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A Direct Quadrature Approach for Nonlinear Filtering

Yunjun Xu and Jangho Yoon

Abstract—The nonlinear filtering problem consists of
estimating states of nonlinear systems from noisy
measurements and the corresponding techniques can be
applied to a wide variety of civil or military applications.
Optimal estimates of a general continuous-discrete nonlinear
filtering problem can be obtained by solving the Fokker-Planck
equation, coupled with a Bayesian update. This procedure does
not rely on linearizations of the dynamical and/or measurement
models. However, the lack of fast and efficient algorithms for
solving the Fokker-Planck equation presents challenges in real
time applications. In this paper, a direct quadrature method of
moments is introduced which involves approximating the state
conditional probability density function as a finite collection of
Dirac delta functions. The weights and locations, i.e., abscissas,
in this representation are determined by moment constraints
and modified using the Baye’s rule according to measurement
updates. As compared with finite difference methods, the
computational cost is lower without a compromising in
accuracy. As demonstrated in two classical numerical
examples, this approach appears to be promising in the field of
nonlinear filtering.

I. INTRODUCTION

HE Fokker-Planck equation (FPE), which is also known

as the Kolmogorov forward equation, is first used by
Fokker [1] and Planck [2] to explain the Brownian motion of
particles. The equation can explain the behavior of a
dynamic system that depicts the characteristic of the
Brownian motion, and can be used for a wide variety of
applications in many different fields such as ecology,
genetics, economics, and engineering [3]. In a typical
nonlinear filtering problem, the system is modeled as an n-
dimensional continuous Itd stochastic differential equation
(SDE)

x(1)=F(x(1),0)+G(x(¢),0)w(t) t=¢, (1)

where x=[x]_ , €eR", F=[F]_ , eR™", and

G(x(t),t)e RYN are the state vector, state function, and

diffusion matrix respectively. w(¢)e R™* is the vector of

the zero-mean Gaussian process with an autocorrelation of
T

Elw(1)w(z) 1=Q(¢)8(t-7).

taken at discrete time instants ¢, is defined as

The measurement y ()
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y(6)=h(x(t,).0,)+v() k=12,.. (2)
where h(x(,).z,)e ®" is a measurement function (either

linear or nonlinear). The measurement noise v(z,) is

assumed to be a Gaussian white noise with a covariance
matrix of R and independent of x(0), w(¢), and h.

The basic procedure of the nonlinear filtering technique is
illustrated in Fig. 1. If the process described by the SDE is a
Markovian diffusion process, the probability density
function characterizing this process between measurements
(¢, <t<t,,, ) 1s governed by the FPE [1, 2, 4] as

w__golpr), 1447 (6007
ot ox, 2% 0x,0x;

i=1
where p = p(x(t)|Y(tk)) is the state conditional PDF and
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the measurement observation history is defined as
Y(¢)£{y,,t, <t}. The first term on the right hand side
(RHS) of the FPE is the drift term whereas the second term

is the diffusion term.
Once the PDF function is found from Eq. (3), the

measurement y(z,,,) made at the time instant 7,,, and the

Bayes’ formula are used together to update the conditional
PDF p(x(t;,))|y,.) as

p(x(@ DY (%)) p(YE )| X))
PO ) I w0 i Ry ) By
[ P(a@D Y (6)) P (¥ )|EE)) &
Hence, using the updated conditional PDF, the minimum
mean-square estimate (MMSE) estimates of any state

variables or functions of state variables ¢@¢(x) can be

obtained.
b
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Fig. 1 FPE based nonlinear/linear filtering.

Extensive experiences in defense agencies and industries
appear to indicate that the EKF is adequate in most of the
applications. However, this happens only when the system
is not highly nonlinear and measurements can be updated in
a high frequency.

As one of the directions in nonlinear filtering, the
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[5], in which the particle filter is one of them [6]. This type
of nonlinear filtering techniques is more adaptive to
complex systems because of the flexibility nature of the
Monte Carlo simulation. However, the problem of
computational complexity still remains unsolved [7, 8] and
in most of the time, parallel computing has to be relied on.

