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Combined Adaptive Fuzzy Control for Uncertain MIMO Nonlinear
Systems

Ya-Qin Zheng, Yan-Jun Liu, Shao-Cheng Tong and Tie-Shan Li

Abstract—A combined adaptive fuzzy control method of a
class of uncertain MIMO nonlinear systems is studied in this
paper. In this method, the proposed controllers consist of two
parts: the direct and indirect adaptive control terms. Compared
with existing methods for controlling MIMO systems, this novel
method can trade off fuzzy descriptions for control rules at the
same time to achieve better adaptation properties and improve
control effect. In addition, most methods need to assume that the
minimum approximation error is required to satisfy the
square-integrable condition. The method proposed in this paper
doesn’t need this assumption, and the effect of minimum
approximation error could be removed by the adaptive
compensation term. Based on Lyapunov stability theory, it can
be ensured that all signals of closed-loop system are bounded,
and the tracking errors converge to a small neighborhood
around zero. Simulation results indicate the validity of the
proposed method.

I. INTRODUCTION

During the last two decades, the controller design for
nonlinear systems has drawn a lot of attention in the
control community, and it has achieved great success based
on geometrical technology, and special feedback linearization
method [1,2]. However, these methods can be only used for
nonlinear systems whose dynamic characteristics are exactly
known. To relax these restrictions, some adaptive design
approaches are proposed in [3, 4, 5]. In these schemes, an
accurate model of the plant is assumed to be available, and
known nonlinear functions with respect to unknown
parameter linearly appear. However, in many practical
situations, these assumptions are not sufficient because it is
difficult to describe an accurately dynamic model of a system
with known function.

Recently, fuzzy logic control has been widely used in
complex and ill-defined systems. Based on the universal
approximation theorem, many stable adaptive fuzzy control
schemes have been developed to incorporate the expert
knowledge systematically. The stability study in such
schemes is performed by using the Lyapunov synthesis
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method. According to the definition in [6], there are two
distinct approaches that have been formulated in the design of
the fuzzy adaptive control system: direct and indirect
schemes. In the direct method, a fuzzy system is used to
describe the control action and the parameters of the fuzzy
system are adjusted directly to meet the required control
objective [7,8-11,12,13]. In the indirect adaptive approach,
fuzzy logic systems are used to estimate the plant dynamics
and a controller can be obtained based on these estimates
[7,8-11, 14,15]. A combined adaptive fuzzy control method
has already been proposed in [16] for a class of SISO
uncertain nonlinear systems. However, from the viewpoint of
the engineering application, most of the plants are MIMO in
nature. At present stages, few works on the combined
adaptive fuzzy control method are extended to stabilize
MIMO nonlinear systems. This paper will give a combined
adaptive fuzzy control method for uncertain MIMO systems.

For a class of uncertain nonlinear MIMO systems, this
paper proposes a combined adaptive fuzzy control method. In
the novel method, the combined adaptive fuzzy controller
consists of two parts: the tracking controller and adaptive
compensation controller. The tracking controller is the
weighted average of direct and indirect adaptive fuzzy
controllers. Knowledge of both controlled plant and control
action are fully exploited in the controller. The proposed
method can trade off fuzzy descriptions for control rules at
the same time to achieve better adaptation properties and
improve control effect. The adaptive compensation controller
is used to compensate the approximation error in fuzzy logic
system, and then the square-integrable condition for
minimum approximate error should be removed. Base on
Lyapunov analysis, all the signals of closed-loop system are
proved to be bounded and tracking errors converge to a small
neighborhood around zero. The validity of the proposed
method is verified by simulation results.

