f1l < |10y, h| V |y20y, h| < de2 (]l 1], [|9]leo, d)
lesl, leal, | fs], [fal < @s([I€]], [Inl]) ,

where ¢1, ¢2, ¢3 are strictly increasing functions in their
arguments, consequently defined.

Now if we express the matrix 0, F with respect to the
basis {v1, v, v3,v4}, then

|Oys | =

-1
A(t,s,2) =V 0, FV = Ap(t, s,x) + A1(t,s,2) , (26)
d 0 0 0
where Ag - o a0 0 Ay -
0 0 0 —d
d7161+63 d7162+€4 d71€17€3 d71€2764
1 a=lf + 13 A=l + fa a~lf —f3 a= iy — f4 .
2| —@legteg) —(@legtey) —(d7lep —e3z) —(dTley —ey)
—@ 1+ rs) —@ Mt fa) —@Tl =) =@l — fa)
Set

a(s, Il mll, 1Hlloo, d) = V20/ (61 + 62)2 + 2(d1 + ¢3)?

then by the previous computations, the following bounds
hold

A(A11) 2 d — ¢a, AM(A22) < —d+ ¢u, [|As2]]; [|A21] < b4 .
27
If we make the change of coordinates y = Vax then
system (25) becomes & = V‘lﬁ'(t,s,Va:) = F(t,s,x) .
We want to show that this system verifies the hypotheses of
Theorem 1. Clearly a) and b) of Theorem 1 are satisfied since
~ is T-periodic and it is sufficient to take Z(t) = 0, Vt € R,
since F'(¢,0,0) = 0. Moreover remark that 0, F = A(t, s, x)
given by (26) and (9) is verified by (27) if we set

A1(s,p) = d = x(5, p5 [ 00)s
A2(s,p) = —d + x(5, ;s |7l o0)
p) =

ai(s, p) = az(s, p) = X(5, 9. [Hlloc), b5, p) = 2| oc ,

where X(Svpv HFY”OO) = ¢4(Sv \/ipa \/idpa ||’Y||OO) .

Remark that (0,0) € D an let [0,d(||¥]/«)[ be such
that system (11) is satisfied and (12) holds. It is possible
to see that there exists & > 0 such that §(||¥|/oc) > 1,
¥y ¢ ||9llc < k. Then by Theorem 1 there exists a unique
¢ € C([0,0[,R™) such that the solution z(t,0, s, ¢(s)) of

system
{ 20) =9

o) < p(s: [7lloo) -

It is possible to see that there exists k, such that

are T'-periodic and

(2,0, s,

3k > 0:5(|F]l0) = 1, Yy with [[Flec < k-

Then problem 1) for the inverted pendulum is solvable V7 :
|9l < k and Vi € R

[z w)ll IZ,9)]
V2 T dv?

therefore function k in (24) is given by p(1, ||¥]lco)-

Figure 2 shows the value of the bound on internal dynam-
ics ||| as functions of ||¥|| for different values of d = ¥,
with g = 9.8. Each line corresponds to a different value of
d, which varies from 1 to 100. Each line ends at a value of
I¥]lcc which represents the maximum curve acceleration for
which Theorem 1 guarantees the existence of a T-periodic
solution for s = 1 for the pendulum internal dynamics (z, w).

For example, if d = 10, then the method proposed here
guarantees the tracking of all curves v with |||l < 5.6.
Moreover for all curves with ||¥]|ec < 5.6, the method
guarantees that ||(z,w)|c < v2p(1,5.6) ~ 0.177 and
[1(2,10) |00 < dv2p(1,5.6) ~ 1.77.

VI. CONCLUSIONS

< (@, 0,1, o) < p(1, [1Fll0) 5

In this paper we have presented sufficient conditions for
the application of the homotopy method to the exact track-
ing problem for nonminimum phase nonlinear systems. It
extends to nonminimum-phase systems with n-dimensional
internal dynamics the results already presented in [5], [6]
and [7] for the two dimensional case. This method allows
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Fig. 2. Bounds on the spherical pendulum internal dynamics with respect
to ||¥|| and d.

finding precise bounds on internal dynamics that depends on
the curve ~ that has to be exactly tracked.

We have applied these result to the exact tracking problem
for the inverted spherical pendulum, showing that it is
possible to determine a constant k (that depends on the
pendulum length) such that if ||¥||s < k then it is possible
to determine initial conditions on the internal dynamics such
that the pendulum follows exactly the assigned curve without
overturning, finding a precise bound on pendulum maximum
oscillations.
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