2009 American Control Conference
Hyatt Regency Riverfront, St. Louis, MO, USA
June 10-12, 2009

WeB12.1

Semistability of Switched Linear Systems

Qing Hui and Wassim M. Haddad

Abstract— This paper develops semistability and uniform
semistability analysis results for switched linear systems.
Semistability is the property whereby the solutions of a dy-
namical system converge to Lyapunov stable equilibrium points
determined by the system initial conditions. Since solutions to
switched systems are a function of the system initial conditions
as well as the switching signals, uniformity here refers to the
convergence rate of the multiple solutions as the switching
signal evolves over a given switching set. The main results
of the paper involve sufficient conditions for semistability and
uniform semistability using multiple Lyapunov functions and
sufficient regularity assumptions on the class of switching
signals considered.

I. INTRODUCTION

An essential feature of multiagent network systems is
that these systems possess a continuum of equilibria [1],
[2]. Since every neighborhood of a nonisolated equilibrium
contains another equilibrium, a non-isolated equilibrium can-
not be asymptotically stable. Hence, asymptotic stability is
not the appropriate notion of stability for systems having
a continuum of equilibria. For such systems possessing a
continuum of equilibria, semistability [3] is the relevant no-
tion of stability. Semistability is the property whereby every
trajectory that starts in a neighborhood of a Lyapunov stable
equilibrium converges to a (possibly different) Lyapunov
stable equilibrium. It is important to note that semistability is
not equivalent to set stability of the equilibrium set. Indeed,
it is possible for trajectories to approach the equilibrium set
without any trajectory approaching any single equilibrium
[3].

Since communication links among multiagent systems are
often unreliable due to multipath effects and exogenous
disturbances, the information exchange topologies in network
systems are often dynamic. In particular, link failures or
creations in network multiagent systems result in switchings
of the communication topology. This is the case, for example,
if information between agents is exchanged by means of
line-of-sight sensors that experience periodic communication
dropouts due to agent motion. Variation in network topology
introduces control input discontinuities, which in turn give
rise to switched dynamical systems. In this case, the vec-
tor field defining the dynamical system is a discontinuous
function of the state and/or time, and hence, system stability
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should involve analysis of semistability of switched systems
having a continuum of equilibria.

Building on the results of [1], [4], in this paper we develop
semistability and uniform semistability analysis results for
switched linear systems. Since solutions to switched systems
are a function of both the system initial conditions and
the admissible switching signals, uniformity here refers to
the convergence rate to a Lyapunov stable equilibrium as
the switching signal ranges over a given switching set.
The main results of the paper involve sufficient conditions
for semistability and uniform semistability using multiple
Lyapunov functions and sufficient regularity assumptions on
the class of switching signals considered. Specifically, using
multiple Lyapunov functions whose derivatives are negative
semidefinite, semistability of the switched linear system is
established. If, in addition, the admissible switching signals
have infinitely many disjoint intervals of length bounded
from below and above, uniform semistability can be con-
cluded. Finally, we note that the results of the present paper
can be viewed as an extension of asymptotic stability results
for switched linear systems developed in [4], [5].

II. SWITCHED DYNAMICAL SYSTEMS

The notation used in this paper is fairly standard. Specif-
ically, R denotes the set of real numbers, Z denotes the set
of integers, Z, denotes the set of nonnegative integers, Z
denotes the set of positive integers, C denotes the set of
complex numbers, R™ denotes the set of n x 1 real column
vectors, Re A denotes the real part of A € C, (-)T denotes
transpose, and (-)P denotes the Drazin generalized inverse.
For A € R"*"™ we write rank A to denote the rank of A,
N(A) to denote the null space of A, R(A) to denote the
range space of A, and for A € R"*™ we write spec (A)
to denote the spectrum of A. Furthermore, we write || - ||
for the Euclidean vector norm, B:(a), o € R", ¢ > 0,
for the open ball centered at o with radius e, dist(p, M)
for the distance from a point p to the set M, that is,
dist(p, M) = infrer |lp — |, and 2(t) — M as t — oo
to denote that x(t) approaches the set M, that is, for each
e > 0 there exists 7' > 0 such that dist(x(t), M) < ¢ for
all ¢t > T.

