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Abstract— This paper deals with modeling and control of
offshore pipelay operations from a dynamically positioned
surface vessel where a nonlinear dynamic beam formulation
in three dimensions capable of undergoing shearing, twist and
bending is used to model the pipe. This pipe model is coupled
with a nonlinear vessel model that has been adopted as a
standard for vessel control design and analysis purposes. The
complete pipelay system is shown to be input-output passive
taking the thruster force as the input and the vessel velocity
as the output. A nonlinear controller is applied, and using
the passivity condition of feedback connection of two passive
systems, the closed loop system is stable. Numerical simulations
using both PD and PID controllers illustrate the theoretical
results.

I. INTRODUCTION

Over the last decade deepwater pipelaying has gone through

a spectacular development. In the early 90s a water depth

of 300 meters was considered deep, while today depths of

2000 meters are common practice. The unprecedented global

demand for oil and gas is the main drive in the offshore

petroleum industry, which in turn demands improved pipeline

technology. The installation of pipelines and flowlines con-

stitute some of the most challenging offshore operations

handled, and the required engineering sophistication, as well

as the share size and complexity of the vessels used, has

developed pipelaying into an engineering discipline of its

own accord [13]. Present trends in the marked indicates an

increase in deepwater projects as well in length as depth,

according to [12].

Purpose build pipelay vessels equipped with dynamic

positioning systems are used for installation of offshore

pipelines. The pipe is clamped on to the vessel by heavy

tension equipment and extended in a production line ac-

commodating either S-lay or J-lay, which are the two main

pipelay methods. The S-lay method is fast and economical

and dominates the pipelay market. The pipe is extended

horizontally and it describes an S-shaped curve to the seabed,

see Figure 1. The upper part (overbend) is supported by a

submerged supporting structure called a stinger to control

curvature and ovalization, and the curvature in the lower

curve (sagbend) is controlled by pipe tension. The strain
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must be checked against pipe design parameters to stay

within limits for buckling and ovalization. In deep waters,

the weight of the pipe makes it difficult to maintain a stinger

supported overbend due to the increased pipe tension, but the

tension may be reduced by adopting the J-lay method where

the pipe is extended near vertically and thus eliminates the

overbend. The methods are seen to be complementary [15].

Both methods are well described in recent textbooks such as

[2], [7] and [14]. The present trends in deepwater pipelay

systems are described in [8] and the references therein.

Mathematical models are vital in pipeline design for

analysis of pipelay parameters and for operability analysis.

Commercially developed computer tools, e.g., OFFPIPE,

RIFLEX and SIMLA, that are based on finite element models

has become the universal method for modeling pipelay

operations in the industry. These models captures well the

dynamics of the pipe and has replaced simpler models,

e.g., the static catenary model and stiffened catenary model

[3], [16], which was exploited in earlier years. These finite

element models are not suited in model-based controllers for

pipelay operations, as the system may become unstable due

to unmodeled system modes, the so-called spillover [1], since

the passivity analysis is performed on a finite-dimensional

model rather than an infinite-dimensional model.

In this paper a mathematical model for the dynamics of

pipelay operations are developed, limited to a surface vessel

and pipe where the pipe is clamped to the vessel at an

arbitrary angle. The pipe dynamics are modeled by a three

dimensional finite strain beam formulation obtained from the

classical study of rods. This is a geometrically correct model

of nonlinear rods capable of undergoing finite extension,

shearing, twist and bending. The key feature of this model

is the choice of parametrization which yields the momentum

equation on a form which strongly resembles the classical

Euler equation of rigid body dynamics, and it is well suited

for both mathematical and numerical analysis.

A vessel model on vectorial form using Euler angles is

used here since Euler angles are preferred for quantifying

attitude in marine applications, despite the singularity issue.