The central issue associated with the FPE and Bayes’
based nonlinear filtering technique is the high computational
cost [10-13]. Since it is difficult to obtain the exact solution
of the FPE, numerical approximations, such as the finite
difference method [14, 15], path integral method [16], and
cell-mapping method [17], are typically used to evaluate the
FPE between measurements. These methods are developed
for systems with low dimensions and may not be appropriate
for real time applications. In Daum’s paper [8], the
characteristics of nonlinear filtering with numerical
approximation of FPE are discussed. Also it is noticed that
the high computational cost may be avoided with adaptive
grids such as the ones been used by Challa[13], Musick [18],
and Yoon and Xu [19]. However, as shown in these papers,
even with adaptive grids, the computational cost is still high
even for low dimension problems and the accuracy is very
sensitive to the domain selection.

In this paper, the direct quadrature method of moments
(DQMOM), along with Bayesian update of the conditional
state PDF, is formulated for solving the FPE based nonlinear
filtering problems. This approach involves representation of
the state conditional PDF in terms of a finite collection of
Dirac delta functions, whose weights and locations
(abscissas) are determined based on constraints due to
evolution of moments and modified using Baye’s rule for
measurement update. Using a small number of scalars (in
the Dirac delta function), the method is capable of handing
problems described by a multi-variables FPE through a set
of differential algebraic equations (DAEs) with good
accuracy and less update rate.

This paper is organized as follows: The next section
begins with descriptions of the DQMOM in solving the FPE.
Then the procedure to obtain estimates through the Bayes’
formula using weights and abscissas is discussed.
Following this, two classical numerical examples are shown.
Conclusions are summarized in the final section.

II. DIRECT QUADRATURE METHOD OF MOMENTS
(DQMOM)
To easy the derivation, the FPE of the state conditional
PDF (Eq. 1) between measurements is rewritten here

2 T
dp__lpr] 1 002 P(60E), |
= > o +ZZZ g <t<t

2 22" G w9
The DQMOM method, originally investigated by Marchisio
and Fox for the population balance problem [20], is
illustrated in terms of the nonlinear filtering. First, let us
define the state conditional PDF as a summation of a multi-
dimensional Dirac delta function

ZWa(Y(rk))Hé[x %), (Y@l (6)

ol o)

where N
a=1,.,N

is the number of nodes, w, =w,(Y(t,)),
is the corresponding weight for node «, and
<xj>0( :<xj>a Y(), a=1,..Nij=1,..,

of node o (called “abscissas”). The weights and abscissas
will be computed next. Substituting Eq. (6) into Eq. (5), then
the left hand side (LHS) of Eq. (5) becomes

)= Z[aw”‘]l—[&x
N, N L 0(x;
,Zwaz H =), 8?5><a_> @)

N, is the property vector

If the weighted abscissas ¢, = w,

a<x j> is introduced,
o

after some manipulations, Eq. (7) can be rewritten as

%Wﬁ (23 T wmaﬂ
a=1 (8)

Jj=1 J=lk=Lk#j

N, N P
Z H 5ka5}a gja

J=lk=Lk#j
Notice that w,, ¢, ,and &,

23 el S T 1

j=1 =1 k=Lk#j
s

Mz

N
I

are functions of time, thus

Jka ja f{}
)

N NN
SHN I ETEE
ko jo d
a=1 j=1 k=Li#j
Let us define
dwy ldt=a,, a=1,..,N (10)
and
dSjg ! dt£bjg, =1, Ny =1,..N (1D
Eq. (9) (LHS of Eq (5)) can be further simplified as
> Lo+ T (o), i e
a=1| j=1 Jj=l k=Lk#j (12)

N | N, N
VST et e

a=1| j=1k=Lk=]
Now let the right hand side (RHS) of Eq. (5) defined to be

I

i=l j=1
The FPE can be written in terms of the multi-variable Dirac
delta function as

(13)
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S S
5ka5ja}ja =Sx(x)

There are total N(1+ N,) parameters (in Eq. 14) need to

be found to construct the conditional PDF p(x(t)|Y(t)):

a=1,..N and bja,j=1,...,NS,0{=1,...,N. In general,

DQMOM method applies an independent set of moments
that user wish to control to construct N(1+ N,) DAEs.