In this paper, we consider switched linear systems G,
given by

i(t) = Asyz(t), o(t) €S,

where z(t) € R", Ay € R™*", 0 :[0,00) — P denotes
a piecewise constant switching signal, and S denotes the
set of switching signals. The switching signal o effectively
switches the right-hand side of (1) by selecting different

z(0) =z, t>0, (1)
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vector fields from the parameterized family {A,z : p € P}.
The switching times of (1) refer to the time instants at which
the switching signal ¢ is discontinuous. Our convention here
is that o(+) is left-continuous, that is, o(t~) = o(t), where
o(t™) 2 limy,_o+ o(t + h). The pair (z,0) : [0,00) x S —
R™ is a solution to the switched system (1) if z(-) is
piecewise continuously differentiable and satisfies (1) for all
t > 0. The set S,[r,T], 7 > 0, T € [0, 0], denotes the set
of signals o for which there is an infinite number of disjoint
intervals of length no smaller than 7 on which o is constant,
and consecutive intervals with this property are separated by
no more than 7' [4] (including the initial time). Finally, a
point x, € R™ is an equilibrium point of (1) if and only if
Agyze =0 for all o(t) € S and for all ¢ > 0.

We assume that the following assumption holds for (1).

Assumption 1: () p N (4,) — {0} # O.

Let £ £ {2z € R" : Ay,yze = 0,0(t) € S,t > 0}
Then € = (),cp N (4p) and € contains an element other
than 0. It is important to note that our results also hold for
the case where (), N (4,) = {0}. However, due to space
limitations, we do not consider this case in the paper.

Definition 2.1: i) An equilibrium point z, € £ of (1) is
Lyapunov stable if for every switching signal o € S and
every € > 0, there exists 6 = d(o,e) > 0 such that for
all ||zg — we|]| < 9, ||x(t) — we]| < € for all ¢ > 0. An
equilibrium point z, € & of (1) is uniformly Lyapunov stable
if for every ¢ > 0, there exists 6 = d(¢) > 0 such that for
all ||zg — zel| < 9, ||z(t) — xe|| < € for all ¢ > 0.

1) An equilibrium point z, € £ of (1) is semistable if
for every switching signal o € S, z is Lyapunov stable and
there exists 0 = d(o) > 0 such that for all ||zg — z.|| < 4,
lim; .o (t) = z and z € £ is a Lyapunov stable equilibrium
point. An equilibrium point z. € &£ of (1) is uniformly
semistable if z. is uniformly Lyapunov stable and there exists
d > 0 such that for all ||xg — ze|| < 6, limy oo z(t) = 2
uniformly in ¢ and z € £ is a uniformly Lyapunov stable
equilibrium point.

111) The switched system (1) is semistable if all the
equilibrium points of (1) are semistable. The switched system
(1) is uniformly semistable if all the equilibrium points of (1)
are uniformly semistable.

Next, we present the notion of semiobservability which
plays a critical role in semistability analysis of linear dy-
namical systems. For details, see [6].

Definition 2.2 ([6]): Let A € R™*™ and C € R™*™. The
pair (A, C) is semiobservable if

(N (A1)
k=1
The following lemmas and propositions are needed for the
main results of the paper.