II. PROBLEM DESCRIPTION AND PROPAEDEUTICS

Consider the following MIMO nonlinear dynamical
system

WY = 0+ L, (0,
: : (1)
W = 1,00+ g, (o,

(i=1)

where  x=[y, 7, >N

: (r,=Dqr
9"'7yp’yp9”'aypl ] 1S state
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vector, uz[ul,---,up]T is control input vector,

y=[y, yp]T is output vector, and f,(x), g;(x) where
i,j=12,---, p are unknown nonlinear smooth functions.
Let
YO =y T F) =LA@ S, ()
and

81 (x) g,(%)
G(x) = :
g, (x) g,,(%)
Then, system (1) can be modified as
" =F(x)+G(x)u 2

The control objective is to design a combined adaptive
fuzzy controller so that the system output ) can track the

ideal output y,()=[y, (1),-,y, ()] as accurate as
possible, where y, (¢), i=12,---,p and its derivative is

known and bounded.
Let

@ =Vg =V €, = Vg =V,

(n-1) (r,=Dqr
" "

22[613619...5 3...5epﬁep5...! P

the error dynamic equation can be calculated as

é=Ade+B[-F(x)-G(x)u+yy (3)
where A4 =diag[4,, -, 4,] and B=diag[B,--,B,] ,
010 -0 0
001 -0 0
A, = ¢ . |, B=|i|landi=12,--p.
000 - 1 0
000 -0 1

To design a stable adaptive fuzzy controller, the following
assumption is made for the system.
Assumption 1: the matrix G(x) is positive definite, and

Joy,0,>0,04,0,€R, so o/, <G(x)<0o,l,, where o,

and o, can be known or unknown and /,, is a unit matrix.

III. A COMBINED ADAPTIVE FUZZY CONTROLLER DESIGN
According to the approximation property of the fuzzy logic
systems, F(x/ 0,) , can be used to approximate the unknown

function F(x). Suppose f (x/8,) is the i th component in

fuzzy logic system F(x/ 0,) , the following system is

obtained by making use of product inference engine,
singleton fuzzier and center average defuzzier:

[(x10,)=¢,(x)0,,i=12,p 4)
where 6, =[0,,,---,0

Sfim;

1" €eR™ is parameter vector and

§i () =[5 ()&, (x)]" e R™ is fuzzy basis function

vector, and

PR AL L/
a\X) = 55 L=
B {11 Y7RER)

where membership function My (x;), I<j<n is given

Lo my (&)

beforehand, and fuzzy system F(x/ 0,) can be written as
F(x/6,)=&,(x)6, (6)
0, =000, eR" . m = Zip:l m;
& (x) =diaglé,)" (x),++,&," (x)] is fuzzy basis matrix.

where

Next, we design a function G(x/ 6,) to approximate
unknown item G(x), and select g, (x/6,;) =§g,vT(x)(9g,j to

approximate function where 1<i,j<p ,

&, (x)eR™ .0

&ij

8 x)
€ R™ and m, ;>0 . Suppose G,(x) is the

i th column vector of G(x), and it is approximated as

G(x/0,) =&, ()0, i =12, p @)
where 6, =[6,,,--.0,,1 €eR™ , m,= /p_zlmg[j ,

é:gi (x) = diag[é:gilT (x)’ T é:gipr (x)] .

approximated as

Then, G(x) could be

G(x/6,)=¢,(x)0, ®)
0, = diaglb,,, --,0,,] and
&, () =[E, (x) &, ()]

Function u,(x/6,) is designed to approximate the

where

optimal controller u" . Suppose that
u,(x/6,)=¢,(x), )
where 0, =[6,,,-, Hdp ]T s Gq(x)= diag[fle (x),+, é{pT (x)].

The following combined-type adaptive controller is
designed under system (1):

(10)

where u, is the tracking controller and u. is the adaptive

u=u, +u.

compensation controller. u, is designed as
u, =ou, +(l-au, (11)
where

=G (x/0)-F(x/0,)+y,"” +Ke) (12)

In expression (11), weighted factor & €[0,1] is defined. If
fuzzy control rules are more important and more reliable than
fuzzy description information, there should be a small « ,
and vice versa. Especially, there will be the direct adaptive
fuzzy controller if ¢« =0 and the indirect if a=1. In
expression (12), parameter K =diag[K,,-,K,] , where

i i

K. =[k.,,’,~-,k”] and i=1,2,---,p, is selected to make all

(r=1)

roots of polynomial s" +k,s"""’ +---+k, remain in left-side

open complex plane. The ideal controller is defined as

u =G ()(-F(x)+y," +Ke) (13)
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If F(x) and G(x) are known, e could converge to zero
in u" . However, F(x) and G(x) are unknown as a matter of

fact, so F and G are used as substitutes.