Given the following three Dirac delta function properties

J‘+mxk§(x_<x>a)dx:<x>]; (15)
J.Jrooxk(s'(x—<x>a)dx:—k<x>1;71 (16)
J.+mxk5"(x—<x>a)dx:k(k—1)<x>Z_2 (17)

The ki ka,....ky  moment of the Eq. (14) can be derived as

followed
SO N,
xk‘ cex N Siga dx;
. - 1 N, jeta
a=1 j=1 I=1
+oo +oo k kv N N.\' Ns , N:
+J. I )cl1 ---x]\}x’ I I (xj>a5ka5jaaa I Idxl
™ a=1 j=lk=lk= I=1 (18)
+oo +oo X ky\~ N N: N\' , Ny
—Jl J: X! »»»x]\‘/j Z Z Skadjor |bjor I Idxl
a=1| j=l k=Li=j =1

+oo +o0 X kv Nx
:Lﬂ ...LO apt e [Sx (0] I I dxy
=1

The first term in the LHS of Eq. (18) can be simplified as

oo e % N N
I J. X! xl\‘/v: ZI I Sjaag |dx)..dxN,
(19)

a=1 j=1

o=l j=1

whereas the second term in the LHS of Eq. (18) is derived to
be

Ij:J‘jNka (iz H .<x.,~>a5ka5‘yjaaa}x1mdes
. e (20)

In the same way, the third term of the LHS in Eq. (18) can
be derived as

N Ns +oo
_Zzb_/aj‘_w X Mé‘ [ H 5ka]dx1 dxy,
a=1 j=1 k=Lk#j (21)
N N, k-1 N, A
— J k
= k; <x./ >a H (xk >a bjo
a=1 j=I k=lk=j
The £, ..,kN: moment of the RHS of Eq. (18) are derived to

T <l ky | OpF,
Skl oy, = —Z J._(x, xlkl .. x]\;:x {?del "'de;
+ j [z ; }xl iy, (22)

i=l j=l1
SR

9’[p(GOG"),;
ox; 8x
= §k11,...kjvs + §k21 oy,

where

ZZk Wa(t) xl

i=l =1 (23)
(xi+1>];;+l : "<st >a * 'Fi((x1>a ,...<xNé >a)
When i # j, Ekzl,“.kN_ is derived as
N, IA\/A N N,
§k2| ky = zwakikj[l_[()ck)l;k}/<xi>a<xj>a
i=l j=1a=1 k=1 (24)

‘[D(X)]ij|<xl> )

)
whereas when i =/, S¢

N N,
_ k 2
Sl?l,--k,»g =Zwak,~(k,~ —1)[H(xk>0;‘]/(ﬁ)a[D(X)]ij|<xl>a’_“<xNA ) (25)

a=1 k=1

is derived to be

Notice that D(x)2(1/2)GoGT . Thus, the N(1+N,) DAEs
can be constructed using a set of independent moments
constraints k;,...,ky as

N N, Ny
Z [1—2191}1_[(9%)/2 ag
a=1 j=l ) k=1 (26)
N N N,
DIICIH A || REVTE
a=1 j=1 k=lk#j
For example, if the number of states is N =2 and the
number of nodes used in the in the multi-dimensional Dirac
delta function is N =2, there will be N(1+N,)=6
unknown parameters in Eq. (26). In order to solve these six
DAEs, the following six moments constraints
(ky,k,) = (0,0),(1,0),(0,1),(2,0),(1,1),(0,2) (27)
can be applied such that there are enough equations for
solving a,, @=1,2 and b,,,j =1,2; ¢ =12 explicitly.
Note: Typically, the precision of the estimation and the
computational cost will be higher when the number of nodes
increases. The selected moment constraint k&, ,....ky will
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guarantee the PDF approximated by the Eq. (6) has exact
value for this moment of the PDF. For typical estimation
problem, the accuracy of the first moment (e.g. minimum
mean-square estimate (MMSE) estimates of any state
variables or functions of state variables ¢@¢(x) can be
obtained) is automatically guaranteed.

