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Distributed Robust Adaptive Tracking Control with Lossy
Interconnection Links and Bounded Disturbances

Xiao-Zheng Jin and Guang-Hong Yang

Abstract—1In this paper, direct adaptive-state feedback con-
trol schemes are developed to solve the problem of asymptotic
tracking and disturbance rejection for a class of distributed
large-scale systems with faulty and perturbed interconnection
links. Adaptation laws are proposed to update controller
parameters on-line when all interconnected fault factors, the
upper bounds of perturbations in interconnection links and
external disturbances on subsystems are unknown. Then a
class of distributed state feedback controllers is constructed
to automatically compensate the fault and perturbation effects,
and reject the disturbances simultaneously based on the infor-
mation from adaptive schemes. The proposed adaptive robust
tracking controllers can guarantee that the resulting adaptive
closed-loop distributed system stable and each subsystem can
asymptotically-output track the corresponding reference signal.
The proposed design technique is finally evaluated in the light
of a simulation example.

I. INTRODUCTION

A large class of practical control systems, such as chemical
processes, vehicular platoons and Microelectromechanical
system (MEMS), can be considered as large-scale systems
composed with a large number of spatially interconnected
units. And many approaches have been developed to synthe-
size some types of distributed controllers for guaranteeing
the dynamic large scale system well-posed, stable, and
contractive (see, e.g., [1] —[11], and the references therein) in
recent. Using networks, communications among subsystems
play a very important role in distributed systems. Thus,
many issues which always exist in communications, such
as single attenuations [1], bandwidth limitations (bit rate
limitations) [5], time delays [6] — [8] and perturbations [9], are
addressed by some researchers. LMI methods are adopted to
deal with these issues for guaranteeing the well-posedness,
stability, and contractiveness of the system in above works.
However, to the best of the authors’ knowledge, the problem
of asymptotic tracking for distributed control systems with
faulty and perturbed interconnection links has not yet been
investigated by using adaptive method.

The asymptotic tracking problem is more challenging
in the presence of unknown time-varying disturbances.
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Continuous robust adaptive control laws in the presence
of bounded disturbances can generally ensure closed-loop
signal boundedness and convergence of the tracking error
to a residual bounded set with size of the order of the
disturbance magnitude, but not asymptotic tracking [20], [21].
Recently, the problem of disturbance rejection has received
considerable attention, and robust adaptive controllers have
been developed in [15], [17], [18] and [19] to guarantee
asymptotic tracking for systems. In this paper, a new method
is proposed to deal with disturbance rejection problem of
guaranteeing asymptotic tracking for distributed systems.

In this paper, a general fault model for signal attenuation
and perturbations in interconnection channels is considered.
Each signal attenuation factor and upper bound of per-
turbations are assumed to be unknown. We also assume
that the unknown external disturbances exist on the sub-
systems all the time. A direct adaptive method is proposed
to solve the robust tracking problem for developing some
distributed state feedback controllers. For this purpose, we
first propose some adaptation laws to update the controller
parameters. Then, the distributed controllers are constructed
by using the updated values of these estimations. Based
on the Lyapunov stability theory, the adaptive closed-loop
large-scale system can be guaranteed to be stable and each
subsystem can asymptotically-output track the corresponding
reference signal in the presence of faults and perturbations
in interconnection channels, and external disturbances.

II. PRELIMINARIES AND PROBLEM STATEMENT

Notations: R stands for the set of real numbers, and
for a real matrix E, Ama(E) represents the largest eigen-
value of E. Given matrices My,k = 1,...,n, the notation
diagy_, [My] denotes the block-diagonal matrix with M, along
the diagonal and denoted diag; [My] for brevity. For signals
or vectors x, the notation caty_,x; denotes the signal or
vector (x1,X2,...,x,) formed by concatenating x;. This is
also usually denoted catyx; for brevity.