Lemma 2.1: Let A € R™*" and C € R™", If the pair
(A, C) is semiobservable, then

N(A)NN(C) =N(A). 3)
Lemma 2.2 ([6]): Consider the switched dynamical sys-
tem (1). Assume that there exists a family {P, : p € P} of

N(A). 2

symmetric, nonnegative-definite matrices such that, for every
oces,

0=AP,+P,A,+R,, peTP, 4)

where R, = CJCp, Cp, € R™™, and the pair (4,,C,)
is semiobservable for every p € P and for an appropriately
defined set of symmetric, nonnegative-definite matrices { R, :
p € P}. Then the following statements hold:

i) N(B,) CN(4,) CN(Ry), peP.

i) N'(4,) NR(Ay) = {0}, p € P.

Proposition 2.1: Consider the switched dynamical system
(1). Assume that there exists a compact family {P, : p € P}
of symmetric, nonnegative-definite matrices such that, for
every 0 € S, (4) holds, the pair (A4,,C,) is semiobservable
for every p € P and for an appropriately defined set of
symmetric, nonnegative-definite matrices {R, : p € P}, and

2 () (Poty + Loy Loz (t)
< 2" () (Po-y + Ly Lo—))x(t), >0, (5)

where L, = I,, — APAZI,). Then (1) is Lyapunov stable. If,
in addition, {4, : p € P} is a compact set, then (1) is
uniformly Lyapunov stable.

Proposition 2.2: Consider the switched dynamical system
(1). Assume that every point in £ is Lyapunov stable.
Furthermore, assume that for a given o(t) € S and o € R,
the trajectory of (1) satisfies z(t) — & as t — oo. Then
x(t) — z as t — oo, where z € £. Alternatively, assume
that every point in £ is uniformly Lyapunov stable and for
a given xo € RY, the trajectory of (1) satisfies z(t) — £ as
t — oo uniformly in o(t) € §. Then z(t) — z as t — oo
uniformly in o(t) € S, where z € €.

Lemma 2.3: Let A € R™ ™. Assume that there exists a
symmetric, nonnegative-definite matrix P € R™*" such that

0=ATP+ PA+R, (6)

where R = CTC, C € R™", and the pair (A,C) is
semiobservable. Then spec(4) C {A € C: Re X < 0} U {0}
and, if 0 € spec(A), then 0 is semisimple. Alternatively,
assume that there exists a symmetric, positive-definite matrix
P € R™ "™ guch that (6) holds and

rank[ 4 gw]n } =n @)
for every nonzero w € R. Then spec(A) C {A € C:Re A <
0} U {0} and, if 0 € spec(A), then 0 is semisimple.

Lemma 2.4: Let A € R"*™ and C € R>*"™ Ifrank A < n
and the pair (A, C) is semiobservable, then there exists an
invertible matrix S € R™*™ such that

_ A 0
S 1AS — 11 (n—1)x1
{ [01%(n—3),1,01x1]  O1x1
csS = [ G Opa ], (8)

where A;; € R(n=Dx(n=1) anq ¢y € RX(=1) Further-
more, if rank A =n — 1 and the pair (4, C) is semiobserv-
able, then there exists an invertible matrix T € R™*" such
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that
All O(n—r—l)xr O(n—r—l)xl
T'AT = Ao Az Orx1 )
Az Aso 01x1
CT = [Ci Oigrany | )

where the pair (A11, C1) is observable, Aos is asymptotically
stable, A;; € RO—r=Lx(n-—r=1) 4, ¢ Rrx(n-—r-1)
A22 c R’I‘XT" A31 c Rlx(n—r—l)’ A32 c Rl)(’r" [A31,A32] —
[01%(n—3),1,01,1]U ", U € R(=1x(=1) is nonsingular,
and O € Rix(n—r=1)

III. SEMISTABILITY OF SWITCHED LINEAR SYSTEMS

In this section, we present several sufficient conditions for
semistability of switched linear systems.

