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Abstract— Parameter estimation problem in dynamical systems
can be addressed using the static adaptive observers to generate
parameter estimates on line. However, if such estimates are used
in a Certainty Equivalence Adaptive Control (CEAC) law, the
stability problem arises. In this paper it is shown that the CEAC
law, in which parameter estimates are generated using static
observers and several adaptive laws with normalization, results
in a stable system in which the tracking control objective is
achieved. The adaptive laws include gradient algorithms with
normalization and projection, and least squares with covariance
resetting and exponential forgetting. This is followed by an
analysis of the case when dynamic observers and adaptive laws
with normalization are used to generate parameter estimates. It
is shown that with such adaptive laws overall system stability
can be guaranteed provided that the observer is sufficiently
fast and that its gain is chosen to be larger than a calculable
worst-case bound.

I. Introduction

A standard parameter adjustment law that is used both in the
direct and indirect adaptive control context is the so called
gradient algorithm [2]. It arises in the Lyapunov analysis of
the overall adaptive control system, and results in a stable
system in which the tracking control objective is achieved
asymptotically. However, since its primary objective is not to
accurately identify the parameters but rather to assure system
stability, it may also result in large transients and inaccurate
state estimates. This is the case in both direct and indirect
adaptive control.

On the other hand, there is a whole spectrum of parameter
adjustment algorithms whose primary objective is to arrive at
as accurate parameter estimates as possible for a given level
of excitation in the system. These arise in the context of
system identification (see e.g. [1], [3]) and include gradient
with normalization and projection, and several variants of the
celebrated least-squares (LS) algorithm (pure LS, LS with
covariance resetting, LS with exponential forgetting). One
common feature of all these algorithms is that they represent
a class of adjustment laws with normalization, i.e. they are
commonly divided by a suitably chosen normalization term
to assure the boundedness of the adaptive law.

To the best of authors knowledge, adaptive algorithms with
normalization, in conjunction with dynamic observers, have
not been used extensively to address the adaptive control
problem. One of the existing results [4] is based on dividing
the error equation with a normalization term, and using a
gradient adaptive algorithm with normalization to adjust the
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parameters. Then a term roughly corresponding to ’nonlinear
damping” in nonlinear control is used in the error model
to assure signal boundedness. One of the questions that
arise in this context is whether such a term is necessary to
demonstrate the overall stability. In addition, least squares-
based algorithms have not been used in this context. Another
approach to using normalized adaptive laws arising from the
use of a logarithmic Lyapunov function is presented in [5].
However, the approach is applicable only to a very limited
class of linear plants with unknown matrix A and known
matrix B.

In the context of indirect adaptive control using parameter
adjustment laws with normalization, the following problems
can be formulated:

1. If a Certainty Equivalence Adaptive Control (CEAC)
law (i.e. indirect adaptive control) is used to control the
plant, under which conditions can adaptive algorithms with
normalization be used to generate parameter estimates while
assuring the overall system stability?

2. How can the system be parameterized to enable the use of
static observers and adaptive algorithms with normalization?

3. Can adaptive algorithms with normalization be used in the
context of dynamic observers and under which conditions?

In this paper we address these questions and show the
following:

e In the case of static observers, proper filtering of the plant
state equation results in an expression that enables the use
of static observers to estimate the parameters; any parameter
adjustment law that satisfies standard properties plus a prop-
erty of boundedness of the term multiplying the estimation
error (i.e. the regressor divided by the normalization term),
multiplied by the regressor signal, results in a stable system.

e In the case of dynamic observers, an additional condition
needs to be imposed on the observer gain to assure the overall
system stability.

