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Adaptive Robust Tracking Control for a Class of Distributed Systems
with Faulty Actuators and Interconnections

Xiao-Zheng Jin and Guang-Hong Yang

Abstract— In this paper, direct adaptive control schemes are
developed to solve the robust tracking problem of a class of
distributed large scale systems with actuator faults, faulty and
perturbed interconnection links, and external disturbances. The
adaptation laws are proposed to update controller parameters
on-line when all eventual faults, the upper bounds of the
perturbations and disturbances are assumed to be unknown.
Then a class of distributed state feedback controllers is con-
structed to automatically compensate the fault, perturbation
and disturbance effects based on the information from adaptive
schemes. The proposed tracking controller can ensure that
the resulting closed-loop large-scale system is stable and the
tracking error decreases asymptotically to zero. The proposed
adaptive design technique is finally evaluated in the light of a
simulation example.

I. INTRODUCTION

A lot of practical control systems can be considered
as large-scale systems composed with a large number of
spatially interconnected units, such as the control of vehic-
ular platoons [20], cross-directional control in the chemical
industry [21]. And many approaches have been developed
to synthesize some types of distributed controllers to make
the dynamic large scale system well-posed, stable, and
contractive (see, e.g., [1] —[9], and the references therein).
Recently, some issues which always exist in interconnections
are put forward by some researchers [1], [2] —[5] and [10] —
[11], such as single attenuations, time delays, bandwidth
limitations (bit rate limitations) and perturbations. In [1], the
problem of signal attenuations in interconnection channels
is considered, and the necessary and sufficient conditions
for well-posedness, stability, and contractiveness are obtained
by using integral quadratic constraints (IQCs) method. Re-
cursive information flow [3] is proposed to compensate for
the effect of bandwidth limitations. In [2], [4], distributed
controllers are constructed by using some special effective
approaches for stability and performance of the closed-loop
interconnected systems with the problem of time-delays in
channels. For the problem of perturbations, transmission
noise in channels between the controllers is presented in [5]

This work was supported in part by the Funds for Creative Research
Groups of China (No. 60821063), the State Key Program of National Natural
Science of China (Grant No. 60534010), National 973 Program of China
(Grant No. 2009CB320604), the Funds of National Science of China (Grant
No. 60674021), the 111 Project (BO8015) and the Funds of PhD program
of MOE, China (Grant No. 20060145019).

Xiao-Zheng Jin is with the College of Information Science and En-
gineering, Northeastern University, Shengyang, Liaoning, 110004, China
jin445118@163.com

Guang-Hong Yang is with the College of Information Science and
Engineering, Northeastern University, Shengyang, Liaoning, 110004, China
yangguanghong@ise.neu.edu.cn

978-1-4244-4524-0/09/$25.00 ©2009 AACC

and the transmission signal-to-noise power is kept limited
using an LMI method. However, to the best of our knowl-
edge, the problem of asymptotic tracking for distributed
control systems with signal attenuations and perturbations
in interconnections has not yet been investigated.

Recently, fault-tolerant control (FTC) system design,
which can make the systems operate in safety and with
proper performances whenever components are healthy or
faulted, has received significant attention (see e.g., [6], [8],
[14] — [19]). Some of above works adopt adaptive methods
to deal with the problem of tracking control in the case of
actuator faults on systems, such as [14] —[18]. However, as
we know that the disturbances play an important role in
systems, some of above works, such as [14] — [17], have
not consider the disturbances within the systems, and the
proposed methods may not be suitable for the FTC systems
if there exist disturbances. Moreover, [18] — [19] consider
the disturbances under some special conditions, such as
limy . z(#) = 0 (z(¢) is disturbance) [18] and constant distur-
bance [19]. Therefore, the capability of disturbance rejection
for the above FTC systems seems weak. On the other hand,
a direct adaptive method proposed in [15] can compensate
for the time-varying parameterizable stuck-actuator failures,
but for the unparameterizable failures, approximations of the
stuck-actuator failures must be employed and the closed-
loop system can be guaranteed to be stable but asymptotic
tracking cannot be ensured [16]. Furthermore, [17] consid-
ers the unparameterizable failures in the system, but the
requirement of knowledge of upper bounds of failures is
needed and asymptotic tracking also cannot be ensured.
In this paper, the new proposed robust adaptive schemes
can solve the problem of FTC with more general actuator
failures than above works [14] —[19] and make sure the
system asymptotically track the states of model reference
system under the influence of actuator unparameterizable
time-varying failures and disturbances.

