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Average consensus for networks of continuous-time agents with delayed
information and jointly-connected topologies

Peng Lin, Yingmin Jia, Junping Du and Fashan Yu

Abstract— This paper investigates average consensus problem
in networks of continuous-time agents with delayed information
and jointly-connected topologies. A sufficient condition in terms
of linear matrix inequalities (LMIs) is given under which all
agents asymptotically reach average consensus, where the com-
munication structures vary over time and the corresponding
graphs may not be connected. Finally, simulation results are
provided to demonstrate the effectiveness of our theoretical
results.

Keywords—-average consensus, time-delay, switching jointly-
connected topologies, multi-agent systems

I. INTRODUCTION

Distributed coordinated control of multiple agents has
attracted a great deal of attention from many fields such as
biology, physics, robotics and control engineering [1]-[19].
One critical problem in distributed coordinated control of
multiple agents is to find control laws to make all agents
reach an agreement regarding a certain quantity of interest
that depends on the states of all agents. This problem is
usually called consensus problem.

One difficulty of consensus problems is how to investigate
the effects of communication topology among the agents.
This is important because the topologies heavily influence
the stability of the multi-agent systems, especially when the
communication topology is switching jointly-connected. In
the past decade, numerous studies have been conducted on
this problem [2]-[S]. For example, Jadbabaie et al. studied
the consensus problems in discrete-time multi-agent sys-
tems with jointly-connected topologies [2]. Moreau reported
a simple network model of agents interacting via time-
dependent communication links based on graph theory and
set-valued Lyapunov theory [3]. Ren ef al. extended the
results of [2] and gave some more relaxable conditions [4].

Another difficulty is how to analyze the stability of the
multi-agent systems when the communication time-delays
are involved. In practical situation, the disturbance of time-
delays is usually unavoidable which might make the multi-
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agent system to oscillate or diverge, and therefore it is im-
portant to investigate its effects on the behavior of the multi-
agent system. Compared with conventional control systems,
to deal with delay-related problems in multi-agent systems
is much more difficult and complex, since the closed-loop
system matrices are usually singular. In order to solve such
problems, many researches have been also carried out [6]-
[9]. In [6], Olfati-Saber et al. investigated a systematical
framework of consensus problems in networks of agents with
a simple continuous-time integrator and gave a sufficient
and necessary condition for average consensus of the system
with time-delay and fixed topology. Bliman et al. focused
on the average consensus problem and extended the results
of [6] to the nonuniform time-delay case [7]. Moreover, Liu
et al. addressed an asynchronous discrete-time formulation
with fixed topology and derived conditions under which a
multi-agent system achieves cohesiveness in the presence of
sensing delays, sensing errors and sensing topology [9].

Recently, much attention has been paid to combining both
difficulties. The authors of [10]-[13] studied the networks of
agents where time-delays affect only the information that is
being transmitted and showed that arbitrary bounded time-
delays can safely be tolerated. Also, Sun et al. investigated
the average consensus problem and gave sufficient conditions
for state consensus of the system under the assumption that
each possible communication topology is connected [14].

In this paper, we investigate the average consensus prob-
lem in networks of continuous-time agents with delayed
information. The communication topologies considered here
are jointly-connected and coupled with time-delays, different
from [14], where each possible communication topology
is required to be connected. As commonly known, it is
much more hard to study the consensus problem on jointly-
connected topologies than on connected topologies, espe-
cially when time-delays are involved. The approach adopted
is to construct a common Lyapunov function whose deriva-
tive is negative semi-definite and use a contradiction method
to show that the Lypuanov function eventually converges to
zero. The obtained condition is given in terms of LMIs and
each LMI corresponds to a possible connected component of
the communication topology.

The following notations will be used throughout this paper.
R™ denotes the set of all m dimensional real column vectors;
I,, denotes the m dimensional unit matrix; ® denotes the
kronecker product; 1 represents [1,1,---,1]7 with compatible
dimensions (sometimes, we use 1, to denote 1 with dimen-
sion n); 0 denotes zero value or zero matrix with appropriate
dimensions; the symbol * denotes the symmetric term of
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a symmetric matrix; || -|| refers to the standard Euclidean
norm for vectors; C([a,b],R") represents the Banach space
of continuous functions mapping the interval [a,b] into R".

