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Abstract— In this paper a nested PID steering control for
lane keeping in vision based autonomous vehicles is designed
to perform path following in the case of roads with an uncertain
curvature. The control input is the steering wheel angle:
it is designed on the basis of the yaw rate, measured by
a gyroscope, and the lateral offset, measured by the vision
system as the distance between the road centerline and a
virtual point at a fixed distance from the vehicle. No lateral
acceleration and no lateral speed measurements are required.
A PI active front steering control on the yaw rate tracking

error is used to reject constant disturbances and the overall
effect of parameter variations while improving vehicle steering
dynamics. The yaw rate reference is viewed as the control input
in an external control loop: it is designed using a PID control
on the lateral offset to reject the disturbances on the curvature
which increase linearly with respect to time. The robustness
is investigated with respect to speed variations and uncertain
vehicle physical parameters: it is shown that the controlled
system is asymptotically stable for all perturbations in the range
of interest. Several simulations are carried out on a standard
big sedan CarSim vehicle model to explore the robustness
with respect to unmodelled effects such as combined lateral
and longitudinal tire forces, pitch and roll. The simulations
show reduced lateral offset and new stable µ-split braking
manoeuvres in comparison with the CarSim model predictive
steering controller implemented by CarSim.

I. INTRODUCTION

Intelligent vehicles and automated highway systems have
attracted a growing attention in the last years with the
aim of increasing safety and comfort: see for instance [1],
[2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14], [15] and [16]. In [1], [2] a feedback from lateral and
longitudinal vehicle speed, yaw angle error and yaw rate
is used to help the driver to steer the vehicle back to the
lane during diminished driving capability due to inattention.
The control strategy is based on the Lyapunov theory and
LMI optimization by defining polytopic and hypercubic state
space regions, where if the driver stays in, the driving task
is considered safe; the main idea is to approximate these
regions by standard and composite Lyapunov level curves. In
[3] a H∞ controller is designed to minimize the effect of the
disturbances on the measured lateral offset and the desired
yaw angle. In [4] a steering controller, which uses finite
preview optimal control methods, is proposed to control the
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measured lateral offset, the yaw angle and their derivatives.
In [5] a closed loop control strategy which feeds back
the lateral offset is proposed: an automatic lane keeping
is combined with the driver’s steering with no need of
switching strategies between the driver and the lane keeping
control. In [6] a control system based on the loop shaping
technique is tested by experiments using a feedback from
the lateral offset. In [7] a non linear observer based control
strategy is investigated by measuring the lateral offset, its
derivative, the yaw angle and the yaw rate. In [8] a model
predictive steering controller is used to emulate the driver
behaviour in the CarSim environment: it is designed on
the basis of a simplified linear model and on longitudinal
and lateral speed, yaw angle and yaw rate measurements to
predict the error with respect to a given target path. Also
in [9] a model predictive control approach is followed: the
controlled outputs are the lateral offset, the yaw rate and the
yaw angle; the controller is designed both on a nonlinear
and a linear vehicle model using lateral and longitudinal
vehicle speed, yaw angle and yaw rate measurements. In
[10] a feed forward and a feedback action on the lateral
offset and the yaw angle error is experimented. In [11] a
gain scheduling based proportional feedback from the lateral
offset is experimented. In [12] a feed forward term from
road curvature and a PID on a weighted sum of the heading
error and the lateral offset are used as steering controller in
the DARPA Grand Challenge. In the same competition the
yaw angle and a nonlinear term proportional to the lateral
offset are used in [13] as measurements to design the steering
controller. Furthermore, to improve safety, driver comfort
and vehicle performance, several driver assistance systems
are investigated in the literature. In [14] a steering assistance
control system with a feedback from the lateral offset and
lateral speed is designed to follow the desired path while an
assistance torque is applied in order to improve the vehicle
handling and steering feel. In [15] and [16] the active front
steering is proposed and implemented on BMW 5 Series
vehicle. In [15] a PI active front steering control on the
yaw rate tracking error with different gains for braked and
unbraked driving condition is used while in [16] a patented
method is proposed to ensure safety during active steering
system failure computing the steering wheel angle as the sum
of the proposed control law steering angle and the driver
steering angle. Most control algorithms employed in lane
keeping make use of pole placement, model predictive and
observer based techniques or require difficult measurements
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of lateral speed, vehicle absolute position and orientation.
The simplest algorithm [11] only implements a proportional
feedback from the lateral offset; since in addition to lateral
offset measurements from vision systems the yaw rate mea-
surements are easily obtained by an on board gyroscope,
in this paper we propose a control scheme which integrates
the active steering action based on the yaw rate error with
the lane keeping action based on lateral offset. A nested PID
steering control for lane keeping in vision based autonomous
vehicles is designed to perform path following in the case of
roads with a curvature which increases linearly with respect
to time. No lateral speed measurement is used since it can
be hardly measured with high cost and low accuracy and
reliability. The control input is the steering wheel angle: it is
designed on the basis of the yaw rate measured by a gyro-
scope and the lateral offset measured by the vision system as
the distance between the road centerline and a virtual point
at a fixed distance from the vehicle. A PI active front steering
control on the yaw rate tracking error is used to reject
constant disturbances and the effect of uncertain parameters
while improving vehicle steering dynamics. To integrate the
additional lateral offset measure the yaw rate reference is
viewed as the control signal in an external control loop: it
is designed using a PID control (with an additive double
integral action) on the lateral offset to reject the disturbances
on the curvature which increase linearly with respect to time.
The robustness is proved, by using the theorem presented in
[18], [19], with respect to speed variation and uncertainties
on vehicle physical parameters such as the front and rear
cornering stiffnesses and the vehicle mass. It is shown how
the robustness of the controlled system decreases as speed
increases. The asymptotical stability is however ensured for
all perturbations in the range of interest. Several simulations,
such as the tracking of a CarSim environment default path
and a standard sudden braking action on surfaces with
different adherence conditions (µ-split braking manoeuvre),
are carried out on a standard big sedan CarSim vehicle model
to explore the robustness with respect to unmodelled effects,
such as combined lateral and longitudinal tire forces, pitch
and roll. The simulations show reduced lateral offset and
new stable µ-split braking manoeuvres with respect to the
CarSim model predictive steering controller which requires
lateral speed.