The models are coupled by applying the vessel as a boundary

condition of the partial differential equation describing the

pipe. The system is shown to be input-output passive when

the vessel thruster forces are taken as input and the vessel

velocity is taken as the output. Hence, stability of the closed

loop system follows for a passive controller. Numerical

simulations are provided to illustrate the theoretical results.
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Fig. 1. A schematic presentation of the pipe and vessel system in a S-lay
configuration shown in three degrees of freedom. All the coordinate frames
used are shown.

II. MATHEMATICAL MODEL

In this section the mathematical model is developed for the

system of a surface vessel with a freely suspended slender

pipe string extending from the vessel at a touchdown point

at the seabed, see Figure 1. The model of the vessel is the

familiar system of ordinary differential equations on vectorial

form, as presented in [5], and the pipe model is a nonlinear

partial differential equation presented in [9], which extends

the finite strain beam theory presented by Simo et. al in [17],

[18], [19], [20], to apply for a pipeline submerged in a fluid

by adding hydrodynamic and hydrostatic effects. The con-

figurations of the pipe are completely defined by specifying

the evolution of an orthogonal matrix, and position vector of

line of centroids [17].

A. Notation

Vectors are represented with bold face lower case letters,

while bold face upper case letters denote matrices. All

vectors are given as coordinate vectors with reference to a

frame which is indicated by a superscript, which may be

omitted if the frame dependency is evident. A superposed

dot denotes the derivative with respect to time, and a prefixed

∂S indicates the material derivative. The usual inner product

is equally defined by 〈a,b〉 and aTb for all a,b ∈ R
n.

B. Kinematics

The pipe is in a classical point of view a rod, which is a

three-dimensional body whose reference configuration can be

described by a smooth curve ϕ
0
, where planes called cross-

sections are attached at each point of ϕ
0
. The curve ∂Sϕ

0

is assumed to be normal to the plane of each cross-section

and intersecting the plane at the centroid. Any configuration

of the pipe is thus given by a smooth curve ϕ : [0, L] → R
3

denoted the line of centroids, where L is the total length of

ϕ
0
, and thus the undeformed pipe. The cross-sections are

assumed to remain unchanged in shape but not necessarily

remain normal to ∂Sϕ while the pipe is undergoing motion,

which means that the pipe model is capable of undergoing

shearing. The outlined kinematic model is known as the

constrained two director Cosserat rod.

Let t be an orthonormal frame with base t1, t2, t3 with

t2 and t3 directed along the principal axis of the plane and

t1 normal to the plane in order to form a right-hand system,

with the origin Ot at the centroid. In rigid body mechanics

the frame t is called a body frame. Let e be an inertial frame

with orthonormal base e1, e2, e3 and origin Oe located at the

pipe touchdown point fixed on the sea floor. The orientation

of t along ϕ (S) relative to e is given by the rotation matrix

Re
t : [0, L] → SO (3), where SO (3) ⊂ R

3 denotes the special

orthogonal group of order three, such that for i = 1, 2, 3,

te
i = Re

te
e
i . (1)

The velocity of the points of ϕ (S, t) is given as ϕ̇ (S, t),
and the spatial angular velocity of frame t is given as

Ṙe
t = (we)

×

Re
t , (2)

where (·)
×

is the skew-symmetric operator, and (we)
×

is the

vorticity in the inertial frame. The associated vector we ∈ R
3

is the spatial angular velocity of the cross-sections.

Marine vessels moving in six degrees of freedom (DOF)

requires a minimum of six independent coordinates to

uniquely determine position and orientation. Let b be a

body fixed frame with the origin Ob located at the center of

gravity of the pipelay vessel and orthonormal base b1,b2,b3

directed along the principal axes of symmetry of the vessel.