II. PROBLEM DESCRIPTION
A. Graph Theory

Let G(7,¢€,4/) be an undirected graph of order n, where
¥ ={vy,--+,vn} is the set of nodes, € C ¥ x ¥ is the set
of edges, and ./ = [q;;] is a weighted adjacency matrix. The
node indexes belong to a finite index set .# = {1,2,--- ,n}.
An edge of G is denoted by e;; = (v;,v;). The adjacency
matrix is defined as a; = 0 and a;; = a;; > 0. a;; > 0 if
and only if there is an edge between node v; and node v;.
The set of neighbors of node v; is denoted by N; = {v; €
¥ :(vi,vj) € €}. The in-degree and out -degree of node v;
are defined respectively as d;,(v;) = J aji and d,(v) =

’}: 1 ai;- Then, the Laplacian corresponding to the undirected
graph is defined as L = [[;;], where [;; = d,(v;) and [;; =
—a;j, i # j. A path is a sequence of ordered edges of the
form (vi,vi, ), (Viy, Vi3), -+, where v;; € 7. If there is a path
from every node to every other node the graph is said to be
connected. The union of a collection of graphs Gy, ,Gy,
with the same node set ¥, is defined as the graph Gl,m
with the node set ¥ and edge set equaling the union of the
edge sets of all of the graphs in the collection. Moreover,
this collection, Gy, ---,G,, is jointly-connected if its union
graph Gi_,, is connected.

Lemma 1: [20] If the graph G is connected, then its
Laplacian L satisfies:

1) Zero is a simple eigenvalue of L, and 1, is the
corresponding eigenvector, i.e., L1, =0,

2) The rest n— 1 eigenvalues are all positive and real.

B. Model

Suppose that the multi-agent system under consideration
consists of n agents. Each agent is regarded as a node in
an undirected graph, G. Each edge (v;,v;) € £(G(t)) or
(vi,v;) € €(G(t)) corresponds to an available information
channel between agent v; and agent v; at time . Moreover,
each agent updates its current state based upon the informa-
tion received from its neighbors. And the set of the neighbors
of the ith agent at time ¢ is denoted by N;(¢). The Laplacian
of the graph G(¢) is denoted by L.

Let x; be the state of the ith agent. Suppose that each agent
has the dynamics as follows:

Xi(t) = ui(t),
with the initial condition x;(s) = x;(0), s € (—e,0], where
u;(t) is the control input (or protocol) at time 7.

We say protocol u; asymptotically solves the consensus
problem, if and only if the states of agents satisfy

7xj(t)] = Oa

for all i, j € .. Furthermore, if

)=~ ¥ 5(0)

im [x()

lim x;(¢
t——4o0 l(

we say protocol u; asymptotically solves the average-
consensus problem.

In this paper, we are interested in discussing the average-
consensus problem for networks of agents with switching
jointly-connected topologies and time-delays. To solve this
problem, we use the following linear consensus protocol,

=Y ailt —Tij) — Tij))s (1)

V;EN;

x,-(t —

where 7;; = 7j;, i.e., the delays in transmission between the
ith agent and the jth agent are identical.
Then, the network dynamics is summarized as

M
- Z’l Lomx(t — Ty) (2)

with the initial condition x(s) = x(0), s € (—oo,0], where
Lom is the coefficient matrix associated with the time-delay

T Z Lom=Ls, M <n(n—1)/2, t, € {1,i,j € I} for

m—l -,M and o(t) : [0,400) — P={1,--- ,N}(N € Z*
denotes the total number of all possible graphs) is a switching
signal that determines the communication topology G(f).
Note here that Lg,, is a symmetric matrix, since the graph
G(t) is undirected and 7;; = 7j;. Thus, l,{Lom =0, which
implies ¥, = 0. Consequently, B = 1 ¥, x;(t) = 1 ¥,x;(0)
is an invariant quantity, and x(¢) can be decomposed into
x(t) = B1,+ 6(¢) with ¥;8;(t) = 0. Then, the system (2) is
equivalent to

M
o(t)=- Z Lm0 (t — Tm). (3)
m=1

It is clear that if the zero solution of system (3) is
asymptotically stable, then all agents will converge to the
common value %Zix,-(O).