II. VEHICLE MODEL

A detailed standard big sedan CarSim vehicle model is
used in numerical simulations to analyze the responses of
both the uncontrolled and the controlled vehicle. CarSim
vehicle uses nonlinear tire models according to combined
sideslip theory [20], nonlinear spring models, and incorpo-
rates the major kinematics and compliance effects in the
suspensions and steering systems including differential load
transfer for each wheel. However, to design the controller,
a widely used simplified single track vehicle model [17]
is considered which captures the essential vehicle steering

dynamics:

m(v̇x − rvy) = fl f cosδ f + fs f sinδ f + flr

m(v̇y + rvx) = fl f sinδ f − fs f cosδ f − fsr

Jṙ = l f ( fl f sinδ f − fs f cosδ f )+ lr fsr

(1)

fsi (αi) = Dsin{Catan [(1−E)Bαi + Eatan(Bαi)]} (2)

α f =
vy+l f r

vx
− δ f , αr =

vy−lrr

vx
(3)

vy = vsinβ (4)

where fsi, with i = f ,r, are the front and rear lateral forces
and fli, i = f ,r are the front and rear longitudinal forces
which are modelled according to Pacejka tire model, [20].
The tire sideslip angle and consequently the sign of the
lateral forces are computed as in (3) according to CarSim
tire model (SAE ISO standard, see [20]). All variables and
parameters are defined in the appendix (Table I).
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Fig. 1. Single track vehicle model

The CCD camera measures the lateral deviation of the
front preview point yL that can be modeled [1] as follows:

ẏL = β v + lsr + vψ (5)

where ψ is the yaw angle and yL is the lateral offset from
the road centerline at a preview distance ls (see Fig. 1).
The system (1) is linearized about uniform rectilinear motion
(vx = v =constant, r = 0, vy = 0, δ f = 0): the longitudinal
dynamics is decoupled from the lateral dynamics and can
be neglected as far as the steering dynamics are concerned.
The reduced linear system, ẋ = Ax +Bu, which includes the
lateral offset dynamics (5) is given by:
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where ρ is the road curvature defined as ρ = 1/R, with R

the curvature radius. The coefficients appearing in systems
(6), which may depend on v and on uncertain physical
parameters are:

a11 = −
(c f +cr)

mv
, a12 = −1−

(c f l f −cr lr)
mv2 ,

a21 = −
(c f l f −cr lr)