Let the generalized position and orientation of the vessel be

given as

ηe =
[

pT ΘT
]T

∈ R
6, (3)

where p = [x, y, z]
T

is the position in the e frame, and

Θ = [φ, θ, ψ]
T

representing the orientation Re
t in Euler

angles by the zyx-convention. The velocity of the vessel νb,

is expressed in the body-fixed frame b such that

νb =
[

vT ωT
]T

∈ R
6. (4)

where v ∈ R
3 represents the linear velocity, and ω ∈ R

3

represents the angular velocity. Let the pipe be clamped to

the vessel such that Ob coincides with Ot at S = L, at

an arbitrary fixed angle β. The rotation matrix Re
b , rotating

from e to b is

Re
b = Re

t (L)Rt
b (β) , (5)

where Rt
b is a constant. The mapping of velocity between

the frame e-frame and the b-frame is

η̇e = J (ηe) νb, (6)

where J (ηe) ∈ R
6×6 is found as

J (ηe) =

[

Re
b 03×3

03×3 Π−1

e Re
b

]

∈ R
6×6, θ 6= ±

π

2
. (7)

The mapping Πe between angular velocity we and the rate of

change of the Euler angles Θ̇ is developed by manipulating

equation (2), such that

we = ΠeΘ̇ (8)
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where

Πe (Θ) =





cos θ cosψ − sinψ 0
cos θ sinψ cosψ 0
− sin θ 0 1



 . (9)

This parametrization of the rotation with respect to Euler

angles by the zyx-convention introduces a singularity in

pitch for the inverse kinematics. Alternative conventions can

be applied to move the singularity, or it can be removed

completely by using quaternions.

The superscripts of ηe and νb will be omitted for the

remainder of this paper.

C. The Vessel Dynamics

The equations of motion of a marine vessel given in the body

frame is known from [5] as

Mν̇ + C (ν) ν + D (ν) ν + g (η) = τ + χ + w (10)

where

M - system inertia matrix

C (ν) - Coriolis-centripetal matrix

D (ν) - damping matrix

g (η) - vector of restoring forces and moments

τ - vector of control inputs

χ - vector of forces and moments from the pipe

w - vector of environmental forces

where M is symmetric positive definite, C (ν) is skew-

symmetrical and D (ν) is positive definite. Expressing the

equation of motion in the inertial frame e is found by

substituting (6) into (10) such that

Mη (η) η̈ + Cη (ν,η) η̇ + Dη (ν,η) η̇ + gη (η)

= J−T (η) τ + J−T (η) χ (11)

where

Mη (η) = J−TMJ−1 (12)

Cη (ν,η) = J−T
[

C (ν) − MJ−1J̇
]

J−1 (13)

Dη (ν,η) = J−TD (ν)J−1 (14)

gη (η) = J−Tg (η) (15)

The vector of forces and moments from the pipe χ, is

presented as the boundary condition for the pipe in the

next section. Note that χ is given in the body fixed frame

of the vessel. For the later passivity analysis the following

properties of (11) holds:

P1) Mη (η) = MT
η (η) > 0, ∀ η ∈ R

6

P2) sT
[

Ṁη (η) − 2Cη (ν,η)
]

s = 0, ∀ s,ν,η ∈ R
6

P3) Dη (ν,η) > 0, ∀ ν,η ∈ R
6.

Note also that the skew-symmetry property of C (ν,η) does

not hold for Cη (ν,η).

D. The Pipe Dynamics

The pipe dynamics are modeled by:

mP ϕ̈ = ∂Sne − fe
g − Re

t f
t
D (16)

Ie
ρẇ

e + we × Ie
ρw

e = ∂Sme + ∂Sϕ × ne − DRwe (17)

where

mP - mass per unit length of the pipe

Re
t f

t
D - transversal hydrodynamic damping vector

ne - resultant internal force vector

fe
g - restoring force vector

Ie
ρ - mass moment of inertia matrix

DR - rotation damping matrix

me - resultant internal torque vector

and DR > 0. Due to the buoyancy, the restoring forces given

as fe
g = (mP − ρwA)ge, not only depend on the mass and

gravitation ge = [0, 0, g]
T
, but also on the mass density of

ambient water ρw and the cross-section area of the pipe A.