II. Problem Statement

In this section the focus is on a first order plant whose
dynamics is described by:
= = ax + bu, (1)

where a and b are unknown, and the lower bound on b,
denoted by b > 0, is known.
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The objective is to design a Certainty-Equivalence Adap-
tive Control (CEAC) signal u(t) such that lim; o [2(t) —
Zm (t)] = 0, where 2, (t) is the output of the reference model

Z.Cm = —QmTm + me, (2)
and where a,,, b,, > 0 and r is a bounded reference input.
The CEAC control law is chosen in the form:

%[— (a+ am)x + bpr]. 3)

u =

Since the control law is given, now the objective is to design
an observer and adaptive law for generating estimates of a
and b in a way that assures the overall system stability.

Let e = £ —x. It is well known that a dynamic series-parallel
observer and gradient adaptive algorithms of the form:

T =ax+ bu — Ne
a= —vyiex, b= —yoeu

assure overall system stability and achieve the control objec-
tive [2]. In the above expressions, A > 0 denotes the observer
gain, while ; > 0 denote adaptive gains. In addition,
precautions need to be taken to prevent l;(t) from crossing
zero which would invalidate the CEAC law.

With proper choice of A and +;, the above adaptive laws
can achieve rapid stabilization of the system and ensure
that the control objective is met. However, these laws are
not designed with a primary objective of achieving accurate
estimation of the unknown parameters, and the resulting
steady-state values (if they exist) of the estimates may be far
from the true ones if there is not sufficient excitation in the
system. On the other hand, several adaptive algorithms with
normalization have been shown to result in ’good” estimates
even when signals in the system are not persistently exciting.

Since one of the objectivies of this paper is to study the
suitability of such adaptive algorithms in the CEAC law,
several possible algorithms with normalization for estimating
a and b are discussed next.

III. Stable Adaptive Control using Static Observers
and Normalized Adjustment Laws

The following filtered variables are introduced first:
1 1

= . = - u. 4
s vk e Wik “)

Then the resulting filtered plant equation is of the form:
x=(Ar+a)zp + bup, 5)

modulo an exponentially decaying term due to initial condi-
tions. The above equation is rewritten as: © = Apxp + 67w,
where @ = [a b]T and w = [xr ur]T. Now the observer is
chosen as: A
&= Apzp+ 67w, (6)
resulting in the error equation of the form: € = 07w, where
€ = 2 —x denotes the estimation error, and 6 = 6 — 0 denotes
the parametric error.

Let the CEAC law (3) be used to control the plant, where the
estimator is chosen as in (6), while the parameter adjustment
law is to be determined. The following theorem states that

this law can be fairly general as long as it satisfies several
properties listed below.

Theorem 1: If the adaptive law ensures the following:
(a) 6 € L.
€
b) ——— € LN L2
() V1+wlw

(c)é:éEEOOQEQ, and

T
(d) 7Y s bounded for all values of arguments,
e

then all the signals in the system are bounded and

limy—, o0 [2(t) — 2 (t)] = 0.

Proof: The observer (6) is first differentiated to obtain:

&= “Nap 4+ Apx + 0Tw — Ar(Z — Apxp) + ax + l;u,

which, after substituting the control law (3), reduces to

i=0Tw— AF€ — amT + by, 1.

Let e,, = £—x,,. Subtracting (2) from the above eq.yields:
ém = —amem + 0T w — (AF — am)e, @)

Since 6 is bounded and § € £ N L2, it follows that the

system (7) is a linear time varying system with bounded pa-

rameters in which the signals can grow at most exponentially.

Hence analysis based on the growth rates of signals in the
system (see [2]) can be used to study the signal boundedness.

Based on the fact that ¢/v/1 + wTw € £ N L2, it follows
that € = 8(t)V1 + wTw, where 3 € L2

Let @ = [z u]T grow in an unbounded fashion. Since
w = (1/(s + Ap)w, it follows that w = O(supr<||@(7)]).
In addition, since w = —Apw + @, it follows that w =

O(supr<¢||@(7)||). Since ¢ = 7w and @ is bounded, it
follows that € = O(supr<||@(7)]|). Taking a derivative of e
yields: 5 -
é=0Tw—dpe+0T0.