Combining (1), (10), (11), (12) and (13), the system error
equation can be obtained under a series derivation and
simplification such that

é=(A-BK)e+Bla(F —F)+a(G-G)u,

+(1-a)Gu" —u,)—Gu,] 14)
where 4—BK =diag[A4,, -, 4,], and
[ o 1 0 - 0]
0 0 I
Ai: : : . : 3l=1:23" P
0 0 0 1
_klr _kv 1 _kir,,z _kzl
Let A= A-BK , the Lyapunov function V/ =% e'Pe is
considered, where P = dzag[ , ,PP] and P is a rxr,

positive definite matrix, and satisfies Lyapunov function
A"P+PA=-Q,where O =diag[0,,--,0,], O, isa r,xr,
positive definite matrix like P .
The adaptive compensation controller is designed as
u. =k, sgn(e’ PB)

where k. is a nonnegative constant.

(15)

IV. DESIGN OF ADAPTIVE LAW

The constraint set of parameter vector 6, , 6, and 6, are

{0,:0,|<m,} . 2= {0, 1o < M.}

={0,:]|0,] <M, } respectively, and the compact set

defined as Qf.
and Q,

of state vector x is defined as U, :{x:||x||£Mx}, where

M, M,,M, and M_ are constants defined.
Refer to literature [9], the optimum parameters in this
paper are defined as

0

" =arg min sup‘ﬁ(x/&,») - F(x)ﬂ
/ xeU,

* .
6, =argmin| sup
¢ | xeU,

G(x16,)- G(xﬂ

Hd* :argnéin Sup|ud(x/9) u |:|,

VEU
and the minimum approximation errors are defined as
@, = (F(x/0,) = F(0))+(G(x/0,) =G0,
o, =u,(x/0,)-u".
To design a stable adaptive controller, the following

assumption is made.
Assumption 2: The minimum approximation errors are

bounded, i.e., there exist constants @,,®, >0 so that
ol <o o] <o
Let 6, =60,-60, , 0,=0,-6, and 6,=0, -0, ,

according to fuzzy logic systems (6), (8) and (9), the error
equation (14) can be written as

é=Ae+Blaé,(x)0, +aé (x)0,u, +(1-a)GE,(x)0,
~Gu,] (16)

The task of adaptive law is to determine a regulation
mechanism for 6,, 6, and 6, such that the tracking error e

+aw, -(1-a)Gw,

and parameter errors 6, , ¢, and 6, have minimum values.

To achieve this goal, the following candidate Lyapunov
function is considered:

1 1 .5 1 5 1 ;.5
V=—eTPe+—6’/.T6’/.+—tr(6’ '0)+—0,"0, (17)
27 T2y T 2, T 2y,
where 7, , 7, and y, are positive designed parameters.

Considering equation (15), we can get that

V———e Qe+(—6’ +aeTPB§f)9 +— tr(t99)
72

+ae’ PBE,(00,u, +[(1-a)e PBGE, (x)~~—0,"10,
e

3

+e' PBlaw, —(1-a)Gw, — Gu,.] (18)
where
itr(égﬁ.g) + agTPBfg (x)égu,.
Vs
2 ’ | .
= Z (qu,e” PBS,(x)+ ;/_Hgi )0, (19)
= 2
where u, is the i th component of controller u, .
The adaptive laws of 6, , 6, and ¢, are designed as
6, =—ayé," (x)B" Pe (20)
Oy =—ar,u,&, (VB Pe @n
0, =(-a)r,0:8, (B Pe (22)

V. ANALYSIS OF STABILITY AND PERFORMANCE

The systems designed above can ensure the global stability
of closed-loop system, and the results about stability are
given as follows.

Theorem [ : Considering the nonlinear dynamic system of
equation (1), if conditions of assumption 1 and 2 hold,
combining the control laws of equation (10), (11), (12) and
(15) and the adaptive laws of equation (20), (21) and (22), the
following properties can be ensured:

1)  All signals in the closed-loop system are bounded.
2)  The tracking error and its derivative converge to zero.