In this paper, we consider a large-scale system G com-
posed of N interconnected linear time-invariant continuous
time subsystems G;, i =1,2,...,N. Each subsystem is cap-
tured the following state-space equation:

%(t) AiTT AiTS Bird i_Tu
wi(t) | =| Asy Ass Bsy By,
yi(t) ¢ C Dy D,
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where x;(¢) € R" is the state, u;(t) € R™ is the control input,
yi(t) € R is the measured output, d;(¢) € RPi is the external
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Fig. 1.
subsystems.

Example of interconnected closed-loop system with N = 3

disturbance, and v; := cat;(v;;), vi; € R% and w; := cat;(w;;),
wij € R% j=1,2,...,N are the interconnection input to
each subsystem and the interconnection output from each
subsystem, respectively. All system matrices are known real
constant matrices with appropriate dimensions.

In the normal case, once the relationships between the
inputs and outputs at each subsystem have been defined,
the distributed system can be described by closing all loops
by imposing the constraints of interconnection with the
interconnection condition such that

Vl'j(l‘)ZWji(t). 2)
Here, we assume every subsystem is controllable and
the states of each subsystem are available at every instant.
Moreover, every state has its interconnection channel in-
terconnected with other subsystems. We also assume the
controller and plant use identical interconnection channels.
Then, a state feedback controller with same interconnection
structure for this system has controllers K; given by
[ u;(t) } _ { Kiii Kz ] { xi(t) ] 3)
wik(@t) | 7 | Kt Ko vE(1)

1 1

where VK (1) := catj(vg), wk(t) == catj(wg) and v{i(t)

K
w;i(t) € R%i also have interconnection condition with
K K
vij(t) = wji(t) 4)
in the normal case. Then, the closed-loop system can be
illustrated for example in Fig.1.
We make the following assumption on the subsystem
matrices:
Assumption 1. The subsystems are interconnected only
through their states, that means,

Ake=0, By, =0, B, =0, Kpn=0. (5)

In this paper, we formulate the faults including faulty
interconnection links between communicating subsystems.
Let vf‘f (¢) represent the signals from the jth communicating
subsystem that have failed in the Ath faulty mode. Then we
denote the fault model as follows:

VIE(6) = ph(e)vij(t), i, j = 1,2,....N, h=1,2,....L (6)

where p;’i(t) is unknown interconnected factor, the index A
denotes the hth faulty mode and L is the total faulty modes.
For every faulty mode, Bﬁi and f)}’i represent the lower and

upper bounds of pjhl(t) respectively. Note the practical case,
we have 0 < B’]’_i < p;’i(t) < ﬁ;‘i, and when B?i = pi?l. =1, there
are no faults for the jth interconnection links v;;. when B?i =

ﬁ;’i = 0 jth interconnection link is complete disconnection.
when 0 < B?i < ﬁ;’i < I, that means the type of fault is loss
of effectiveness.

Denote

(1) = V0.V @), - Vi O = pl)vis(e) - (7)

where pli(r) = diag[p}}; (t),p} (1), Pl (D], PJy(t) €
Then, the sets of operators with above structures are
denoted by

g ={Pji(t) : Pl () € [P% Pl k=12, g} (8)

For convenience in the following sections, for all possible
faulty modes L, the following uniform interconnection links
fault model is exploited:

Vi) = pii(tvis(e),  pii() € {pji(t)-pH(}. )

Here, we let w;(t) € R%/i denote perturbation which com-
bined by unknown time-varying parameter variation, noise,
and nonlinearity of the transmission channel between ith and
Jjth subsystems.