J
, a22 = −

(

c f l2
f +cr l2

r

)

Jv
,

b1 =
c f

mv
, b2 =

c f l f

J
,

(7)

where c f and cr are the front and the rear tire cornering
stiffness which are the linear approximation of (2). The
vehicle parameters for the simplified single track vehicle
model (6), whose values are identified from a big sedan
CarSim vehicle model, are given in Appendix (Table II).

III. CONTROL STRATEGY

A. Control design

The proposed control strategy is illustrated in Fig. 2. It
involves the design of two nested control blocks. The first
one, called C1, has to ensure the tracking of a yaw rate
reference signal on the basis of the yaw rate tracking error
in spite of constant disturbances and parameters uncertainties
while the second one, called C2, has to generate the yaw rate
reference signal on the basis of the lateral offset. The task
of C1 is to steer to zero the difference between the measured
yaw rate r and desired yaw rate rd .

r
e

rd

δf
C1

C2
ρ yL

V ehicle
+

−

Fig. 2. Controlled system scheme

Following the active steering approach in [15] a PI control
has been used for C1:

C1 : δ f = −KP1(r− rd)−KI1
∫ t

0(r− rd)dν
= −KP1(r− rd)−KI1α0.

(8)

where α0 is the additional state introduced by the dynamic
control (8). The feedback from the yaw rate r improves the
transients, by changing the eigenvalues displacement, of the
steering dynamics. Substituting (8) in (6) we obtain:

ẋas =













a11 a12 −KP1b1 0 0 −b1KI1

a21 a22 −KP1b2 0 0 −b2KI1
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v ls v 0 0
0 1 0 0 0
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0
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ρ (9)

where:
xas = [β r ψ yL α0]

T .

Once the regulator C1 is designed, the key idea is to
integrate the additional lateral offset measure considering
the yaw rate reference signal rd in (9) as the control input
to be designed to drive the output yL to zero. Therefore,
to design the desired yaw rate reference, it is necessary
to model the dynamics of the road curvature, considering
it as a disturbance on the lateral offset. In the case of a
constant road curvature one integral term is needed to reject
the disturbance; since the road curvature, in the case of non
trivial manoeuvres, may be considered as increasing linearly
with respect to time an additional integral term is necessary
and the regulator C2 becomes:

C2 : rd = −KP2yL −KI2
∫ t

0 yL dν

−KI3

t
∫

0

ν
∫

0
yLdηdν −KdyLd

= −KP2yL −KI2α2 −KI3α1 −KdyLd .

(10)

where:

α̇1 = yL, (11)

α̇2 = α1. (12)

and the signal yLd is given by:

α̇3 = −
1

τ
α3 + yL (13)

yLd = −
1

τ2
α3 +

1

τ
yL (14)

where τ is the filter time constant.
The final structure of the control algorithm is shown in

Fig. 2 in which C1 is given by (8) and C2 is given by (10).

B. Control properties

To choose the six control gains the closed loop linear
system (9) and (10) is considered assuming an ideal steering
actuator. However the control gains are chosen so that the
bandwidth of the transfer function between rd and δ f is
within a typical actuator bandwidth (about 10 Hz). In order to
avoid instability phenomena a derivative term has been added
and the integral gains are chosen to be small as suggested
in [21]. The derivative term gain is small in order to avoid
chattering phenomena; the chosen gains are:

KP1 = 20; KI1 = 10; KP2 = 30;
KI2 = 0.01; KI3 = 0.01; Kd = 0.05.