Hence ¢ = O(supr<¢|@(7)]|). From (7) it now follows
that e,,, = O(sup,<(||@(7)||) and é,, = O(supr<(||@(7)]))-
Since ¢, = & — x,, and T, is bounded, it follows that
Z = O(supr<¢||@(7)|) and & = O(supr<¢||@(7)||). Since
€ =& —x, it follows that z = O(supr<¢||@(7)||). Similarly,
it can be shown that v = O(sup,<||@(7)]||). Hence & =
O(supr<¢]|@(7)|]), and all the signals grow at the same rate,
i.e. supr<i|e(T)| ~ supr<||@(7)].

On the other hand, since € = 3(t)V'1 + wTw, where 3 € L2,

and ¢ = O(supr<if|w(T)|]), it follows that e =
o(supr<¢|lw(7)|) [2], i.e. € and ||w]|| grow at different rates,
which is a contradiction. Hence all the signals in the closed-
loop system are bounded.

It can now be readily shown using the standard arguments
[2] that limy—ooem (t) = limioo[z(t) — 2m(t)] =0. W
Comment: The main reason for using the signal growth rate
arguments for stability analysis is that the estimator does not
guarantee that the estimation error will be bounded. This
is in contrast with the case when dynamic observers and
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adjustment laws without normalization are used.

It will next be shown that several parameter adjustment laws
satisfy the conditions (a)-(d) of Theorem 1.

IV. Normalized Parameter Adjustment Laws
A. Normalized Gradient

This adaptive law is of the form:
—Twe

b=b=—1 7%

®)

where T' = diag([y1 72])-

Properties of the estimator: The following tentative Lya-
punov function is chosen:

- 1~ -
V(0) = §9Tr*19. )
Its derivative along the solutions of the system yileds:
s € wwTf ~
V() = — =— <0, V0 #0. 10
O) = rome = Troty S0 W (10)

Hence 6 € £, It can be readily shown that conditions (b)
and (c) of Theorem 1 also hold. Based on (8) it is also seen
that the condition (d) holds. Hence gradient algorithm with
normalization can be used to estimate the parameters while
ensuring the closed-loop system stability.

B. Normalized Gradient with Projection

Let an m-vector 0 satisfy 0 € Sy = {6; : 8, <6; <
0;, i =1,2,...,m}. Then the normalized adaptive law with

projection is expressed in the form:

i h . __iwie .
0; =0; _Projeei,gie TroTo wTw}’ 1= 1,2,A...,m (11)
—m(l — sign(ew;) - ¢(6;))
where 6;(0) € Sy, and
0; — 20, + 0,
A Ui it ip 1) € 08
o(0:) = 2(0; — 0,)
0 if 0; (t) S 89\389

The following proposition is useful for the proof of stability.
Proposition 1: Adaptive law (11) assures that

Twe
- 14 wTw’

for all values of arguments.

0To

The proof of this proposition is standard for adaptive algo-
rithms with projection and is omitted here.

Now the same tentative Lyapunov function (9) is used,
resulting in
o~ 52

V(o) < ———
(0) < 1+ wlw
Hence the gradient adaptive algorithm with projection has the
same (a)-(c) properties as the one without projection. From
(11) it also follows that the condition (d) is satisfied. The

use of this algorithm also assures that I;(t) >b, Vit >t,.