The damping is estimated using Morison’s equation [4] and

is given as

f t
D =

1

2
doρwDT











∣

∣vt
r1

∣

∣ vt
r1

(

(

vt
r2

)2
+

(

vt
r3

)2
)1/2

vt
r2

(

(

vt
r2

)2
+

(

vt
r3

)2
)1/2

vt
r3











(18)

where do is the outer pipe diameter, DT > 0 is the

damping matrix of translational motion and vt
ri

are ele-

ments of the relative velocity of the pipe in the water,

vt
r = (Re

t )
T
(ϕ̇ − ve

c) ∈ R
3, where ve

c

(

ϕTe3, t
)

is

the ocean current velocity at depth h + ϕTe3, where h
represents the water depth. Wave excitation forces on the

pipe is neglected since they only affect the pipe near to the

surface, (typically down to 20m). The time dependent inertia

tensor, Ie
ρ (S, t), is given by

Ie
ρ = Re

tJ
t
ρ (Re

t )
T

, Jt
ρ = diag[J1, J2, J3] (19)

where Jt
ρ ∈ R

3×3 is the inertia tensor for the cross section

in the reference configuration.

Let the lower end of the pipe be clamped to the seabed,

tangent to the e1-axis, thus the boundary conditions at S = 0
is given by

ϕ (0, t) = ϕ
0

= 0 (20)

Re
t (0, t) = (Re

t )0 = I3×3, (21)

and the pipelay vessel represents the boundary conditions at

S = L, which can explicitly be expressed by inserting (10)

into
[

ne|L
me|L

]

= −

[

Re
b 03×3

03×3 Re
b

]

χ (22)

with the initial conditions

Re
t (L, t0) = Re

b (t0)
(

Rt
b (β)

)T
. (23)
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III. CONTROL DESIGN

The stability properties of the system is investigated in this

section. Firstly, an input-output passivity check of the pipelay

system with the thrusters as the input and the velocity vector

as the output is performed, and secondly a stability check

of the pipelay system by condition of feedback connection

of two passive systems, which are the pipelay vessel with

pipeline and the passive thruster controller, is performed.

A. Passivity

Let the thruster force of the vessel τ be defined as the input,

and the output be defined as the vessel speed in the body

frame. The total energy of the system E , taken as the storage

function is given by

E = EP + EV ≥ 0 (24)

where EP and EV are the energy of the pipe and vessel

respectively. The pipe energy function EP is the sum of

kinetic energy TP and potential energy UP ,

EP = TP + UP (25)

where

TP =
1

2

L
∫

0

(mP 〈ϕ̇, ϕ̇〉 + 〈we, Iρw
e〉) dS, (26)

UP =

L
∫

0

Ψ
(

γt,ωt
)

dS +

L
∫

0

〈

fe
g ,ϕ

〉

dS, (27)

and the potential energy function Ψ is given by the quadratic

form

Ψ
(

S,γt,ωt
)

=
1

2
[
(

γt
)T

CT γt +
(

ωt
)T

CRωt], (28)

where {γt,ωt} is the strain measure [17], and

CT = diag [EA,GA2, GA3] > 0, (29)

CR = diag [GJ,EI2, EI3] > 0. (30)

The constants E and G are interpreted as the Young’s

modulus and the shear modulus, A is the cross-sectional

area of the pipe, A2 and A3 are the effective shear areas,

{I2, I3} are the principal moments of inertia of the cross-

section plane relative to principal axes t2, t3 of ϕ
0
, and J

is the Saint Venant torsional modulus. Equation (28) is only

valid for small strains since it does not have proper growth

conditions for extreme strains.

The vessel energy function EV is likewise the sum of

kinetic energy TV and potential energy UV , given as

TV =
1

2
η̇TMηη̇ and UV = G (η) , (31)

where G (η) : R
6 → R is a potential function for gη (η),

such that

∇G = gη ⇒ Ġ (η) = gT
η (η) η̇. (32)