Theorem 3.1: Consider the switched dynamical system
(1). Assume that there exists a compact family {P, : p € P}
of symmetric, nonnegative-definite matrices such that, for
every o € S, (4) and (5) hold, and the pair (4,,C,) is
semiobservable for every p € P and for an appropriately
defined compact set of matrices {C), : p € P}. Furthermore,
assume that {A, : p € P} is compact. Then the following
statements hold:

i) If S C S,[r, T for some sufficiently large 7 > 0, 0 <
T < oo, and N(Ag(t)) - ﬂse[oﬂ N(AU(S)), t >0,
then (1) is uniformly semistable.

w If § C UT>O,O<T§oo Sp[r,T] and N(A,u) <
Nsejo.g N (Ao(s))s t = 0, then (1) is semistable.

Proof. i) It follows from Proposition 2.1 that (1) is
uniformly Lyapunov stable. To show uniform semistability, it
follows from Proposition 2.2 that we need to show z(t) — £
as t — oo uniformly in o. Let o € S, let z(t), t > 0, be
a solution to (1), and let 7 2 {ty,7y,t2, T2, ..., tp, T} C
(0,t) be an increasing sequence of time instants in the
interval (0, t) such that the lengths of the intervals [¢;, ;) are
no smaller than 7 on which ¢ = p; and the intervals between
these have length no larger than 7', that is, 7; > t; + 7 for
i€{1,2, .,k},ti+1§Ti+Tf0riE{1,2, .,k—l},
t < 1,+7T,and t; <7T.Next, it follows from Lemma 2.3 and
Assumption 1 that spec(4,) = {\ € C: Re) < 0} U {0}
and 0 is semisimple for every p € P. Now, it follows from
Lemma 2.4 that there exists an invertible matrix S, € R"*"

such that, with [z, z5]T = S,x, (1) can be transformed into
the form
[ &a ] = |: APU O(n—1)><1 ] |: Ta :|
s [01x(n—3),1,01x1]  O1x1 zs |’
A :I;a
y = [Ch Opa | [ v ], (10)

where Ty € R ! z, € R, and Apll is asymptotically stable.
Since A7 is asymptotically stable, it follows that there exist

positive numbers ), p such that |[edrit]| < e=Mt=P) for
every t > p and p € P.
Let J be the set of all sequences p1,p2,...,pq € P with

length of at most [T/7], where [-] is a ceiling function

defined by [#] £ min{n € Z : x < n}. Let 7 > p. Define

max ma . max max

A
M =
7'16[7' T+T] T2 €T, T+T] €l T+T] T

||8 Apg117q . eApzll"'?eAplllTl ||

(1)

Note that 7 is a finite set and [, 7 + 7] is compact. Hence,
it follows that

< Apnmi|| < 1. 12
p< mMII Jnax e [ (12)
Next, it follows from (11) that

[[eAoton (t: ief{1,2,... k}. (13)

Let ®,(t,s) denote the state transition matrix of &, =
A 117, and note that

D, (t,0) = Py (t, tr) Py (thy ti—1) - - Py (t1,0), t > 0. (14)
If t <T + 7, then 7T = . Hence, for t > T + 7, it follows
that @, (L;41,t;) = eoconltn=t i e 119 k—1}
Hence, it follows from (13) and (14) that
[25(8,0)[ < [®o(t,ti)ll - [Po(tr, ti—)ll -~
{|@o(t1,0)]]
< pP @ (t, 0)]| < pFM. (15)

Since z,(t) = P, (t,0)x,(0) and 0 < p < 1, it follows
from (15) that lim;_, o ,(t) = 0. Furthermore, since p and
k are independent of the switching signal o, it follows that
x(t) — 0 as t — oo uniformly in o.