For simplicity, Eq. (26) can be rewritten in a matrix form
as

Ap=s (28)
where the unknown parameters are
nElay, ay,....ay. by,
15 @25 AN D11, P12 (29)

blN""bN:I’bNS2""bN3N]T € S(N(1+Ny)><l

and matrix A can be derived from Eq. (26) as a nonlinear
function of the abscissas. The moment constraints are
s:[§0,..‘0’§1,...0>~“]T€ ERN(NSH)XI (30)
As compared with the widely used finite difference
methods used in [8, 13, 16, and 19], with the help of the
DQMOM scheme, the partial differential equation is
reduced to a set of differential algebraic equations and the
computational cost is reduced.

III. BAYES’ FORMULA BY DQMOM

Once the weights and abscissas in the “predictor” PDF is
found through the DQMOM (Eq. 28) propagation, the
“updated” conditional PDF can be found using the new

measurement y(z,,,) made at the time instant ¢,,, and the
Bayes’ formula (Eq. 4). Substitute Eq. (6) into Eq. (4), the
DQMOM based Bayes’ equation can be derived as

p(x A+I‘Y(tk+l))

RO A LR

P(y (k)
jp fo
ziw»(Ya NPy (te [

s

The new weights in the update step (i.e. after accounting for
measurements at ¢ =¢,,,) for the DQMOM are obtained by
renormalizing the old weights as

W, (YEDP(Y ()| (X1 ) 5+ Xy,
w,(Y(t,) = ( ( )‘< > < >a)

2o VP (¥ (1)) s,
while the abscissas are unchanged as
x,(Y(t,,) =x,(Y()), «=1,.,N, (33)
Hence, using the computed state conditional PDF value of
p(x(t)|Y(t)),t =t,,t,,..., the MMSE estimates of the state

€2))

) ) ZW (Y(z ))H5

N,

ﬂn.ﬁIIﬁ[, (x,), (Y@

= (), (Y(t K&

(32)

variables or functions of state variables @(x,¢) at each time
step can be obtained as
P(x(1) = EIX(D)|Y ()]

34
-Zw(v<z))¢(< D (%) ) G4

IV. NUMERICAL EXAMPLES

In this section, the performance of the proposed nonlinear
filter is demonstrated through two numerical examples:
univariate nonstationary growth and 2D bearing-only
tracking problems. All the codes are written in Matlab and
run in a Dell Precision T7400 desktop (Intel Dual Core
CPUs with 3.16 GHz, 3.25 GB RAM). The Runge-Kutta 4"
order method is used for integration.

Example 1: Univariate Nonstationary Growth Model

First, the method is applied in a continuous time version
of a nonstationary problem, modified from the discrete-time
univariate nonstationary growth model (UNGM) [21-23],
where both the state dynamics and measurement models are
nonlinear. The process equation of the UNGM is

x, = ax, , + f—2"+ yeos[1.2(n—1)]+w,,n =1,2,... (35)
I+x,,
and the measurement model is
z=x"/20+v (36)

A continuous time version of the process equation is
derived as

. E * x
x=ax+pf >
I+x

+y*co{%}+w, t21,=1 (37)

where o =(a-1)/At, B =f/At,and ¥ =y/At based
upon the first order Euler scheme. ¢=0.5, =10, and
y =28 are used in the simulation. The time step used in the

conversion from the discrete time model [21] to the
continuous time model is Az =0.1s. w is a t-distribution

with a degrees of freedoms of 10 and v ~ N(0,0.01). A step

size of 0.1 seconds is applied in the propagation of the
corresponding SDE and FPE equations, whereas the
measurements are updated at different sampling rates to
show the consistence in estimation precision of the state.