<0, VO #£0. (12)

C. Least Squares Algorithm

As it is well known, the Recursive Least Squares (RLS)
algorithm is derived as a solution to the minimization of
the following cost [4]:

L[ s @) = 0T (Dw(r))®
/0 Lo () "
+§e—ﬁt<é — 6(0)7 Qo (6 — 6(0)),

where Qo = Q% > 0, and 3 > 0. Since the above cost is
convex, any local minimum is also global and results in:

VI0) = ¢ MQuO-i0)
_/t e‘ﬁ(t—T)gAC(T) — 0T (r)w(r) wd
0

1+ T (r)w(T) m

J(0) =

which yields the batch least squares algorithm:
t ~
0= P)[e Qi) + [ et AT ]
(t) e Qob(0) + 08 1+ W (T)w(r) T

where
t

P(t) = [e'Qo+ / o= B(t=7)
0

Since @ is positive definite and ww” is positive semi-definite,
P(t) exists at every instant. It can be readily shown that P
satisfies the following differential equation:

() 1
1+wT(T)w(T)dT} :

P=pBP—-P wol P(0) =Py =Qg" (13)
o 14+ wlw™’ 0T o -
The adjustment law for 6 is now of the form:
3 Puwe
0=———+—+. 14
1+ wTw (14)

1) Pure Least Squares: In this case 3 = 0. It is first noted
that P < 0, i.e. P(t) < Py. Since P > 0, it follows that
P(t) is bounded for all time.

Now a tentative Lyapunov function is chosen as:

1 .
V(0) = 59TP*19. (15)
. wwT
Noting that P~! = ———— it follows that

1+ wlw

7@ < i

V =————— <0,V 0.

() 21+ wlw) = 7 7

Since P(t) is bounded for all time, it follows that the pure
LS algorithm satisfies conditions (a)-(d) of the Theorem 1.

2) Least Squares with Projection: Using the same tentative
Lyapunov function as in the case of pure least squares and

the results of Proposition 1 it follows that
2

s €
Vo) < —————

(0) < 2(1 + wlw)
Hence the least squares algorithm with projection has the
same properties as the pure least squares and satisfies the
conditions (a)-(d) of the Theorem 1.

<0, VO # 0.

3) Least Squares with Covariance Resetting: One of the
main drawbacks of the pure LS algorithm is a possibility of
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lim;_, o P(t) = 0 which slows down the adaptation in some
directions. To avoid this, the following modification, known
as LS with covariance resetting, is commonly used:
wwT

14+ wlw
where tp is the resetting time for which A\, (P(2)) < ay
where a; is a prespecified threshold, and ag > a; > 0.
With this modification it follows that agl > P(t) > a1l
for all time, which implies that P(¢) is positive definite and
bounded for all ¢ > 0.

Using the tentative Lyapunov function (15) results in

~ 62

V(0) = T30+ wlw) <0,

everywhere except at the resetting instants.

P=-p P, P(t},) = Py = apl (16)

At the points of discontinuity of P one has:
1 3 -
V(tR) = Vitr) = 50" (P (t5) = P (tr))0.

Since P~1(tf;) = I and P~'(tg) > 1, it follows
that V() — V(tgr) < 0. Hence V is a non-increasing
function of time for all ¢ > 0. This implies that V is
bounded and lim; . V(t) = Vo < oo. Since the points
of discontinuity form a set of measure zero, it follows that
¢/V1+wTw € £2. P~! is bounded since a; ' > P! >
ag '7. Bounded V and P! imply that 0 is bounded; it
follows that €/v/1 4+ wTw € L£°°, which implies that 0 €
£ N L2. Hence properties (a)-(c) from Theorem 1 hold.

Resetting does not change the expression for 6. Hence the
property (d) holds as well.

It can be readily shown that this algorithm satisfies these
properties even when projection modification is used.

4) Least Squares with Exponential Forgetting: In this case
B > 0 and P(t) can grow without bound. A common
modification to the LS algorithm is given below [4].

91 _ Puwe
n 14+ wlTw
ww
. P—P——P, if |[P@)|<p
P B e A LLCIES
0, elsewhere

where P(0) = Py = Pl > 0, |R]| < p, and p is an
upper bound on the norm of P. This modification keeps
P(t) bounded for all time and results in the same estimator
properties as in the case of least squares and hence satisfies
the properties (a)-(d) from Theorem 1.