This paper considers the direct adaptive method to solve
the robust asymptotic tracking control problem for a class
of distributed control systems with actuator and intercon-
nection failures, perturbations in interconnection channels,
and disturbances on subsystems. The adaptive compensa-
tion design approach will be used for a general actuator
fault model, which covers the cases of normal operation,
loss of effectiveness, outage, and stuck. General faults of
signal attenuations of interconnections are also considered.
Each control effectiveness, upper bounds of perturbations
and external disturbances are assumed to be unknown. A
direct adaptive method is proposed to solve the problem
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for developing some distributed state feedback controllers.
For this purpose, we first propose some adaptation laws
to update the controller parameters. Then, the distributed
controllers are constructed using the updated values of these
estimations. Based on the Lyapunov stability theory, the
adaptive closed-loop large-scale system can be guaranteed
to be stable and each subsystem can asymptotically track
the corresponding state of model reference system. The
corresponding distributed fault-tolerant controller design via
a different adaptive method is presented in [8].

II. PRELIMINARIES AND PROBLEM STATEMENT

We first introduce our notation. Notation caty_,x; denotes
the signal or vector (xj,x3,...,x,) formed by concatenating
xi. This is also usually denoted catix; for brevity.

In this paper, we consider a large-scale system G com-
posed of N interconnected linear time-invariant continuous
time subsystems Gj, i = 1,2,...,N. Each subsystem is cap-
tured the following state-space equation:

T )

|:xi(t) :|:|:AIZ"T Ars Brg Bp | | vilt) 1
wi(f) Asr Ass By By, di(t)
ui(1)

where x;(¢) € R" is the state, u;(¢) € R™ is the control input,
yi(t) € Rl is the measured output, d; € R is the external
disturbance, and v; := cat;(v;;), vi; € R% and w; := cat;(w;;),
w;; € R%, j=1,2,...,N is the interconnection input to
each subsystem and the interconnection output from each
subsystem, respectively. All system matrices are known real
constant matrices with appropriate dimensions.

In the normal case, once the relationships between the
inputs and outputs at each subsystem have been defined,
the distributed system can be described by closing all loops
by imposing the constraints of interconnection with the
interconnection condition such that

vij(t) = wji(t). ()

We assume every subsystem is controllable and the states
of each subsystem are available at every instant. Moreover,
every state has its transmission channel interconnected with
other subsystems, and the controller and plant use identical
transmission channels. Then, a state feedback controller with
same interconnection structure for this system has subsys-

tems K; given by
ui(t) | | K K xi(1) 3)
WK (l‘) B K[Z] Ki22 VlK (t)

1
v{j) wk(t) := cat;(

where vE (1) := cat;( ;

Wk (1)

w{j) and v{i (2),

K
€ R%i also have interconnection condition with
K K
vi;(t) = wii(t) 4)

in the normal case. Then, the closed-loop system can be
illustrated for example in Fig.1.

In this paper, we formulate the faults including actuator
outage, loss of effectiveness and stuck on subsystem G; and

Fig. 1.
subsystems.