In this example, two nodes are selected. Therefore, there
is a total of four unknowns (i.e. two weights and two
abscissas) to characterize the conditional PDF and
k=0,1,..3.

A set of fifty Monte Carlo runs have been used for testing
the algorithm. The measurement update rates are set at every
0.1, 0.2, 0.4, 0.8, and 1.6 seconds respectively. As shown in
Fig. 2 (a) through Fig. 2 (c), the estimated state tracks the
actual state history for all the cases under different update
rates.
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Fig. 2 (b) Estimated state
history using the DQMOM

=)
T

Time (s)
Fig. 2 (a) Estimated state
history using the DQMOM
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Fig. 2 (c) Estimated state history using the DQMOM
approach (update rate at 1.6 seconds).

The mean square error of the estimation procedure based
on DQMOM has a consistent precision in the rage of 0.218
to 0.260 for update rates between 0.1s and 1.6 s (shown in
Table 1). With reference to the signal amplitude, which is
around 10 according to the simulation results as shown in
Figs. 2(a) — 2(c), the percentage of the state estimation error
is only about 2.5%. As expected, we find that the
computational cost of estimation based on DQMOM (shown
in Table 1), also decreases monotonically as the
measurement updates become less frequent.

Table 1 DQMOM for the UNGM

Updat MSE Error Computational
e delay Percentage Cost

(s) (in seconds)

0.1 0.254 2.54% 8.23

0.2 0.260 2.60% 4.79

0.4 0.248 2.48% 3.18

0.8 0.218 2.18% 2.55

1.6 0.246 2.46% 2.33

Example 2: Bearing-only Tracking Problem

A simplified version of the passive bearing only tracking
problem is adopted from [8] as the second example. The
motion of the sensor platform follows x, =47 and y, =20,

whereas the motion of the target is governed by

Eei N
dt  dt|y| |0 ofly| |1

where the initial condition of the target is x(z,) =[80,1]",

(3%)

and the process noise is a Gaussian with a zero mean and a
covariance of Q =10". The measurement model is

Loy, (@)
—r 4
x(6)—x, ()

where the sensor noise is assumed to have zero mean with a

w,(t,) 39)

»(,) = tan

variance of R=(4°)".
The step size used in the FPE and the ODE propagations
At=0.01s. The measurements updated rate varies at

different sampling rates at 0.1 seconds, 0.5 seconds, and 1
second. Two nodes are chosen and there is a total of six
unknowns to characterize the conditional PDF and

(ky,k,) = (0,0),(1,0),(0,1),(2,0),(1,1),(0,2) (40)

The results are compared with two other methods: EKF,
and Alternating Directional Implicit (ADI) methods [24].
ADI method is an implicit method for parabolic and elliptic
equations. The major advantage of the ADI method
compared with other implicit methods used in FDMs is that
it involves only tridiagonal systems, and the matrix
inversion can be achieved efficiently by the Thomas’
algorithm [25]. To achieve a similar estimation precision in
ADI as those in DQMOM, the spatial difference is chosen to
be 0.01 for both the position and velocity states.

A set of fifty Monte Carlo runs have been used for testing
the algorithm. As shown in Fig. 3 (a), when the
measurement update rate is set every 0.1 seconds, the
estimation errors from DQMOM and ADI filters have a
comparable precision on the order of 0.5 in the stationary
state (also shown in Table 1), whereas the estimation error
from the EKF is roughly bounded by 2.5. As the update
delay increases as shown in Fig. 3(b) (0.5 seconds) and Fig.
3 (c) (1.0 second), the EKF becomes unstable, whereas the
estimation error bound of the ADI increases to 0.7.
However, the results from the DQMOM are consistent with
the case of update rate of 0.1 seconds. Also notice that in
Fig. 3(a), if in order to achieve roughly the same estimation
precision, the update rate of the EKF is required to be 0.01
seconds and the computational cost is high as shown in
Table 3 (2.09 seconds for a 20-second simulation time).