It can be concluded that all of the algorithms analyzed
in this section satisfy properties (a)-(d) of Theorem 1 and
corresponding parameter estimates can, therefore, be used in
the CEAC control law to guarantee closed-loop stability.

V. Stable Adaptive Control using Dynamic Observers
and Normalized Adjustment Laws

Next question that will be addressed in this paper is whether
adaptive laws with normalization can be used in the context

of dynamic observers. It will be shown that in such a case
an additional condition on the observer gain needs to be
imposed to assure system stability. This heuristically makes
sense since the dynamic observers are generally slower than
the static ones (since the state estimate is generated by a
differential equation, while in the case of static observers the
estimate is calculated instantaneously); adaptive laws with
normalization are slower than the ones without normalization
and, therefore, the dynamic observer needs to be sufficiently
fast to assure system stability.

In this section the same plant equation (1) is considered. Let
0 = [a b]T. It is assumed that € Sy = {0 : 0, < 6,0,, i =
1,2}, where 6, > 0. The CEAC controller is of the form:

1

u= g[—(d—i-am):c—i-bmr], (17)

where the bound on 7 is assumed known, i.e. |F| < 7.

The dynamic observer for the above plant is now chosen as:

fzdx—i—f)u—)\e, (18)

where A > 0 denotes the observer gain, and e = & — .

Let the adaptive law be of the form:

Twe
1+ wTw
where T' = diag[y; v], v > 0, @ =
The key in proving the stability with the above adaptive law
is to study the term w?& /(1 + w’w). The term w’'w is of
the form:

wlé = z(az + bu) + ui — de + &(ax + bu)/\,

0 = 0 = Projy. g, { } (19)

[z u]T, and w =

(20)

while the derivative of the CEAC law yields:
oTTw 1
i) = | ——— 4+ Z[—(a + am)(az + bu) + by
b(1+wTw) b
< [(|2]+]2)) Amaz (D) +((@ + am) @la|+blul) +bm7)] /b
= x|+ eolul + e3]Z| + ca.
Hence:
lwTw| < @x? + blz|ju| + 1 |z||u] + cou® + e3)2]|u| + ca|ul
+3% 4+ (1 +a/N)|2]|z] + bl2[|u|/).
It now follows that:
|wTu')| dg
—— <d —=, VY
14+ wlw — L P
where d; > 0, i = 1,2, can be readily calculated.

3y

Now the following theorem is considered:

Theorem 2: Let the plant (1) be controlled by the CEAC law
(17) where the state and parameter estimates are generated
using the observer (18) and adaptive law (19). Then, if the
observer gain satisfies X\ > (di + /d3 + 4d2)/2, where d;
are given by (21), all the signals in the system are bounded,
and limy o021 (t) — Tm1()] = 0.

Proof: Let § = [a b]T, and 6 = [a b]”. Upon subtracting
(1) from the observer dynamics (18), the error equation is
obtained as:
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é=-Xe+0"w, (22)
where e = & —z, @ = [z u|T, and = 6 — 6.

Let a coordinate transformation ¢ be defined as:

e
¢= Vit owTw
It follows that: _
CC B —e2wTd n —Xe? + fwe
S 1+ wTw)?2 T (14 wTw)

Now the following Lyapunov function is chosen:
1 - ~
V(Cv (b) = 5((2 + oTrfle)’

where I' = diag[vy; 72]. The derivative of V along the
solutions of the system yields

. —e? wld
v <
(€0) < T

A— .
( 1+ wTw)
The inequality follows from applying the adaptive law with
projection (19). Using expression (21) it follows that:

. —e? do

VS—FFA—-di——)<0

1+ wTw( LD )=0,

i.e. V < 0since A > (di + +/d} + 4dz)/2. It can now be
concluded that ¢ € £°° N L2, 0 € £, Tt also follows from
(19) that 6 = 6 € £ N £2.
To prove the overall stability, the CEAC law (17) is substi-
tuted into the observer (18) to obtain:

(23)

It follows that é,, = —amem — (A — an,)e, where e, = & —
T,. It is seen that if \ is chosen as A\ = a,,, €,, is bounded
which implies that Z is bounded, and lim;_,, e,,(t) = 0.
However, choosing A = a,,, could violate the condition of
the Theorem 2. Hence arguments based on the growth rates
of signals can be used along the same lines as in the proof
of Theorem 1 to demonstrate system stability. |

T =—Xe— anx + by,

Comments:

e Unlike the static observer case, in the case of a dynamic
observer an additional condition is imposed on the observer
gain to counteract the slowing down of the response due to
the normalization in the adaptive law.

e It is noted that the main condition that the adaptive
law needs to satisfy for the overall system stability is that
utt/(1 + wlw) is bounded for all values of its arguments.
Analysis of this condition reveals that it is satisfied if the
condition (d) of Theorem 1 is satisfied. Since the least
squares-based algorithms described in the previous sections
satisfy this condition, they can be used to estimate the plant
parameters without affecting the system stability.

VI. Higher-order Plants
In this case the plant dynamics is assumed in the form:

&= Az + BKu (24)

where z : RT — R", » : RT — R™, m > n, and where
AeR"" and K = d1ag[k1 ko ... km], k; € [Ei, 1], € <<

1, are uncertain, while B € IR™*"™ is known. It is assumed
that x and u are measurable. Let a denote a vector of
elements of A, and let p = [aT k7] € S, = {p: (Di)min <
P < (Pi)mazs @ =1,2,...,n% +m}.

The objective is to design a control signal u(t) such that
limy o0 [2(t) — 2 (t)] = 0, where 2, is an output of the
following reference model:

where 4,, € R™™" is Hurwitz, B,, € R™*", and » € R"
denotes a bounded reference input vector.
CEAC Law: The CEAC law is chosen as:

w=KBT(BK?BT)"Y(—Az 4+ Az + B,r).  (26)

Static Adaptive Observer: To derive a static adaptive
observer, equation (24) is first filterd to obtain:

T = Apxp + Azp + BKup 27

modulo exponentially decaying terms due to initial condi-
tions. This equation is now rewritten as:

:E:/\F:EF+F($F)Q+BUF]€ (28)
where F(zp) = diag([zL 2L ... 2%]), and Up =

diag[uip ugp ... Ump]. The observer is now chosen as:

T = /\FxF—I—Q(.’,EF,’U,F)@, (29)
where Q = [F BUp], 0 = [T kT])T and 0 = [aT kT]T.
We next note that, in the case when projection is used, the

adaptive algorithms from Section IV can be written for the
above observer in a unified manner as:

A . PQTe
0 = P1r0_]éese{—71 —i—cIJTGJ} (30)
el . _
P = 0, it |P(t)]>p and 5> 0
owT n .
—52Pmp andP(tR):POZGQI, 1fﬁ=0

where P(0) = Py = Pl > 0, || Ry|| < p, pis an upper bound
on the norm of P, and §; € {0,1}. It is now seen that: (i) for
d; =0, 3 =0 and P(0) =T, the above algorithm reduces
to the gradient algorithm with normalization and projection;
(i) when 8 > 0, §; = 1 and o = 0, it reduces to the least
squares with normalization and exponential forgetting; and
(iii) when 8 = 0, §; = 0 and d = 1, it reduces to least
squares with normalization and covariance resetting. In all
cases P(t) is bounded and its upper bound is known. Hence
these algorithms have the following common properties:

(a) 0 is bounded.
&
b) ———= e LNLA
©) s N
(¢) 6=0¢eL>nL? and D
o)
(d) — € L for all values of arguments
&
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Theorem 3: If the adaptive laws satisfy the properties (31),
then the plant, controlled by the CEAC will be stable, and
limy o0 [2(t) — 2 (8)] = 0.