(15)

In conclusion the controlled system (9) and (10) ẋc = Acxc +
Bcρ and the equilibrium point xce are shown below:
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0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 − 1
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Bc =
[

0 0 − v 0 0 0 0 0
]T (16)

with

xc =
[

β r ψ yL α0 α1 α2 α3
]T

(17)

xce = −
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ρ , (18)

where τ is set equal to τ = 0.01 and ls is chosen equal to
ls = 13 [m] while the parameters aci j are shown in Table III.
With the chosen gains (15) the controlled system stability is
guaranteed since the poles are on the left hand side of the
complex plane. The stability is robust with respect to vehicle
parameter variations as shown in the robustness analysis
paragraph. Finally the frequency behaviour of the controlled
system has been analyzed. In Fig. 3 the behaviour of the
controlled system with respect to the road curvature ρ is
shown.
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Fig. 3. Bode diagram of the transfer functions between ρ and yL and ρ
and r

On the left hand side of Fig. 3 the transfer function from
the road curvature to the yaw rate is shown while, on the right
hand side of Fig. 3, the reduction of the road curvature effect
on the lateral offset is shown.The transfer function between
ρ and yL for a speed v equal to v = 36 m/s is computed
below to show the double zeros at the origin which ensure the
rejection of disturbances that increase linearly with respect
to time:

yL = −
36s2(36s4+45 103s3+444 104s2+2972 104s+137 105)

s8+h7s7+h6s6+h5s5+h4s4+h3s3+h2s2+h1s+h0
ρ ;

(19)
the coefficients hi are shown in Table IV.

C. Robustness

Only the robustness of the internal loop (Fig. 4) is ana-
lyzed since it contains the uncertain parameters of interest
c f , cr, m and v. As a consequence only the first two
dynamical equations in (6) along with (8) are considered
for the robustness analysis.

+

-
C1

δ f

ρ r

e Vehicle

Model

rd

Fig. 4. Internal loop control scheme

We define: Σ0 as the reduced system containing the
dynamics of β and r with unperturbed parameters; Σ as
the reduced system with perturbations on c f , cr and m,
∆P = P−P0 as the perturbation on Σ, where P and P0 are the
perturbed and the nominal transfer functions between the δ f

and r respectively; V0 =C1(1+P0C1)
−1 the transfer function

between δ f and rd as the control sensitivity function; σ̄ as
the operator that gives the greater singular value of a transfer
function. We can apply the following theorem.

Theorem 1: [18], [19]
If:

α0) lims→∞(1 + P0C1) 6= 0
α1) Σ0 is asymptotically stable

then Σ is asymptotically stable for all variations or perturba-
tions of P from P0 such that:

β ) the number of eigenvalues of A in C− is equal to
the number of eigenvalues of A0 in C−

γ) lims→∞(1 + PC1) 6= 0
δ ) σ̄ [∆P(ω)] < 1

σ̄ [V0(ω)] ,∀ω ∈ Imaginary axis.

Theorem 1 is satisfied for different speeds and perturba-
tions on tire parameters such as the cornering stiffnesses cr,
c f (which may change due to different adherence conditions
and/or low tire pressure) and the vehicle mass m (that
varies from unloaded to full load conditions). The robustness
decreases as speed increases as shown in the Fig. 5, in which
a speed variation from 1 m/s to 36 m/s is considered. On the
Y-axis of Fig. 5 an upper bound for the percentage variations
of all the parameters cr, c f and m for which the robustness
guarantees the asymptotic stability of Σ is shown.

IV. CARSIM SIMULATIONS

Several simulations in CarSim environment have been
performed to compare the CarSim driver model, which is
based on a model predictive control system [8] and makes
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also use of vehicle lateral speed, with the proposed nested
PID control. CarSim vehicle uses detailed nonlinear tire
models according to combined slip theory and takes into
account the major kinematics and compliance effects of the
suspensions (nonlinear spring models) and steering systems.
The vehicle has a nonlinear second order speed depending
rack and pinion ratio steering system; for the active steering
a realistic actuator with a bandwidth of 10Hz is considered.
The first simulation, shown in Fig. 6, concerns a path
following in the case of a typical highway road curvature
profile at a vehicle speed of 31 [m/s]. In Fig. 6 the XY-
trajectory, the path following error, the steering angle and the
yaw rate are shown for the vehicle controlled by the CarSim
driver model and by the proposed control. To emphasize
the simulation results only a detail of the path following
manoeuvre is depicted as shown in the first subplot of Fig. 6:
in that curve the vehicle reaches a lateral acceleration of 7.8
[m/s2]. Both controllers achieve the path following however,
as shown in the second subplot of Fig. 6, we may observe
a more accurate lane keeping and a reduced path following
maximum error in the lateral direction of 70% obtained by
the proposed control law.