To achieve the same precision, the ADI needs
approximately 14 seconds and the time spent is almost
constant for the range of update rates considered (Table 3).
The time taken in the DQMOM approach is much less that
that of the ADI and as the update frequency decreases, the
speed of the DQMOM increases without compromising in
the estimation precision (as shown in Table 3).

Table 2 Bounds of the estimation error

Update delay (s) EKF ADI DQMOM
0.01 0.4 - -
0.1 2.5 0.5 0.25
0.5 4 0.5 0.3
1.0 5 0.5 0.25
Table 3 Computational cost (in seconds)
Update EKF ADI DQMOM
delays (s)
0.01 2.09 - -
0.1 0.02 14.07 11.44
0.5 0.0042 14.42 2.6
1.0 0.0023 14.11 1.47

Therefore, simulation results for this numerical example
also lead us to conclusions that are similar to those observed
from the analysis of numerical example 1. While, the error
in estimation based on EKF type approaches increases with
decrease in update rate, owing to increase in errors due to
linearization of dynamics, the DQMOM approach can give
better estimation performance than EKF especially at low
update rates. Besides, the computational cost of estimation
based on the DQMOM approach was also found to be
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significantly lower than ADI for comparable levels of
accuracy (as in numerical example 1).
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Fig. 3 (a) Estimation error
(update rate at 0.1 seconds).

Time (s)
Fig. 3 (b) Estimation error
(update rate at 0.5 seconds).
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Fig. 3 (c¢) Estimation error (update rate at 1 second).

V. CONCLUSION

A new approach for solving the nonlinear filtering
problem is proposed using the direct quadrature method of
moments coupled with Bayesian update of the conditional
PDF. Through this new approach, the FPE (a PDE) can be
transformed into a set of DAEs in terms of Dirac delta
functions. As compared with EKF type methods, which are
used widely in nonlinear filtering problems, the nonlinear
dynamics is not required to be linearized. Also, if compared
with finite difference type methods, the computational cost
is dramatically reduced without a compromising in
estimation accuracy. Two numerical examples, univariate
nonstationary growth and 2D bearing only tracking
problems, are tested for optimal estimation and compared
with the methods of EKF and ADI, and the results appear to
be promising in the field of nonlinear filtering theory.

ACKNOWLEDGMENT

The authors would like to thank Prakash Vedula for many
helpful discussions regarding quadrature based methods.

REFERENCES

[11 Fokker, A., Annalen der Physik, Vol. 43, No. 810, 1940.

[2] Planck, M., Sitzungsber. Preuss. Akad. Wissens., pp. 324, 1917.

[3] Michael, F., and Johnson, M. D., “Financial Market Dynamics,”
Physica A: Statistical Mechanics and its Applications, Vol. 320,
March 2003, pp. 525-534.

[4] Jazwinski, A., Stochastic Process and Filtering Theory, Academic
Press, New York 1970.

[5] Chen, R., and Liu, J. S.,“Mixture Kalman Filters,” Journal of Royal
Statistical Society, Vol. 62, Part. 3, 2000, pp. 493-508.

[6] Carpenter, J., Clifford, P., and Fearnhead, P., “Improved Particle Filter
for Non-linear Problems,” IEE Proceedings on Radar, Sonar, and
Navigation, Vol. 146, No. 1, February 1999, pp. 2-7.

[71 Lee, D. l., Nonlinear Bayesian Filtering with Applications to
Estimation and Navigation, Dissertation, Texas A&M University,
May 2005.