Next, note that &s(t) = [01x(n-3),1,0]za(t),
t > 0. Hence, z4(t) is continuously differentiable and
lim; o @s(t) = 0 uniformly in o. Thus, for every h > 0,

|zs(t + h) — z5(t)| < hl2(E)], (16)

which implies that lim;_, . |2s(t+h) —24(¢)| = 0 uniformly
in o, and hence, lim;_, o 25(t) exists. Let lims_, oo z5(t) =
as € R. Now, since

t<&<t4h,

alti +hi) — zal(t;
w(t; +hi) — x(ti) = Sogt) [ isgti i hig B ib((;)) } , (17)

where 0 < h; < tiyq —t;, i € Z, and {Sp :p € P}is
compact, it follows that lim; o [|z(t; 4 i) — z(t;)]| = 0.
Furthermore, since for ¢ € Z,

a(tiy) —2(ti) = S

_ xa(ti ) o .’L‘a(ti)
= S(T(ti) |: xb(tlii) _xs(ti) :| ’

it follows that lim; .o ||x(t;+1) — x(¢:)|| = 0. Hence, for
every t > 0 and h > 0, it follows that

x(t+h)—x(t) = (t+h) —x(tiyj)

+Z tivk)
—x(t),

z+k 1)

+€E( i-1) (18)
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where t,_1 <t <t; < tigg < ---
Hence,

< tiJrj <t+h< ti+j+1.

le(t +h) 2@ < [zt +h) = z(tis))]

+ la(tin) = x(tivi—1)|
k=0
+lla (@) — 2t

which implies that lim;_, o, ||z(t+h) —
lim; o x(t) exists. Let lim;_, o ()
this convergence is also uniform in o.

Define z, £ S 01x(n—1), )T Then :v( ) = Zot) =
S;é) [23 (t), 25(t) — as]T. Since the set {S; ! : p € P}is
compact, it follows that there exists b > 0 such that ||S, || <
b for all p € P. Hence,

ot 50

— Qg

z(t)|| = 0, and hence,
= [ € R™. Note that

t>0, (19

)

which implies that lim; . || — 2, = 0. Hence,
lim; o 25(4) = (. Note that 2, € N(A,) for every 0 € S.
Now, it follows from N (A, ;) € Nj—o N (Ao(t,))s @ € Zoy,
that 8 € gy V(A U(tl)) = Nyep N(4p) = E. Hence,
x(t) — £ as t — oo, uniformly in o. Finally, it follows
from Proposition 2.2 that (1) is uniformly semistable.

1) It follows from Proposition 2.1 that (1) is Lyapunov
stable. To show semistability, it follows from Lemma 2.2
that we need to show z(t) — £ ast — oo. Let 0 € S
and let x(t), ¢t > 0, be a solution to (1). Then o €
Sp[r,T] for some 7 > 0 and T < oo. However, 7 and
T are not uniform over all switching signals o(-). Let 7 £
{t1,71,t2, 72, ..., i, 7} C (0,%) be as defined in 7). Next,
it follows from Lemma 2.4 that there exists an invertible

matrix 7, € R"*" such that with [z, 2], 2,]" = T,x, (1)
can be transformed into the form
To Apll O(n—r—l)xr O(n—r—l)xl
Ty = Apa1 Apa2 Orx1
Ts Apai Apsa O1x1
Lo
Tu )
s
To
Yy = [ Cpl 0l><(r+1) ] Tu ) (20
s
where z, € R* "1, 2, € R", x5 € R, y € R, the pair

(Ap11, Cp1) is observable, and Ay is asymptotically stable.
Since (Ap11, Cp1) is observable, it follows from Lemma 1 of
[7] that for A, > O there exists a matrix K, € R(n—r=1)xl
such that ||e(Ar11+EKpCr1)t|| < §e=2E=7) t > 7 p € P.
Now, consider &, = (As11 + K;Co1)2o — K,y. First, we
show that [ [|y(t)]|*dt < co. Let
Vp(z) = a:TPp:c + xTLng:c, z eR™.

p P, 21

Then it follows that V, oy (2(t) = —aT(t )CT ) Copa(t) =
—[ly(®)|]*. Hence, [ [ly(t)[|dt < Voo (z(0 )) < 0. Next,

note that

Io(t) — e(ApllJerCpl)t

xo(Tk)
t
_/ e(Ap11+KpCp1)(tfs)pr(S)dS,

Tk

te [T tryr).  (22)

Hence, for every ¢ € 7, tx+1), it follows from the Cauchy-
Schwarz inequality that

lzo®) < e aro(m)|

' 1/2
ra [ oPs) ey

where a £ ([ [|eMentKaCo)s K |12ds)1/2 < oo since
{4, :p € P} and {C, : p € P} are compact. Since (1) is
Lyapunov stable, ||z, (t)||, ¢t > 0, is bounded.