Example of interconnected closed-loop system with N = 3

signal attenuations of interconnections between communicat-
ing subsystems. Let wf (r) and V}f () represent the signals
from the fth actuator in G; and jth communicating subsys-
tem that have failed in the hth faulty mode, respectively.
Then we denote the fault model as follows:

wf (t) = (1= pf(0))uip (1) + Thyusis (t), vif (1) = o (1)vi; (1)
(5)
where i, j=1,2,....N, f=1,2,....,m;; h=1,2,....L, pli(t)

and O';‘i(t) are unknown actuator efficiency factor and inter-
connected factor, the index /& denotes the Ath faulty mode and
L is the total faulty modes. For every faulty mode, B{’f and ﬁl’}
represent the lower and upper bounds of P,hf( ), respectively.
Similarly, Gh and G . represent the lower and upper bounds
of Gﬂ( ) respectlvely ugif(t) is an unparametrizable bounded
time-varying stuck-actuator fault [17] in the fth actuator
of ith subsystem G;. Note the practical case, we have 0 <
B?f < pi’}(t) < pihf, 0< gi?i < ij-‘l-(t) < 6}@ and Ti}} is unknown
constant defined as:
ply <1

th = 0
Y Oorl,  pli=1

Then, Table 1 can be given to illustrate the actuator fault
model.
Denote

™ (e) = [uff (1), uy (¢), -+ sy (0)]7 ( pi'(t))ui(t),

viF (o) = D (0,05 (0), - Vi (0] = o (0w (1) ©
where p/(1) = diag/[pfy(1)l. pl(1) € [pl.plyl. oh(t) =
dlagk[ jlk( )] O-j}'lik € [gi%[k?&jl?ik]’ l’.] = ]727"'>N9 h =
L,2,...,L, f=1,2,...,myand k=1,2,...,g;;. Then, the sets

of operators with above structures are denoted by

Agi = {p (1) : pl (1) = diag,[p/;(1)). Py (1) € [P, P11,
Agy, = {07(1) : 0ji(1) = diagy[07;, (1)), 07y (1) € [0y, 5] -
(7
For convenience in the following sections, for all possible
faulty modes L, the following uniform actuator and intercon-
nection fault model is exploited:

uj (1) = (I — pi(t))ui(t) + Tiusi(t),

vii(t) = 0ji(1)vij (1),

oji € {0j;---0ji}.
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TABLE I
ACTUATOR FAULT MODEL

Fault model Bf’/ [)lhf 1:;‘/
Normal 0 0 0
Outage 1 1 0

Loss of effectiveness >0 | <1 0
Stuck 1 1 1

We make the following assumption on the subsystem
matrices:

Assumption 1. Consider (1) and (3), the subsystems are
interconnected only through their states, that means,

Ake=0, BL, =0, B, =0, Knn=0. )

Here, we let w;(t) € R%ji denote perturbation which com-
bined by unknown time-varying parameter variation, noise,
and nonlinearity in the transmission channel between ith and
Jjth subsystems.

Then, based on the above description, the equation (2) can
be represented by

vij(t) = oji(t)wji(t) +W;i(t)

for all i,j = 1...N, and the dynamics with faulty and
perturbed interconnection links (1) can be rewritten by

(10)

N
+ ZATSGJI nALx;(r) + Y Afgwii(r)

j=1 j=1
Brpi(1)ui(1) + By, Tiusi(1) + Brydi(t). (11)

Since we assume the controller and plant use identical
transmission channels, then we have

Vﬁ(t) Gjl() ()+W()

where wfi(t) € RO respects the perturbation which influences
on the controller. Then, in terms of (3) and Assumption 1,
the controller form can be described as:

ui(t) = Kin (1)xi(1)

+ ¥ KnGj(0Ral0 (1) + X Knoy(0)
j=1 j=

i
= ATTx,

%(t)

i,j=1...N (12)

K (1) + Kia(0)

13)
Ki1(t), Ki3(t) are the estimate of K;(f)
and Kj3(t), respectively; Kj is an appropriate dimensions
matrix chosen by the system designer; Kj4(¢) is given by a
function. All the controller parameters will be designed in
section 3 in detail.

For achieving the fault-tolerant asymptotic tracking control
objective, the following assumptions in design are assumed
to be valid.