Proof: According to (18) and (20), we get

LQ,T +ae' PBE, =0, and then combined with (21) and
N ’
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P . ~
(19), we get Z(auiigTPBcfgi(x)+7/i¢9;)9g,. =0, and then
2

i=1

(18) can be modified as
V == e 0e +[(1- a)e” PBGE, (1)~ ~-0, 1,

3
+e' PBlaw, —(1-a)Gw, — Gu,.] (23)
From G(x)<o,/, in assumption 1 and expression (22),

expression (23) can be modified as
V< —%gTQg+gTPB[aa)[ ~-(-a)Gw,]-e" PBGu. (24)
From assumption 1, we can get that
; 1
V< —EgTQg+ "gTPB”
<[ el |+ oo(-a)|@, |- ok [sence PR ] (25)
From assumption 2, we get that
. 1
V< —EQTQQ-F"QTPB”
><[om)l +o,(l-a)w, — ok, "sgn(gTPB)m

T
where "sgn(g PB)": /”1 +ry et
aw, +o,(l-a)w
Let n=rtntotr, and k >20rnlza)o,
oyn

then the following condition can be ensured:

(26)

. 1
V< —EETQE (27)
where e € L can be ensured. Furthermore, according to the

hypotheses of systems and the control law expressions (10),
(11), (12) and (15), control terms u, and u. are both

bounded. Therefore, the right side of expression (14) is
bounded, viz. é € L. From expression (27), we also get that

2
e

is the minimum eigenvalue of Q . Doing

(28)

. 1 A,
V<——elQe <200
2~ Q¢ 2
where 4,
integral to both sides of expression (28) such that
© 2
[ lle@lfde < ——©)-V (=)
ﬂ’Qmin
From the above expression, we get that e € L,. On the

(29)

basis of the above-mentioned results and according to the
Barbalat lemma ([5]: if eeL,NL, and éeL, , then

lime(¢) =0), we can get that lime(¢) =0.
t—w t—»o

VI. SIMULATION EXAMPLE

Considering a damping system of mass-spring, the motion
equations of mechanical system are as follows:

M3, =u = fio;(X) = [ (X) + [, (%)
+ fp (D)= fe, (D) + fen (%)
M, 3, =u, = fi,(X) = f5,(x) = fer (X)

(30

where
S () =Koy + AK1J’13

sz(x) =K, (y, = »)+AK, (y, _y1)3
are defined as elastic forces, and

S (x)= By, +AB
J32(%) = Byy (3, = )+ AB, (), _y1)2
are defined as friction forces, where x =[y,, 7, ,, 7,1 .

0.4

-- Expected output y
— Output ¥,

06F

Cutput ¥ Expected output Yoq

06 L L L L L L L L L
0 2 4 B g 10 12 14 16 18 20
Time {s)

Fig. 1. The curves of system output ), and expected output ),

-- Expected output y ,

e — Output v,

04t

e S

Cutput yE,E}{pEEtEd output ¥

n2k

04k

1 o 1 1 1 " L L L > L
0 2 4 B g 10 12 14 16 18 20
Time {s)

Fig. 2. The curves of system output y, and expected output .,

Approximation parameters are given as follows: M, =0.2,
M,=02, K,=1, K,;=2, B,=2, B,, =2.2. Disturbance
parameters are given as follows: AM, =0.05sin(y,) ,
AM, =0.05sin(y, —y,)» AK, =0.1, AK, =0.12, AB =02

and AB, =0.15 . Suppose the Coulomb friction forces are
Jer =0.02sgn(y,) and f., =0.02sgn(y, — ), and there are
a little force Awu, =0.1u, to M, and a little force
Au,, =0.15u, to M,, and the ideal output trajectories are
,,(t)=0.5sin(¢) and y,,(¢) = 0.5cos(¢) , the goal of control

is to make the system output tracking the ideal output.
Five fuzzy sets are defined to each x,(i =1,2,3,4) and the

labeling is F' (minus infinity), F> (approximate to -0.5),
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F’ (approximate to 0), F* (approximate to 0.5) and F’

(positive infinity) respectively, and the membership functions
are

M (x) =1/(1+exp(5(x; +1))) ,

Hpo (x,) = exp(=2(x, + 0-5)2)

'qul (x)= exp(—le.z) > ILIF’4 (x;) = exp(=2(x, — 05)2)

#s (x;) = 1/(1+exp(=5(x; ~1)))

Some fuzzy rules are set as follows:

R":If x, is F" and x, is F/", then y is F', where
m=1,-,51=1,-,5;

R":If x, is F" and x, is F;", then y is F', where
m=1,---,5,1=6,---,10 .