Next, we show that lim;_, . z,(t) = 0. Suppose, ad ab-
surdum, o (t) # 0 as t — co. Then lim; .o 2,(t) = v # 0
or lim inf; o @6 (t) # lim sup,_, . xo(t). Note that 7, was
chosen so that 7, — oo as ¢ — oo. Since f lly(t)]|2dt <
oo, it follows that limr, oo [; [y )H2dt = 0. Hence,
limy ., o f lly(s)||?ds = 0. Thus, if lim;_. 2o(t) = v # 0,
then by takmg the limit on both sides of (23), it follows
that ||v]] < §]jv||, which is a contradiction since ¢ is
arbitrary. Next, let a 2 lim inf; .o ||2o(¢)|| and b £
lim sup,_,, ||zo(t)|| and note that 0 < a < b < co. Choose
an unbounded sequence {7, }°2; with 7, < 9, < tky1 SO
that lim sup,, . ||zo(nn)|| = b. By taking ¢ = 7, in (23)
and n, — oo, it follows that b < éb, which is a contradiction
since ¢ is arbitrary. Thus, lim;_, z(t) = 0.

Next, since U, '[0,z1]" belongs to the unobservable
subspace of the pair (flpu, C'pl), where U, € R(*=1Dx(n=1)
denotes the Kalman transformation matrix of the pair
(Apll, C p1), and flpll and C'pl are given by (10), it follows
that U, [0, 2} ]" belongs to the smallest subspace M that is
Apu 1nvalr1ant1 for all p € P and contains the unobservable
subspaces of all pairs (Apu, C’ 1), p € P. Since Apll
is a full rank matrix, it follows that M = {0}. Hence,
lim; 00 24 () = 0.

Apll O(n—r—l)xr :| c R(nfl)x(nfl) is a
p21 Ap22
full rank matrix and [Ap31, Apse] € R (=1 Then it
follows that there exists g, € R'*("~1) such that

Note that

_ Apll O(nfrfl)xr
[Apa1, Aps2] = gp [ Ay Az . (24)
Hence,

. o To
s = [Aps1, Aps2] { 2, ]

— gp|: Apll O(nfrfl)xr :| |: Lo :|

Ap21 Apao Ty
= gp[ iu } : (25)

IGiven a matrix A € R*X"_ a subspace M of R™ is A-invariant if and
only if the state of & = Az starting at time 7 is such that z(7) € M, then
z(t) € M forall t > 7.
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Now, it follows that

I'O(ti + hz) — I'O(ti)

,Tu(ti + hz) — l'u(ti) ’
0<h; < tiy1 —ti, 1€ Z+, (26)

Is(ti + hi) - Is(ti) = Yo (t:)

which implies that lim; . |2s(t; + h;) — zs(t;)] = 0.
Using similar arguments as in the proof of i), it follows
that lim;_,oo |z(t + h) — z(t)] = 0 for h > 0, and hence,
lim;_, oo 25(t) exists. The rest of the proof is similar to the
proof of 7). O

The next result uses the geometric (rank) condition given
in Lemma 2.3 to develop a sufficient condition for semista-
bility.