Then, based on the above description, the equation (2) can
be represented by

vij(t) = pji(t)w;i(t) +wji(t)

for all i,j=1...N, and the dynamics with faulty intercon-
nection links (1) can be rewritten by

(10)

, N .
%i(t) = Appxi(t) + .ZIAT]spji(t)Aérxj (t)
j=

N .. . X
—+ ZlAlTijji(t) +BITMMI'(Z‘) +Bledi(l),
j=
(11)
X N .. ..
yilt) =Crxit)+ X s pji(t)Agrx; (1)
j=

N . .
+ ¥ ngwj‘[(l> -‘rDLM,‘(l) —‘rDZid,(l‘)
j=1
(12)
Since we assume the controller and plant use identical
interconnection channels, then we have

Vg(t) = Pji(f)Wfi(t) +wji(t)

where pji(t) and w;j(t), i,j =1...N are denote as before.
Then, in terms of (3) and Assumption 1, the controller form
can be described as:

ui(r) = Kyi(1)xi(1) + gl Kaip;i(1)Kai(1)x(t)

13)

N
+ _Zl Koipji(t)wi(t)x;(t) + Kai(t)
j=
(14)
where p;i(t) € Ay Kyi(t), Ki(t) are the estimate of Ky;(t)
Ji
and K3;(t), respectively; Kp; is an appropriate dimensions
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matrix chosen by the system designer; Kjs(f) is given by
a function. All controller parameters will be designed in
section 3 in detail.

Then, consider the large scale system described by (11)
and (12) with interconnected faults and perturbations given
by (10). The design problem under consideration is to find
a direct adaptive state feedback controller (14) such that

1). During normal transmission, the closed-loop system is
stable, and the output Sy;(z) tracks the reference signal 7;(¢)
without steady-state error, that is lim;_..e;(t) =0,

ei(t) = ri(t) — Siyi(t),

Where S; € R%*!i is a known constant matrix used to form
the output required to track the reference signals.

2). In the event of faults and perturbations in intercon-
nection channels, the closed-loop system is still stable, and
the output S;y;(¢) tracks the reference signal r;(t) without
steady-state error.

Combining equations (1) and (15), we have the following
augmented subsystem G;,i € {1,2,...,N}

i=1,2,....N (15)

E1) = ALE(1) + ﬁl AYE (1) + Biag(r) + Giai(r) + ﬁl Al (e)
J= J=
(16)
where &(1) = [/ (1) <] (0 (1) = e, =(0) =

t
[l (1), ] (1)]". and

N .. ..
. 0 —Si Y CJpjiAL
Al — { 0 —SCr ] AZ,‘: l:lj:] s Pjidgr
0 Al ’ TN
" 0 X Afspjids

=

N ..
. -5y cd _
gi | —SDL ] qii_ A o[ -siDh
a — B , ra — N i yMa T 0 Bl ‘
Tu Z AYJS Td
j=1

An assumption which is quite natural and common in the
robust control literature introduced as follows:

Assumption 2: The perturbations, reference signals, and
external disturbances are piecewise continuous bounded
functions; that is there exist positive constants vT/_,-i and Z;
such that

respectively.

Now, the main objective of this paper is to synthesize
the distributed adaptive controller u;(f) given in (14) such
that the state 1;(¢) in subsystem G, (16) can be guaran-
teed to converge to zero. Then the outputs of distributed
subsystems can asymptotically track corresponding reference
signals r;(¢) in the presence of failures and perturbations in
interconnection channels, external disturbances.

III. DISTRIBUTED ADAPTIVE TRACKING
CONTROL SYSTEM DESIGN

Considering a large scale system G,; described by (16)
and controller model given by (14), the controller gain

Ieli,m ()] € R™>*" updated by
Nk=1,2,...,m;

kli(l) = [Kli,l(t)aklig([)’-“v
the following adaptive law: i =1,2,...

d]% i (t) ;
D = Tis&iEl Pb,
where I'j; 4 is any positive constant, kli,k (to) is finite, P, is a
positive symmetric matrix, and b}, is the kth column of B;
K>5; is an appropriate dimensions matrix chosen by the system

a7

designer; K3;(1) = [K3i1(t),Kain(t),. .., Kaim (1)]7 € RM*n
updated according to the adaptive law: i, j =1,2,... N,k =
1,2,...,m
dRs; .
50 = Ty &l B (18)

where I'5; is any positive constant, Iegi’k(to) is finite, koj
is the kth column of Kj;; Ku;(¢) is given by the following
function:

—(&"RBL)" B || &P || ksi(r)

Kyi(t) = ; ,i=1,2,...,N (19)

" T&TP, P a

where o;, B; are suitable positive constants which satisfied:
o < B, (20)

and ks(t) € R is updated by the following adaptive law:

Bl — oy || 7P| @h

i=12,....N

where 7 is any positive constant, ksi(to) is finite, and from
(21), we can see k5,( ) >0 if ksl(to) > 0.