Then the conditional equation can be obtained as

T

5/1 :[‘):/'11 ‘);/'12 "'5/110] eR"
where

Sm = Hp (% H

)t (%) /Dl , ’
i =t ()t ()
Srie = Hyg (x2)f”a' (x4)/D2 ’
Erno = by (%) 1y () /Dy

5 5
Dy =t (50) e (%) Dy = 2t (30) 1, ().
m=1 m=1
Let &,=¢, , and then F(x/0,)=¢&.(x)0, ,
&, =diagl&f &1, 0,=10,.0,,1, 0, =[0,,,.0,,]1,

‘9f2 :[‘9/21 ""»eleo]T'
Notice that it has to accord with the known physical
properties (viz. elastic forces always rest with y, and y,, and

where

friction forces always rest with y, and y,.), the fuzzy

approximator is simplified and segmented to be used as
follows: the performance of elastic force is known by

5
z $uy (i=1,2), and the performance of friction force can
I=1

10
be knownby » &,60, .
1=6

To approximate the function g, (x), three fuzzy sets

G/ (r =1, 2,3) are defined to x, and x, respectively, and the

corresponding membership functions are
ty (x) =1/(1+exp(5(x,+0.5))), s (x,) =exp(-2%7)

Hg: (x,)= l/(1+exp(—5(x, - 0.5))).

Some other fuzzy rules are set as

R":if x, is G! and x, is G/, then y is G', where
n=12,3 and [=1,2,3;

Then we get that &, = [é.‘g”, é’glz,égUT € R’, and here we

select &,, =&,

06

Differential of System output % and Expected output Y1

06 ---- Differential of Expected output v,
— Differential of System output y,
0g L L L L L L L L L
2 4 B g 10 12 14 16 18 x
Time (s}
Fig. 3. The curves of ), and y,,
e --- Differential of Expected output ¥,

— Differential of System output y,,

Differential of Systern output % and Expected output Yo

Bt ! L s
1] 2 4 b g 10 12 14 16 16 20
Time {5)

Fig. 4. The curves of , and J,,

T T T
— Contraller output u,

5k — - Controller output uy |4

2
(]
1

Controller output U U

L
10 12 14 16 18 x
Time (s}

L
0 2 4 B g

Fig. 5. The output curves of controller

To approximate the function u,, (x), three other fuzzy sets
U (s=1,2,3) are defined to x, and x, respectively and

U{ji =G

i

is selected.
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Set the feedback gain vector as K, = K, =[1,2], and the
initial value is given as
0,(0)=0,(0)= [0.2,0.2,0.5,0.3,0.1,0.4,0.5,0.6,0.7,0.8]T

0,(0)=0,,00)=[2,34]".
The positive definite matrix is set as
Q =0, =diag(10,10), B, = B, =[0,1]",
n=2,7=2 r=1a=04 k. =1.
Let »,(0)=0.5 and »,(0)=»0)=»,(0)=0 as the

initial state of system. The simulation results are as
fig.1-fig.5.

VII. CONCLUSION

In this paper, a combined adaptive fuzzy control approach
of a class of uncertain MIMO nonlinear systems is studied. In
this novel method, both the knowledge of controlled objects
and control rules are sufficiently used. In addition, most
methods need to assume that the minimum approximation
error is required to satisfy the square-integrable condition.
The method proposed in this paper doesn’t need this
assumption, and the effect of minimum approximation error
could be removed by the adaptive compensation term. Based
on Lyapunov stability theory, it can be ensured that all signals
of closed-loop system are bounded, and the tracking errors
converge to a small neighborhood around zero. Simulation
results indicate the validity of the proposed method.
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