Consider an infinite sequence of nonempty, bounded and
contiguous time-intervals [t,,#-11), (r=0,1,---) with 7o =0
and t,.1 —t, < T for some constant 77 > 0. In each interval
[tr,t,+1) there is a sequence of subintervals:

[tfovtrl )’ [I’”I 7t’2)’ ) [lrmrfl ’t”mr) (4)

with #;; = ¢, and t,, = t,41 satisfying frjy — 1) >1,0<
j <m,—1 for some integer m, > 0 and given constant 75 >
0 such that the communication topology described by G(7)
switches at 7,; and it does not change during each subinterval
[tr;+tr;,,)- Evidently, there are at most m.. = L%J subintervals
in each interval [t,,t,+1) where L%j denotes the maximum

integer no larger than 2 T

W1th the sw1tch1ng topologies  defined above,

- 2 Lom0(t — T,) is piecewise continuous in ¢ for

any ﬁxed o(s) = ¢(s) € C([t — Tmax, 1], R"), s € [t — Tmax,1]
where 7,4, is the largest time-delay. Thus, we need to work
with a weaker concept of solution, i.e.,

/ZLM (5= T)ds. 5)
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Under the initial condition d(s) = §(0) (s € (—<o,0]), this
function is piecewise differentiable and satisfies (3) almost
everywhere. It is absolutely continuous and provide a solu-
tion of (3) in the sense of Carathéodory according to [22]
and [23] (see p.55 of [22] and p.10 of [23]). The solution of
(3) will be discussed in this way.

III. MAIN RESULTS

In this section, we will analyze the stability for networks
of agents with time-delays and switching jointly-connected
topologies.

Before presenting the main result, we need first introduce
some lemmas.

Lemma 2: (Schur Complement) [24] For a given sym-
metric matrix § with the form S = [S;;], Si1 € R™", 81 €
R 50 € R1)X(=7) then, § < 0 if and only if 11 <
0, S» _S21S171]S12 <0or Sy <0, S —5125521521 <0.

Lemma 3: [14] For any real differentiable vector function
x(¢) € R" and any constant matrix 0 < W = W7 € R¥", we
have the following inequality

1/2lx(e) = x(t = 1)) Wlx(e) —~x(t ~ 7]
< ST (s)Wik(s)ds,t = 0,
where 7 denotes the time-delay.
Lemma 4: [15] Write

n—1 -1 —1
-1 n—1 —1

‘Pn = .
-1 —1 n—1

The following statements hold.

(1) The eigenvalues of W, are n with multiplicity n — 1
and 0 with multiplicity 1. The vectors IZ and 1,, are the left
and the right eigenvectors of W, associated with the zero
eigenvalue, respectively.

(2) There exists an orthogonal matrix U,, € R"*" such that

Uurw,u, = 0 and the last column is 1

0 o0 NG
(3) Let £ ¢ R™" be the Laplacian of any undirected

T =
graph, then U EU, = {U EUy O} {H O where 2 €

0 o |0 0|’
R(=1x(n=1) apq U, denotes the first n — 1 columns of U,,.

Suppose that the (time-invariant) communication graph
G(t) on subinterval [t,_,.,t,j 1) has Iz > 1 connected com-
ponents with the corresponding sets of nodes denoted by
(p,lj,(przj, e ,] Then there exists a permutation matrix
Es € R™" such that

Lo 2 ElLoEs = diag{L. L%, - L},

and

T T T
6T<I)EG:[6(]7 ’33 7"'76clrc ]7 (6)

where each block matrix L € Ré% >4 is also a Laplacian of
the corresponding connected component with dg; denoting
the number of nodes in (p;j. Then in each subinterval

[tr;+tr;,,) system (3) can be decomposed into the following
ls subsystems:

M . .
=~ ) LowS(t — ),
m=1

where 8% (t) = {SélT(t) o8 T

odis
M
Y L
om
m=1

i=1,2,- s, (7)

T ; ,
€ R% and L, =

. Noting that (L, )T = LL,, it is easy to see

that 178}(t) = 0, € [ty,.1,,,,). Hence, d—, Z 8L,(1) is an

invariant quantity in subinterval [,;,1,, +1)' Denote (])ril_ =

dg . : ,
ikgl 05 (tr;). Then J5(t) can be decomposed into 8 (t) =
(85(6) — 94, 1)+ 1. where 17 (84(0) - 9},1) =

Consider the following (M +2)d% x (M+2)d’ symmetric
matrix
[—2yL; VL’;lﬂ Moy 0 Yoy Ly ]
< =i o0 o0 L
* * —1y L
(1) = - o
* 0
| A
~ Loy
| * * * * * —%l_
It is clear that d)’()[lg,,o(TMH) d,] = 0. Let H, =

diag{U i
and U,

Igg1ya; b and Hg —dlag{Ud, (1), b With Uyi
ai as deﬁned in Lemma 4. Then by Lemma 4, it is
easy to see that H. CID’GHfF has the following form:

O 0 Op
* 0O O
* * @22

Hence, @ < 0 and rank(®%) = (M +2)d. — 1 hold if and
only if PngCDé,FIé < 0 which is a LMI and can be easily
solved by using available numerical software.

On the other hand, by Lemma 2, ® () < 0 with

rank(® (1)) = (M+2)di; 1 if and only if Z,(r) < 0 with
rank(ZL(t)) = (M + 1)d; — 1 where Zi(t) = dil f;z]

Za
with

[I]

:—ZyL’ + Z ‘L'm(L')

m_

Ein=|yLL, — z TulGLL, - YLL,, — ): Tl L’GM}
= M m=1 m_
):lrm(Li,l)z —1/ul ZITleclLlGM
m= =
oy =
Z rmLi,ML’ { Z 'cm(L’GM) — 1/l
L m=1 m=1
Clearly, HG( )[laTzl ,Of/ld, ]T = 0. Denote y; = [85(t)T,z1" €
RO and yy = [(85 (1) — ¢} 1)7 2|7 € RO, where

21 € RMds Then if rank(EL) = (M+1)di —1 and EL (1) <0,
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then y; is orthogonal to the null space of E, spanned by
the vector [15, 701{/[ i ]7. Therefore we have
Y By =3 Eey2 < Az 2l < Agy [185(6) — ¢ 1117, (8)

where 13% < 0 denotes the largest nonzero eigenvalue of E;

Theorem 1: Consider a network of agents with time-
delays and switching topologies where the collection of
graphs in each interval [f,,#,41) is jointly-connected. For
each subinterval [t,;,1,,, ), if there exists a common constant
Y > 0 such that

H ®LAL <0, 9)

the protocol (1) solves the average consensus problem.
Proof: To prove this theorem, we take two steps. First,
we construct a common Lyapunov function V(¢) and prove
V(t) <0 under condition (9). Then we verify the asymp-
totical convergence of the multi-agent system to a common
value by contradiction.

Step 1) Define a common Lyapunov function for system
(3) as follows

V() =8 (1)8(r) + Z 2, Jio 87 (5)8(s)dsd, (v>0).

m=

From (6), V(¢) can be rewritten as

=Y]f5éT(t)5c’;(t)+lff / " [ 7 ()61 (s)dsde.
i=1 -

i=1m=1 Tm t+6

Calculating V along the trajectories of (7), we get

, lo oMo
V()= X [-2785 (1) §1L6m5é(t — Tn)

=

M . T .. M T .
toX b (1)05(1) — glfttfrm 85 (5)05(s)ds]

N Mo
=¥ [-2y8; (1) Z L 06 (t — Tn)
M Mo
(£ L L3400 )" ¥ L3500 %)

— % g 8 (5)8L(s)ds]
m=1

Let ¢L, () = 8L(t) — 8. (t — T,,). Then, by Lemma 3, we
have

<

/(1)
. Mo ) Mo
{=2085" (1) X Lo (0)+208" (1) ¥ Loy (0)