Then the large scale closed-loop system model can be
written by

&it) = (Al +BiKui)&i(1) + (A”+B K2ipjiK3i)&; (1)

/=1

. N . i .
+B, ¥ Kipjiwji+ B, Ksi + Z Adwji+ Glzi.
=1 =1

(22)
On the other hand, letting
Riix(t) = Kiig(t) — Kiig,
K3ix(1) = K3ige(t) — Ksig, (23)
ksi(t) = ksi(t) — ks;
where i=1,2,....N,k=1,2,...,m;

Due to Ki;x, K3;x, and ks; are unknown constants, we can
write the following error system

dki t ;
i) _ 1), EET P,

dRs; s i
i{f(t) = —3ixE,&" PBLkair
dk,
e =nl &R
where i, j = 1,2,...,N,k: 1,2,...,m;
Before giving our main result, the following Lemmas are
introduced firstly:
Lemma 1. For appropriate dimension matrices X, Y, and
any ¢ > 0, the following inequality holds true

XTy +vTx <¢x'™x + ¢ 'v'y. (25)

Lemma 2. ([25],[16]) Consider the following Riccati
equation:

(24)

ATP+PA+PRP+Q=0. (26)
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If R=RT >0,0=0" >0, A is Hurwitz, and the associated
Hamiltonian matrix

A R
=% ]

has no eigenvalue on the imaginary axis, then there exists a
P =PT >0, which is the solution of (26).

In the following, by (&,K);,Ki,ks;)(t) we denote a solu-
tion of the closed-loop system and the error system. Then, the
following theorem can be obtained which shows the globally
boundedness of the solutions of the adaptive closed-loop
system described by (22) and (24).

Theorem 1. Consider the adaptive closed-loop system
described by (22) and (24). The closed-loop large scale
system is uniformly bounded and the tracking error e(t)
converges asymptotically to zero for any p(t) € Apﬁ_ if there

exist a symmetric matrix F;, and 13117;{, 13357;(, ks; determined
according to the adaptive laws (17), (18) and (21), and
control gain function Ky; given by (19).

Proof: For the adaptive closed-loop large scale system
described by (22), we first define a Lyapunov functional
candidate as:

N T N m 7 15
V=Y&PLE+Y ¥ Ky iy i Kik
i=1 i=1k=1
N N m 172
+ ):l Zl kZIP 3, kr3, kK31k+ Z Y ks,
e

(27)
Then, according to equations (19) and (23), the time deriva-
tive of V for r > 0 associated with a certain failure mode

pe Aph can be derived:
Ji

N . A . N
= Y &'(AL +B,Ki))" P+ Pi(AL + B, K1;)|&

éTP (Alj +BI Klesz3l§])

—_

~.

||'M2 ™=

—

éjT(Afzj“!‘BéKﬁpjiKBi)TPiéi

_|_
™M=z

=

1 '21 EIPBLKyipiKsi€;

i=1 j=

207 PBL|2BIIET Pillks: | N ;o m
-y ”@‘iﬁ o X 28T PB X Kt
= = J=

_|_
Z.N

N .
+ 2 267P, Z A le + Z 2§iTP,-Gﬁ1z,-

,_

+Z Z Z 2P;z 3,kr3,kK3zk
i=1j=1k=1

+ Z1k):1 2K1,kr1szuk+ ): 2y isiksi.
1

z |
3

(28)