Assumption 2. All pairs [A};,Bb, (I — pi(t))] are uni-
formly completely controllable for any actuator failure mode
pi € {p}...pF} under consideration. That is, there exists
constant matrix K;; € R™*" such that, for an asymptotically
stable matrix A,;;,

Arr+Br, (I

where 0ji(t) € Ach,
Jt

—pi(t))Kit = Api. (14)

Assumption 3. There exists a constant matrix Kj3 € R%ij*"i

such that
A} 50 iAYy + By Kin0jiKs = Apijy  i,j=1,2,....N
15)

for any 0j; € Aoj;_,l_.

Assumption 4. Subsystem control input matrix Bj, is
known and other subsystem matrices are unknown.

Now, the reference model for each individual subsystem
G;, as introduced in [12], is adopted here

xmi(t) = Amixmi(t) +Bmirl( ) + Z Amtjxm] (t)
j=1

where i,j =1,2,...,N, x,,i(t) € R"% and x,,,;(t) € R" are the
state variables, r;(t) € R™ is the bounded and piecewise
continuous reference input. A,,; and B,; are the known
constant matrices with appropriate dimensions, and A,,; is
stable. For the sake of designing robust fault-tolerant tracking
controller, we make the following standard assumption on the
reference model:

(16)

Assumption 5. Define §; = ﬂ,mdx( Z e_lAmﬂAmj,-), >0,

& > 0, the following matrix

Api NI
—& (Gi+&) —AL
has no eigenvalues on the imaginary axis.

Now, an assumption which is quite natural and common
in the fault-tolerant controller design and robust control
literature introduced as follows:

Then, consider the large scale system described by (11)
with actuator faults (5), interconnection faults and pertur-
bations (10), and external disturbances. The design problem
under consideration is to find a direct adaptive state feedback
controller (13) such that

1). During normal operation, the closed-loop system is
stable, and the state vector x;(¢) tracks the given refer-
ence state vector x,;(¢) without steady-state error, that is
limy 0 e;(t) =0,

ei(t) = x(t)

2). In the event of actuator and interconnection faults, the
closed-loop system is still stable, and the state vector x;(7)
tracks the given reference state vector x,,;(¢) without steady-
state error.

H =

—xmi(t), i=1.2,...,N. (17)

IITI. DISTRIBUTED ADAPTIVE ROBUST TRACKING
CONTROL SYSTEMS DESIGN

Consider a large scale system G; described by (11) and
controller model given by (13), the controller gain K;; () =
[1%,-171(t),13,<172(t),...,I%,-Lm,. ()] € R™>" updated by the fol-
lowing adaptive law: i =1,2,... N, f=1,2,...,m;

dK;y ¢(1)

at = —l"“’fx,-el-TPb%mf (18)

where I';;  is any positive constant, I%il, f(to) is finite, and
blTu,f is the fth column of BY%,; Kp is an appzopriate
dimensions matrix chosen by the system designer; Kj3(¢) =
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[1%,-3,1(t),1§372(t),...,13,37%.[. (1)]T € R%i*" updated according
to the adaptive law: i =1,2,....N,k=1,2,...,q;;

dRp3 (1)

o (19)

T .
= —F,'37kxjei PBlTukizyk

where I's; is any positive constant, 13,37;((10) is finite, kjp 4
is the kth column of Kj; Ku(z) is given by the following
function:

—(el PBy,)" B |l e] P || Kis ()

Kis(t) = - , i=1,2,...,N
a) lelPBy, |7 o l
(20)

i

where q;, B; are suitable positive constants which satisfied:
i 2 i 2

| ef PiBr, ||* 0i <|l ef PBE,\/p" |I* Bi

for any p” :diagf[gl’,}] €Ay i=1,2,...,N, f=1,2,....m,
h=1,2,...,L; and k;5(t) € R is updated by the following
adaptive law:

2L

dhis(t)
dt

(22)

=y P i=1.2,..,N

where 7; is any positive constant, kis (to) is finite, and from
(22), we can see k;s5(t) > 0 if k;s(f9) > 0.
On the other hand, letting