To analyze the performance of the proposed controlled
system with respect to tire-road adherence variations a µ-
split braking manoeuvre is performed (µ = 0.1 on the left
hand side and µ = 0.8 on the right hand side in the CarSim
model). A sudden braking action of 15 [MPa] at a velocity of
40 [m/s] is given on both the vehicle with the MPC and the
vehicle with the nested PID control strategy: the proposed
control system ensures the lane keeping (first subplot of
Fig. 7) while the vehicle controlled by the CarSim driver
model leaves the lane. The CarSim steering action saturates
at the maximum allowed mechanical constraint that is equal
to 720 [deg] (12.56 [rad] in Fig. 7) while we may observe the
oscillations on the steering signal, provided by the proposed
control, due to the ABS that prevents wheel lock while
ensuring greater decelerations (third subplot of Fig. 7).
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Fig. 6. Standard CarSim path following manoeuvre (v = 31 [m/s])
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Fig. 7. µ-split braking manoeuvre

V. CONCLUSIONS

A vision based lane keeping control for autonomous
vehicles has been proposed: as a first step, on the basis
of lateral displacements at a look ahead distance provided
by a vision system, a reference yaw rate signal is designed
using PID control techniques; as a second step the steering
angle is designed as a PI control on the yaw rate tracking
error. The robustness of the proposed control with respect to
speed variations and parameter uncertainties such as mass,
front and rear cornering stiffnesses has been analyzed. Simu-
lations in the CarSim environment illustrate the performance
achieved by the proposed lane keeping control strategy both
on a standard path and during a µ-split braking manoeuvre.
The proposed controller is compared with the MPC used in
CarSim as steering control which also requires the vehicle
lateral speed and orientation: a reduced lateral offset and
new stable µ-split braking manoeuvres are obtained by the
proposed controller. Future work will explore the interactions
of the proposed controller with the driver both during normal
driving and in emergency conditions.
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VI. APPENDIX

TABLE I

VEHICLE NOMENCLATURE:

v vehicle velocity vx,y long. lateral speed
r vehicle yaw rate β vehicle sideslip angle
ay lateral acceleration ca aerodynamic coeff.
δp driver steering angle δ f front steering angle
m vehicle mass J vertical axle inertia
l f front axle-CG dist. lr rear axle-CG dist.
ls look ahead distance µ adherence coefficient
fl,s log./lateral forces ρ road curvature
α f ,r tire sideslip angle c f ,r cornering stiffness
B f ,r Pacejka parameter C f ,r Pacejka parameter
D f ,r Pacejka parameter E f ,r Pacejka parameter

TABLE II

VEHICLE PARAMETERS FOR THE LINEAR MODEL (6):

m 2023 [kg] J 6286 [kg m2]
l f 1.26 [m] lr 1.90 [m]
c f 2.864e+5 [N/rad] cr 1.948e+5 [N/rad]

TABLE III

SUBSTITUTIONS

ac11 = a11 ac12 = a12 −KP1b1

ac14 = − KP1b1(KP2τ+Kd)
τ ac15 = −b1KI1

ac16 = − KP1b1KI2
τ ac17 = −

KP1b1(KI1+KI2τ)
τ

ac18 = − KP1b1(KI1τ2−Kd )

τ2 ac21 = a21

ac22 = a22 −KP1b2 ac24 = − KP1b2(KP2τ+Kd )
τ

ac25 = −b2KI1 ac26 = − KP1b2KI2
τ

ac27 = − KP1b2(KI1+KI2τ)
τ ac28 = − KP1b2(KI1τ2−Kd )

τ2

ac54 = KP2τ+Kd
τ ac56 = KI2

τ

ac57 = KI1+KI2τ
τ ac58 = KI1τ2−Kd

τ2

TABLE IV

SUBSTITUTIONS

h7 = 1251.7 h6 = 7.4 105 h5 = 582 105 h4 = 3981 105

h3 = 11231 105 h2 = 7434 105 h1 = 1373 105 h0 = 1.3 105

2890