Proof: The observer equation is differentiated to obtain:

:—)\Fe+Qt9+A:17—|—BKu

which is derived based on the fact that
= —Ap(& - Apxp)+ [F(x) BUJY
and where the identity [F(z) BU]0 = Az + BKu is used.

The latter follows from the identities: Ax = F(z)a and
Ku = Uk. After substituting the control law (26), we have:

P = Q8 — Ape + Az + B (32)
Subtracting the reference model equation yields:
m = Amem + 90 — (ApI + Ape, (33)

where e, = T — Ty,
Similarly as in the first order case, it can be concluded that,
since 0 is bounded and 6 € £ N L2, the system (7) is a
linear time varying system with bounded parameters in which
the signals can grow at most exponentially. Hence analysis
based on the growth rates of signals can again be used, and
the rest of the Theorem can be proved along exactly the same
lines as in the case of Theorem 1. |
Dynamic Adaptive Observer: The observer is chosen as:
& =—Ae+ Qz,u)d, (34)

where A = diag[A A2 ... Ap], v > 0 and Q =
[F(x) BU]J.

Let e = & — z. Upon subtracting (28) from the observer
equation, one obtains:

é=—Ne+ Q(z, u)é, (35)
where § = 6 — 0. The error model is rewritten as:
n2+m
(36)

e =—Ae + Z wiéi,
i=1

where w; is the ith column of €.

Let, for simplicity, Ay = A2 = ... = A,;, = A. In this case the
normalization signal & is chosen as @ = [z7 uT &/VA]T
Theorem 4: If the adaptive laws for adjusting the parameters
of the CEAC (26) satisfy the properties (31) with a normal-
ization 1+@7@, and if the observer gain is chosen to satisfy
A > cg, where ¢q is a calculable bound, then all the signals
in the system are bounded and lim; o [z(t) — zp,(t)] = 0.

Proof: We first note that
eTe —xeTe + S St eTw;0;
1+afo 1+ aTo
For adaptive laws (30), using the properties of adaptive
algorithms with projection, it can be readily shown that the
following holds:

ézél S . Z 91'61:&,;1
- i o 1t+otw
Hence: . .
e "X 66;
— + <0
14+ 0To — v

We also note that:
76 = —(aT(Az + BKu) +uTa — 27 (3 — z — Q4/N).

W w=—\T

Hence the proof reduces to demonstrating that u77/(1 +

©T®) is bounded for all values of arguments.

We note that the CEAC can be rewritten as: B Ku=—Az+
A+ Bp,r. Hence BKi = —Q(z,u)0+ Apx + Bpr. It is
seen that, if the property (31)(d) is satisfied, it follows that
| — uTQz,w)f] < co|ul|(|&]| + [|=]])-Since elements of
K are bounded away from zero, it now follows that u” ' is
bounded for all values of arguments. Hence

e
1+oTw
It can now be readily shown that choosing X such that A >

co = (¢1 + \/c1 + 4&3)/2, guarantees that e/v1 + @T® e

£ N L2, and the rest of the proof follows.

| <@ + T 2 V(x,u,2),Y(0,0) € Sp.

VII. Conclusions

In the paper it is shown that the CEAC law, in which parame-
ter estimates are generated using static observers and several
adaptive laws with normalization, results in a stable system
in which the tracking control objective is achieved. The
adaptive laws include gradient algorithms with normalization
and projection, and least squares with covariance resetting
and exponential forgetting.

This is followed by an analysis of the case when dynamic
observers and adaptive laws with normalization are used to
generate parameter estimates. It is shown that the normalized
adaptive laws can be used provided that the observer is
sufficiently fast and that its gain is chosen to be larger than
a calculable worst-case bound.

The results from the paper enable the use of several different
adaptive algorithms with normalization to generate parameter
estimates for the CEAC law.
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