Thus, by the light of Lemma 1, inequality (20), and
Assumption 2, we choose adaptive laws (18) and rewrite

(28) as
V()
g ET (AL + BLR1))T P+ P(AL + BiRy;) + GNP?
g & (AJZ+B K21P11K3J) (A£i+B£K2jpin3j)]éi

N
+2 Zl Z éTPB K21P11K3z§j
l j=1

. N _
- .212 | ETP; || ksi+ ‘212 (RSRA A ZIK% | Wi
= 1= =
N T N i = '
+'212 & Pl 'Z1Aa | Wji
i= j=

N ; N
+.22|| el }: G || Zi

N

N
+ Zl Zl Z 2sz 3i, kr3, kK3lk
! J

N
+ 21 Z 2Klzkrlszltk+ Z 2y siksi.
P
(29)

According to Lemma 2, we let

l, =

N g . . )
Amax( L G (Ad + BaK2jpijKaj)T (Ad +BuKajpijKs,)).-
! (30)
Hence, if there exist constants Ki;, K3j, i,j=1,2,...,N
let Al + B! Kj; Hurwitz and Hamiltonian matrix H has no
cigenvalue on the imaginary axis, then for any p(r) € A s,
there exist a solution P, > 0 such that !
(AL +B.K)) P+ P(AL +B.Ky)) + GNP? + £ (1+ &)1 =0.
(€25
On the other hand, since w ;i and Z; are unknown bounded
positive constants, there always exists a constant ks;, i =
1,2,...,N let the following inequality holds true:

N 3
I &P || ksi =1 &P 11| B, L Ko Wi
]:

N .. N o

+ &P _ZIAZ’ [yt 1 &P L G | Zi.
= j=

(32)

Then, based on the above mention, definition (23), chosen
the adaptive laws (17), (21), it follows from (29) that

<
—

~
~—

Slegl -

. - N m s
28T PB KipiKsiEj + _21 k):] 2K, T K
1= =

N - N s
L 211 &R | ksit ¥ 267 BB K
= 1=

IA
\
T=
)

+

™M=z M=

+
™M=z M=

HME

~ - N s
2PjiK3T,-,k1"§,~,le3i,k + _):1 2y Yksiks;.
i=

Il
_
~.

= _)_:1 Cf ! 3i§iT éi
. (33)

Hence, it is easy to see that V() < 0 for any & # 0.
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Equation (33) also implies

t
N
V(0)-V(t
[Lle@irar <SRV )
o =1 min Emin
where r;iL = min(Cl.’l), Emin =min&;, i=1,2,...,N. Since

the right hand side of (34) is bounds, following Barbalat
lemma, it indicates fli_{g &i(r) = 0. Thus, the solutions of
closed-loop distributed system are uniformly bounded, and
the state &;(z) converges asymptotically to zero. |

Thus, for large-scale system (16) with signal attenuations,
perturbation and disturbance effects, from (18), (19), (21) and
(24), we can obtain the distributed adaptive controllers (14),
by which the solutions of the resulting adaptive closed-loop
large-scale system can be guaranteed to be stable, and the
output of each subsystem is uniformly asymptotically track
the reference signal with disturbance rejection.

IV. SIMULATION EXAMPLE

In this section, an example of robust tracking control sys-
tem design is given to demonstrate the proposed method. A
large-scale dynamical system is composed of two dynamical
subsystems borrowed from [14] with interconnection input,
interconnection output and measured output added:

. i i i i X\t
(1) App Afs Br, By, l()

.. _ Jji Pjivij (t)
Wij (I) AST 0‘ O' 0' di(l)
vilt) ¢ G Dy D (1)

where i=1,j=2o0ri=2,j=1 and

App=| 3 O | A= 7 _2]]#%:[0%5 :H
ag=l1 A= A P LaE=[F A
=[O 0 ) m=[ 05 1 o3 0],
Bra=| _{. _(1)'5]’3%1_{0?5 15}7D5:H 025]
G=[os A].d=[¢s A]d=]1s 7]
G=| _1s _22}»1)&:[% 0?6}705:[% H