The time derivative of (24) is given as

Ė = ĖP + ĖV , (33)

where following [9] ĖP is found to be

ĖP = [〈ne, ϕ̇〉]
L
0

+ [〈me,we〉]
L
0

−

L
∫

0

(〈

ϕ̇,Re
t f

t
D

〉

+ 〈we,DRwe〉
)

dS (34)

where the two terms of the integral are square damping terms

dissipating energy from the system. Without these terms the

system is seen to be energy conservative as the energy is only

depending on the boundary conditions. The time derivative

of EV is readily seen to be

ĖV = η̇TMηη̈ +
1

2
η̇TṀηη̇ + gT

η (η) η̇ (35)

= η̇TJ-Tτ + η̇TJ-Tχ − η̇TDη (ν,η) η̇ (36)

where (11) and properties P2 and P3 have been applied. Thus

ĖV ≤ νTτ + νTχ (37)

which implies that to obtain input-output passivity for the

vessel νTχ must be canceled.

For the boundary condition at S = 0 it is readily seen that

〈ne, ϕ̇〉 |0 = 〈me,we〉 |0 = 0. (38)

The remaining terms, S = L, are the forces and moments

on the pipe from the vessel. Summing the time derivatives

of the energy for the vessel (36) and pipe (34),

Ė = νTτ + νTχ − η̇TDη (ν,η) η̇ (39)

+ 〈ne, ϕ̇〉 |L + 〈me,we〉 |L

−

L
∫

0

(〈

ϕ̇,Re
t f

t
D

〉

+ 〈we,DRwe〉
)

dS (40)

and it is readily seen by inserting (22), and noting that

ν =

[

v

ω

]

=

[

Rb
eϕ̇

Rb
ew

e

]

, (41)

the forces and moments acting between the vessel and the

pipe cancel so that (39) reduces to

Ė = νTτ − η̇TDη (ν,η) η̇

−

L
∫

0

(〈

ϕ̇,Re
t f

t
D

〉

+ 〈we,DRwe〉
)

dS (42)

where the properties of the damping terms are known from

the previous sections such that Ė ≤ νTτ , and input-output

passivity from thruster force to vessel motion of the total

system has been shown.

B. Controller

An important objective in the competitive pipelay industry

is to improve the profit margins by optimize the utilization

of the equipment by increasing the operational time of the

vessel and also to reduce the cost of pipe path preparation

on the seabed. The tension from the pipe on the vessel is

a function of the water depth, pipe density and bending

stiffness, and must be counteracted by the vessel thrusters
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to obtain a desired pipe configuration. Low tension yields

a steep configuration where the touchdown point is located

close to the vessel, which reduces free spans and allows for

smaller radii of the pipe on the seabed and thus reduces the

need for seabed preparation as the pipe can more easily be

placed to avoid obstacles. Also advocating for low tension

is the directly proportional relationship to the fuel cost

[10]. However, too little tension will cause the pipe string

to buckle, which occurs when the strain exceeds the pipe

design limit and collapses. Finding the optimal tension is an

optimization task where the above issues are considered.

A simple and common control strategy is tension control

which is based on the measured tension of the pipe at the

vessel. In this paper a controller is designed to shape the

configuration of the pipe. Assume that a desired pipe config-

uration ϕref is known. This may typically be obtained from

simulations in tools like SIMLA. There exists a mapping

F from the desired configuration to desired vessel position

ηref and velocities νref ;

F :
(

ϕref ,R
e
t

)

→
(

ηref ,νref

)

(43)

Known measurements are the vessel and touchdown point

positions and attitudes, the pipe tension at the vessel, the

length of the suspended pipe and the stinger configuration for

S-lay. In practical applications, the external environmental

forces of wind, waves and current must be accounted for in

the controller, so the nonlinear PID-controller is suggested

τ = −JT (η) τPID (44)

τPID = Kpη̃ + Kd
˙̃η + Ki

∫ t

t0

η̃ (τ) dτ (45)

where η̃ = η −ηref , and the matrices Kp, Kd, Ki ∈ R
6×6

are controller gains. It is assumed that a wave filter removes

the 1st order waves, and the effect of wind is handled

as a feed-forward term. The integrator term removes the

bias caused by current and 2nd order waves. Assuming the

vessel to be fully actuated, the available control input are the

vessel thrusters, which are limited to surge, sway and yaw.