~
Q

111/1 u
(X ) X [Lon(85(1) = C5n(0)]"

T . % -
X L Won(85(1) = Com()] = X 1/ Tulon(t) Som(t)}
= IZ ! E6()n;

Il
-

where m; = [85(1)7, iy ()7, Lhpg(1)TTT. As previously
discussed, it is easy to see that ZL () < 0 with rank(ZL (1)) =

(M +1)d. — 1 under the condition (9). Then it follows from
(8) that

V(t) <2 maxi Y. 185 (0) 91 1|1? <0, (10)

14
where A0 = max{Az } <0.
i,o o

Since V() <0, then the system (3) is uniformly stable.
Hence, 8(¢) and 6(t — 1) (m=1,2,--- M) are bounded.
From (3), 8(¢) is also bounded. Suppose that |5 (t)| < @ <
+oo (k= 1,2, ,n). From (6), the absolute value of each
component of 8% (i=1,---,ls) is also less than .

Step 2) Since V() <0 and V() > 0, then V(¢) tends to a
nonnegative constant value, denoted by Vj, as t — +oo, i.e.,
for any € > 0 there exists 7(€) < 4o such that

[V(t) —Vo| <€ when t>T(g). (11)

Suppose that Vy > 0. Since V(¢) > Vp, we have, for
any interval [t — 2Ty, 1], there exist at least a &(f.) (7 €
[t — 2Tmax,t], k € {1,---,n}) satisfying that |8 ()| > ¢ =

2o

——0 —, where Ap = max{Fs} with
n2y+M( X 5)AF) °

LO'chl LO'ILUZ Lo-chM
Fy = * Ls2Lo2 :
* * .

* * *  LopmLom

If not, we have

Vi) = w080+ ¥ s, Jle 87 (5)8(s)dsde

m=1

< 1+ L0 ol X Londle— )]
M

% [ ¥ LonS(t—T)]dsd6
m=1

M
< i+ Y ff)fm Jo ArMnc*dsd6 <V,
m=1

which is a contradiction.

From (6), without loss of generality, we assume that
18L,@t)| > c, 1 € [tr;str;,,) With £, > T(€) and the corre-
sponding node index is p.

Note that Z O(t) = 0 and then a contradiction can be

obtained if we show that Z 6 (t) # 0. In the following, we
will use the bounds & and ¢ to estimate 5( ). To achieve this,

3
we take € < mm{—T7 —Lé'}[‘f 7106,!3,"2 }.

It follows from (10)(11) that

> V(ty,) Vi) > / AWZng — g} 1]%ds
Ty
(12)
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Fig.2
Let p; = max [max (|85,(s) — d)r’1|) (As previously dis-
k  selt
VARNER!

cussed, 6(¢) is continuous in ¢ and hence this maximum also
exists.)

Then we discuss the f0110w1ng cases:

Case 1): there exists ip € {1,---,ls} such that 0 T

tr; = Tr. Suppose that p;, = 189 (1) — ¢r_/| % E (151745

ke{l,- dé}’}) Since |5 (1) < , then it is easy to see
that |83 (t) — ¢,)] > piy + @(t —1,) > 0 for 1 € [1,;,1], and
18y (1) = 07| > piy — 0(t — 1) > 0 for 1 € [ty,1,,,,]. Also,

Iy
b+ s — )]s + [ [py, — (s — 1) s
1y
> ftrj:’+l [pio —o(s— trj)]zds'
Thus, we have
€ > 1 D ¥ 185(5)
z:j axi:l‘ c |
>— ﬁ,jo 2fmax||5(l)9(s) - (P;?l”zds
Irj i i
> ftr’“ Amax (8 (8) — ¢,?)2ds
tr
ft,/]H ;LmaX[plo o(s _trj)]zds

ot =tr;) 5
= _afmax(tr/url _trj)<pi0 - %)
2fma.\‘wz(tr 3

j+1 _t")

97, 1[*ds

| \/

hs @13
> %‘;’2>8

which yields a contradiction. This means that this case cannot
occur and all & (i=1,---,I5) must be less than iy =t