Kin (1) = Kin (1) = Kin s,
Kis k (1) = Kiz (1) — Kiz s
kis(t) = kis (1) — kis.
Due to Kj1 7, Ki3 k., and k;s are unknown constants, we can
write the following error system

(23)

dKl:hf(l) = _Fil,fxl'el‘TPbiTu‘fy

dR3 1 (t "

dk ng)( - —Tiaxxjel PBr ki, (24)
is(t)
El=vllel P .

where i=1,2,....N,f=1,2,....mi,k=1,2,...,qji.
Then, following above description, the large scale closed-
loop system error model can be written by

N . .
éi(t) = Amiei(t) + -ZlAmijej (t) + BlTuTl‘usi(l‘) + Bled,'(t)
]:

N . A
— Byiri(t) — L By, pi(t)Kinoi(t)Kiz (1)x(t)

J
. N .
B pie) X Knoj ()50 + B Kia(r)
]:
N 4 4 .
X A1) + (A + B pi(0)Ra (1) (0)
j:

N -

+ .ZlBlTuKiZGji(t)Ki?a (l‘)x.]'(t).

j=

(25)

Before giving our main result, the following Lemmas are
introduced firstly:

Lemma 1. For appropriate dimensions matrices X, Y, and

any € > 0, the inequality
XTy +vTx <ex"x+e vy (26)

holds true.

Lemma 2. ([12], [22]) Consider the following Algebraic
Riccati Equation:

ATP+PA+PRP+Q=0. 27)

If R=R" >0, 0=0" >0, A is Hurwitz, and the associated
Hamiltonian matrix
A R
=% ]
has no eigenvalues on the imaginary axis, then there exists
a P=PT >0, which is the solution of (27).

In the following, by (e;, Ki1,Ki3,kis)(t) we denote a solu-
tion of the closed-loop system and the error system. Then,
the following theorem can be obtained which shows globally
boundedness of the solutions of the adaptive closed-loop
system described by (25) and (24).

Theorem 1. Consider the adaptive closed-loop system
described by (25) and (24) under Assumptions 1-5. The
closed-loop large scale system is uniformly bounded and the
tracking error e(¢) converges asymptotically to zero as the
time 7 goes to infinity for any p(¢) € APih and o(r) € AG];_,i,
if there exist a symmetric matrix P > 0, and I%il_,f, I%,qu, kis
determined according to the adaptive laws (18), (19) and
(22), and control gain function Kj4 given by (20).

Proof: Due to the space limitations, we omit the proof.
|

Thus, for the large-scale error system (25) with actuator
failures, signal attenuations and perturbations in intercon-
nection channels, and external disturbances, from adaptive
laws (18), (19), (22), and control gain function (20), we have
the information of K;;, 13,3, Kia, i=1,2,... N, respectively.
Then, we can obtain the distributed adaptive controllers (13),
by which the solutions of the resulting adaptive closed-loop
large-scale system can be guaranteed to be stable, and the
state of each subsystem is uniformly asymptotically tracking
the corresponding state of model-reference system.

IV. NUMERICAL EXAMPLE

A large-scale dynamical system, with faults on actuators
and interconnections, perturbations in interconnection
channels, and disturbances, is composed of two dynamical
subsystems. The system matrices described by

abr=| 3 S A= TS

AT = '0%5 D= D)
Ag;:-fl 712 , AR = ;2 711 :

Biy= _(1)_1 _(1)'5 Bl = —(1).5 OiS ’
O A T

We let ij denote the sth interconnection links with signals
transmit from the ith subsystem to the jth subsystem. Then,
we assume each of the four interconnection links may lose its
effectiveness and consider the following two possible faulty
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. . .
0 0.5 1 1.5 2

Fig. 2. Response curves of xjy(r) and x,/(t),f = 1,2 for the first
subsystem with distributed adaptive tracking controllers.