By choosing a passive controller such as a PD-controller

(Ki = 0), the closed loop system is stable by the condition

of feedback connection of two passive systems, found in

Theorem 6.1 in [11]. However, this property is generally not

guaranteed for the PID-controller due to the integrator term,

unless the integral action term of the controller is bounded.

IV. SIMULATIONS

A standard Galerkin finite element method, with linear

shape functions, is applied on (16–17) with (20–22) as

boundary conditions. The integration in time is handled by

the embedded Matlab ODE-solver ode15s, suitable for

stiff systems, with the timestep set to 0.03s. To find the

static equilibrium configuration, a Newton Raphson iterative

scheme [19] is applied to the linearized weak formulation of

the static model. Integrals are approximated by using Gauss-

quadrature. A linearized model of the vessel (10) found in

GNC Toolbox [6] is used for the pipelay vessel.
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Fig. 2. The dashed red line is the initial static configuration. Dash dot
blue line is at t = 30s where the controller is turned on. Solid black line
is configuration at t = 200s.

The position of the vessel in the static equilibrium is

computed to be η
0

= [729.96, 0,−800.38, 0, 0.13, 0]
T

based

on the following parameters:

Rt
b = I3×3 ηref = [780, 0, 0, 0, 0, 0]

T

n = 10 w =
[

0, 6 · 105, 0, 0, 0, 0
]T

h = 800m J = 102 · diag[1, 1, 2]T

L = 1200m CT = 109 · diag[1, 1, 1]T

di = 0.57m CR = 1011 · diag[1, 1, 1]T

do = 0.60m DT = 1.5 · diag[1, 1, 1]T

β = [0, 0, 0]
T

DR = 1.5 · diag[1, 1, 1]T

ρa = 1.200 · 103g/m3 ρ = (ρa − ρs) (di/do)
2

+ ρs

ρw = 1.025 · 106g/m3 ρs = 7.850 · 106g/m3.

The course of the simulation is as follows. The pipe starts in

the static equilibrium. At time t = 10 s the environmental

forces on the vessel w and linearly shared current velocity

profile with surface velocity 0.8 m/s in the −y direction is

applied. At time t = 30 s the controller is turned on. The

configurations at the different times are illustrated in Figure

2, and Figure 3 show the elements of η for the vessel when

the PD-controller is applied with the following controller

gains:

Kp = diag[0.5 · 106, 0.5 · 106, 0, 0, 0, 0]T (46)

Kd = diag[0.4 · 107, 0.4 · 107, 0, 0, 0, 0]T. (47)

In Figure 4 a PID-controller has been applied with the

following controller gains:

Kp = diag[0.4 · 106, 0.4 · 106, 0, 0, 0, 105]T (48)

Kd = diag[0.5 · 107, 0.4 · 107, 0, 0, 0, 105]T (49)

Ki = diag[0.1 · 104, 0.5 · 104, 0, 0, 0, 0.2 · 104]T. (50)

Applying a PID-controller removes the bias seen in the PD-

controller simulation.
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Fig. 3. Postion and orientation of η over the course of the simulation. The
PD-controller is enabled at t = 30s. The dotted line indicates ηref for the
controlled states. Note the bias.

V. CONCLUSIONS

A mathematical model suitable for pipelay operations from

a dynamically positioned surface vessel has been presented

in this paper. The pipe string has been modeled by a non-

linear dynamic formulation in three dimensions capable of

undergoing shearing, twist, and bending. A nonlinear model

of the pipelay vessel has been takes as the upper boundary

condition for solving the numerical problem. The pipelay

system has been shown to be passive taking the thruster force

as input and the vessel velocity as the output. A nonlinear

controller considering the kinematics is presented and ap-

plied in numerical simulations to illustrate the theoretical

results. For future extensions of the pipe model, seabed and

stinger interaction forces should be added to the model, and

the pipe length should be made a function of time L (t) to

handle pay-out of pipe from the vessel.
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