—
—
S

=

[12

—

[13]

[14]

[19]

[20]

[21

—

[22

—

[23]

[24]

[25

[}

3217

Daum, F., “Nonlinear filters: beyond the Kalman filter,” IEEE
Aerospace and Electronic Systems Magazine, Vol. 20, Issue 8, Part
2, Aug. 2005, pp. 57-69.

Kastella, K., “A microdensity approach to multitarget tracking,”
Proceedings of the Third International Conference on Information
Fusion, Vol. 1, July 10-13, 2000, pp. TUB1/3-TUB110.

Kastella, K., and Kreucher, C., “Multiple model nonlinear filtering for
low signal ground target applications,” [EEE Transactions on
Aerospace and Electronic Systems, Vol. 41, No. 2, April 2005.

Tang, Z., and Ozguner, U., “Sensor fusion for target track
maintenance with multiple UAVs based on Bayesian filtering method
and hospitability map,” Proceedings of 42" IEEE Conference on
Decision and Control, Vol.1, December, 2003, pp. 19-24.
Kanchanavally, S., Zhang, C., Ordonez, R., and Layne, J., “Mobile
target tracking with communication delays,” 43" IEEE Conference on
Decision and Control. Vol. 3, December, 2004, pp. 2899-2904.

Challa, S., Bar-Shalom, Y., “Nonlinear filter design using Fokker-
Planck-Kolmogorov ~ probability — density  evolutions,” [EEE
Transactions on Aerospace and Electronic Systems, Vol. 36, No. 1,
January, 2000, pp. 309-315.

Zhou, Y., Chirikjian, G. S. “Probabilistic models of dead-reckoning
error in nonholonomic mobile robots,” Proceedings of IEEE
International Conference on Robotics and Automation, Vol. 2, Sept.
14-19, 2003, pp. 1594-1599.

Spencer Jr., B. F., and Bergman, L. A., “On the numerical solution of
the Fokker equations for nonlinear stochastic systems,” Nonlinear
Dynamics, Vol. 4, 1993, pp. 357-372.

Naess, A., and Johnson J. M., “Response statistics of nonlinear
dynamics systems by path integration,” In Proceeding of IUTAM
Symposium on Nonlinear Stochastic Mechanics, Berlin 1992.

Sun J. Q., and Hsu C. S., “The generalized cell mapping method in
nonlinear random vibration based upon short-time Gaussian
approximation,” ASME Journal of Applied Mechanic, Vol. 57, 1990.
Musick, S., Greenswald, J., Kreucher, C., and Kastella, K.,
“Comparison of particle method and finite difference nonlinear filters
for low SNR target tracking,” The 2001 Defense Applications of
Signal Processing Workshop, Sep. 20 2001.

Yoon, J., and Xu, Y. “Relative position estimation using Fokker-
Planck and Bayes’ equations,” 2007 AIAA Guidance, Control, and
Dynamics Conference, August 20-23, 2007, Hilton Head, SA.
Marchisio, D. L., and Fox, R. O., “Solution of population balance
equations using the direct quadrature method of moments,” Journal of
Aerosol Science, Vol. 36, 2005, pp. 43-73.

Kitagawa, G., “Non-Gaussian state-space modeling of nonstationary
time series,” J. Amer. Statist. Assoc., 82, pp. 1032-1064.

Kotecha, J., and Djuric, P. M., “Gaussian sum particle filtering,” /[EEE
Transactions on Signal Processing, Vol. 15, No. 10, Oct. 2003.

Wu, Y., Hu, D., Wu, M., & Hu, X.., “Unscented Kalman filtering for
additive noise case: augmented versus nonaugmented,” /EEE Signal
Processing Letters, Vol. 12, No. 5, 357-360.

Yoon, J.,, and Xu, Y., “Alternative Directional Implicit Method
Enhanced Nonlinear Filtering,” 2008 AAS/AIAA Space Flight
Mechanics Meeting, Galveston, Texas, Jan. 27-31, 2008.

Strikwerda., J. R., Finite Difference Schemes and Partial Differential
Equations, Chapman & Hall, New York, 1989.