. . .
0.5 1 15 2
time(s)

Fig. 3. Response curves of xp7(r) and x,2/(r),f = 1,2 for the second
subsystem with distributed adaptive tracking controllers..

modes:
Normal mode 1: Both of the two subsystems’ actuators and
interconnection links are normal, described by,

Py(t)=0, ol (=1, ij=12Ff=123k=12.
Faulty mode 2: The first actuators of subsystems G| and G»
are outage, and other actuators may be normal or loss of
effectiveness, that is,

ph(t)=ph(t)=1, 0<pX()<1,i=12f=23.

On the other hand, interconnection links Cll2 and C211 are
completely disconnected, the other links may be normal or
attenuations, that is,

ol (t)=03,(1) =0, 0<op(t)<1,0<05() <.

To verify the effectiveness of the proposed adaptive
method, the simulations are given with the following pa-

The estimate of K, |

=, 15

Fig. 4. Response curves of the estimates of controller parameters Kj,i =
1,2.

The estimate of K, ,

_ 5@2,, _.

rameters and initial conditions:

[y =10h, Ty p =10k, T3 =2h, Iy =5h, ¥ =1,
o = 15 Bi = 10, X,‘(O) = [1771]Ta Xm](O) = [571]Ta
me(O) - [3a 73]T7 Kllf(o) = Oa Ki3,k(0) = Oa ki5 (0) = 07

10
Ko=|0 1|, &=1i=12,f=123k=1,2.
11

Here, the reference model matrices [11] are denoted by

0 1 0
Am] = -1 =2 aBml = 1 )

0 1 0
Am2 - _3 _1 7Bm2 - 1 )

and r| = 2sin(t), r, = cos(t).

Then, the following faulty case is considered in the
simulations, that is, before 0.4 second, the interconnected
systems operate in normal case, and the external disturbances
d(t) =[5, 5+sin(2t)]T and d,(t) = [-5, 5sin(2t)]T enter
into the subsystems at the beginning (# > 0), respectively.
At 0.4 second, some faults on actuators and transmission
channels have occur, described by p; = diag[1,0.5¢,0], p, =
diag[1,0.4¢,0], o} = diag[0,1] and op; = diag[0,1], and at
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The estimate of kg

Fig. 6. Response curves of the estimates of controller parameters Kjs,i =
1,2.

the same time, the perturbations in interconnection links
Wwia(t) =[5, 8+ cos(2t)]T and Wy (¢) = [-5, 5+ 2sin(5t)]T
enter into the subsystems G; and Gy, and Wk, (1) =[5, 5+
2sin(21)]T and W5, (t) = [-5, 5cos(2t)]T enter into the con-
trollers, respectively. At 1 second, the first actuators of
subsystem G; and G, have stuck at ug(¢) = 30+ 5sin(t)
and uy (t) = —30—3sin(3t) 4 Scos(4t), respectively, and the
second actuators of two subsystem loss of effectiveness 50%.

Fig.2 and Fig.3 are the model reference state curves and
the subsystem G; and G, state curves of with adaptive
state feedback controller in above-mentioned cases, respec-
tively. It can be easy see that the states of subsystems
can asymptotically track the corresponding states of model
reference systems in the presence of faults on actuators and
interconnections, perturbations in interconnection channels,
and external disturbances. Fig.4-Fig.6 are the response curves

A

of the estimations of controller parameters K;;, Kj3 and

kis, i = 1,2, respectively. It is easy see the estimations can
converge and all signals are uniformly bounded.

V. CONCLUSIONS

This paper has presented a direct adaptive design method
for solving the robust asymptotic tracking control problem
for a class of large scale systems with actuator failures, faulty
and perturbed interconnection links, and disturbances. For
the sake of automatically compensating for the effects, the
distributed state feedback controllers are constructed with the
adaptive schemes, which are based on the updated adaptation
laws to estimate the unknown controller parameters on-line.
On the basis of Lyapunov stability theory, it has shown
that the resulting adaptive closed-loop large-scale system
can be guaranteed to be stable and each subsystem can
asymptotically track the corresponding state of the model-
reference system. A numerical example has been given to
illustrate the effectiveness of the proposed method.
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