Here, the dimension of interconnection signal g; = 0,i =
1,2, which means the subsystem is not fed back into itself.
We let Cj; denote the sth interconnection channel with the
signals transmit from ith subsystem to jth subsystem. We
assume each of the four interconnection channels may lose
its effectiveness and consider the following three possible
faulty modes:

Normal mode 1: Both of the two subsystems interconnection
channels are normal, that is, pl,(t) = pl,(t) = pi,(t) =
py(t) = 1.

Faulty mode 2: Interconnection channels C}2 and C%l are
completely disconnected, the other channels may be normal
or attenuations, that is, p7, (1) = p3,(¢) =0 and ay < p% (t) <
1,0y < p(t) < 1,a =0.3,b, =0.5.

Faulty mode 3: Interconnection channels C122 and C%lare
completely disconnected, the other channels may be normal
or attenuations, that is, p3, () = p3,(t) =0 and a3 < pj, (1) <
1,b3 < p3,(t) < l,a3 =0.5,b3 =0.3.

{%

0 5 10 15 20
time(s)

Fig. 2. Response curves of the tracking errors with distributed controllers.
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Fig. 3. Response curves of the estimates of controller parameters Kj;,i =
1,2.
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Fig. 4. Response curves of the estimates of controller parameters K3;,i =
1,2.
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Response curves of the estimates of controller parameters Ks;,i =
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To verify the effectiveness of the proposed adaptive
method, the simulations are given with the following pa-
rameters and initial conditions:

Dik=08Tsy=h,n=15pn=10=1p=3,
th( ) =0,K34(0) = 0,ks1 (0) = 0,ks2(0) =2,
Sy = llcl—ll—lzk—IZ

=5 e[ 501

Here, the reference signals r;(z) and ry(¢) are denoted by

1.5 0<r<5 —15 0<r<s
7r2(t):

3 t>3 -3 t>3 ’
and the following faulty case is considered in the simula-
tions, that is, before 10 second, the interconnected systems
operate in normal case, and the external disturbances d; (1) =
[-0.5, 0.5sin(t)]” and dp(t) = [-0.5, 0.55in(0.2¢)]" enter
into the subsystems G; and G, at the beginning (¢ > 0),
respectively. At 10 second, some faults in interconnection
channels have occurs, described by pi» = py; = diag|0, 1],
and at the same time, the first channels of G|, and G;; have
enter perturbations Wy (t) = [—0.5, 0.5+ 0.1sin(0.3t)]7
Wi2(t) = [0.6, 0.5c0s(0.2¢)]"

Fig.2 is the tracking error curves of two subsystems. It
can be observed from Figs.2 that the resulting distributed
adaptive state feedback controllers can get satisfied tracking
results with faulty and perturbed interconnected links, and
external disturbances. Fig.3-Fig.5 are the response curves
of the estimations of controller parameters K1, Ky and IA<5,~,
i =1,2, respectively. It is easy to see the estimations can
converge and all signals are uniformly bounded.

rl(t) =

V. CONCLUSIONS

This paper has shown a direct adaptive design method
to solve the asymptotic tracking control and disturbance
rejection problem for distributed large scale systems with
faulty and perturbed interconnection links. For the sake of
automatically compensating the effects of single attenuation
and unknown perturbations in interconnection links and
external disturbances on subsystems, the distributed state
feedback controllers are constructed by the adaptive schemes,
which are based on update adaptation laws to estimate the
unknown controller parameters on-line. On the basis of
Lyapunov stability theory, it has shown that the resulting
adaptive closed-loop large-scale system can be guaranteed
to be stable and each subsystem can asymptotically-output
track the corresponding reference signal under the influence
of faults and perturbations in interconnection links, and
external disturbances. A numerical example has shown the
effectiveness of the proposed method.
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