Case 2): % <tr, — 1ty for i=1,--,ls. Similar to the
analysis of case 1), we have

o
€> — [, Amar(pi — @5)?ds > — s o3
273
Since € < mln{f%ﬂ,f%w} then it follows
that p; = max max (|8} 1) < jgzm—- Particu-
pi = s _max (55,0) ~ 0,11 <

.Hence, max max (|81, (r)—

larly,
¥ ko telt,

Sél(té)i(brl' < 10231“,,!
851 (tc)]) <

J’ j+1]

. In other words, the states of agents that

102
are connected to the pth agent (1nclud1ng the pth agent) all
fall in the interval (81, (t) — 102nm ;831 (te) + t75—). For

the next subinterval [t ,t,.,), it is easy to see that the
states of agents which are jointly-connected to the pth agent
during [t,].,tr] +2) (including the pth agent) fall in the interval
(8L, () — 102nm x2,8L, (t:) + 102 x 2). Further, since all
agents are jointly-connected dunng [t,/,t,+2], by induction,
we have

2¢
So1(te)]) < w—3m, <

max max
102nm,

k te[tr+2)tr+3]

c
(18:(0) - <

Since 8%, (tc) > ¢, it follows that Z Sc(t) #0,1 € [trra,tr3)s
0, and

lim 6(¢) = 0; that is, average consensus can be achieved

t——+foo

under the condition (9). U

which also yields a contradiction. Thus hm V( )=

l\;ow, we will discuss the feasibility of (9). By Lemma 2,
Hi ®LHL <0 is equivalent to

—2v(Uy )" LUy ¥(Ug) L, Y(04)" Loy
* —TLI 0
1
* 0
1
y * * * fal
+( Zl’fm)[—Li;Udnginv“' 7LirM]T[_LifUdgaLi;17"' 7Li7M] <0
m—
(13)

Noting that (U, YLLO 4, > 0, by choosing Ty sufficiently
small, it is easy to see that the inequality (13) holds. Hence
HL &AL <0 is always feasible for sufficiently small T

IV. SIMULATIONS

Numerical simulations will be given to illustrate the theo-
retical results obtained in the previous section. Fig.3 shows
four different graphs each with 6 nodes. All graphs in this
figure are not connected and the weight of each edge is 1.
Moreover, the time-delays corresponding to the edges (1,2),
(1,6), (2,3), (3,4), (4,5) and (5,6) are 04 s, 04 s, 04
s, 0.4 s, 0.2 s, 0.3 s, respectively. In Fig.4, a finite state
machine is shown with four states {G,,Gp,G.,G;} which
denote the states of a network with switching topologies and
time-delays, and it starts at G,, and switches every 0.1 s to
the next state.

® © ®
® @ ®
Ga Gb
O] O] ©) ®
® © ® ®
Gd Ge

Fig.3 Four undirected graphs.
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Gd Ga

t=0

Ge Gb

Fig. 4 Finite machine with four states denoting the states of a network
with switching topologies and time-delay

It is solved that one solution for (9) is Y= 1.1012. Fig.5
and Fig.6 show the corresponding state trajectories of all
agents with different initial conditions.

State trajectories of all agents

ot 4

8 10 12 14 16 18 20
Time (s)

Fig.5 State trajectories of all agents.

State trajectories of all agents

1 L L L L L L L L L

8 10 12 14 16 18 20
Time (s)

Fig.6 State trajectories of all agents.

It is clear that all agents asymptotically achieve aver-
age consensus, although the state trajectories are not quite
smooth due to the switching of the network topology.

V. CONCLUSIONS

In this paper, we study the average consensus problem
in networks of continuous-time agents with delayed infor-
mation, where the communication structures vary over time
and the corresponding graphs may not be connected. In the
analysis, we first introduce a common Lyapunov function for
the disagreement dynamics of the network. Then based on
this Lyapunov function, we derive a sufficient condition in
terms of LMIs under which all agents asymptotically reach

average consensus. Finally, simulation results are provided
to demonstrate the effectiveness of our theoretical results.
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