Theorem 3.2: Consider the switched dynamical system
(1). Assume that there exists a compact family {P, : p € P}
of symmetric, positive-definite matrices such that, for every
o €S8, (4) holds,

T () Pyya(t) < @’ () Pyg—ya(t), t>0, 27)

and rank [ Ap _OJWI"
P

and every p € P, and for an appropriately defined compact

set of matrices {C}, : p € P}. Furthermore, assume that

{4, : p € P} is compact. Then the following statements

hold:

i) If S C S,[r, T for some sufficiently large 7 > 0, 0 <
T < oo, and N(Ag(t)) - ﬂse[o,t] N(AU(S)), t >0,
then (1) is uniformly semistable.

i) S C U;so0cr<o Splm T and N(As)) C
Nsejo.g N (Ao(s))s t = 0, then (1) is semistable.

Finally, we develop sufficient conditions for semistability
of switched linear systems involving Laplacian matrices [8].

Theorem 3.3: Consider the switched dynamical system
(1) with —A, being Laplacian. Assume that there exists a
compact family {P, : p € P} of symmetric, positive-definite
matrices such that, for every p € P and 0 € S, (4) and
(27) hold, and there exists an infinite sequence of nonempty,
bounded, nonoverlapping time-intervals [tij nzy +kj), 1€ 2y,
j € Z4, where t;, denotes switching time instant, such that
the switching times tj satisfy tp41 —t, > 7 >0, k € Z,
to £ 0, with the property that across each such interval,
— qwely

= n for every nonzero w € R

AU(tz’jH)

rank = n for all nonzero wy € R

Co (tij+¢)
and every £ = 0,1,...,k; — 1, and an appropriately defined
compact set of matrices {C), : p € P}. Furthermore, assume
that {A, : p € P} is compact. If 7 is sufficiently large
and N'(A,¢,)) € NicoN(Asy)), @ € Zy, then (1) is
semistable.

Proof. The proof of Lyapunov stability is similar to
the proof of Proposition 2.1 by considering the family of
Lyapunov functions V,,(z) = 2T P,z. Since A, is Lyapunov
stable for o € S, it follows from 7) of Definition 11.7.1 of [9]
that spec(A,) C {A € C: Re X < 0} and, if \ € spec(A,)
and Re A = 0, then X is semisimple. Since, by assumption,
Nper N (Ap) —{0} # O, it follows that there exists z € R",

z # 0, such that A,z = 0 for all ¢ > 0, which further
implies that 0 is a common eigenvalue of A, for all
t > 0. Hence, 0 € spec(A,) and 0 is semisimple. Then,
using similar arguments as in the proof of Lemma 2.4, it
follows that for every o € S there exists an invertible matrix
S, € R™*™ guch that the matrix A, can be transformed into
the form

_ A O¢pp
So‘ leSo — |: oll (n—1)x1 :| ’ 28
O1(n-5 1,001 01t @8
where A,1; € R(=Dx(n=1) js semistable. Furthermore,
Ay, — qwely,
since rank (tlé,”) Jwe = n for all nonzero w; €
o(tij+e)

R andAevery £=0,1,...,k; — 1,1t follows from Lemma 2.3
that A ¢, g1 € RO-DX(=1) g — 0,1,... k; — 1, is
asymptotically stable. Since A1y is semistable, it follows
from Proposition 11.2.3 of [9] that

”eAa(ti)n(tiﬂ*ti) <1, i€ Z_,’_'

(29)

Moreover, since Ag(tij Lo11 € R is asymptotically stable,
it follows that there exist positive numbers A, p such that

A,
lle “Tjw)ntH < e Mt=P) for every t > p and £ =

0,1,...,k; — 1.
Consider the switched dynamical system given by
[ %(b‘) ] _ { Ao’(t)ll Or—1)x1
is(t) [01x(n-3),1,01x1]  O1x1
. Ta(t)
xzs(t) |’

7a(0) Syz(0), t>0 (30)
T (O) a(0) ) =Y.

Clearly, [x) (), z(t)]" = Sy(+)x(t), where z(t) denotes the
solution of (1). By assumption there exists a finite upper
bound 7' on the lengths of the intervals [t;,%;, ;) across

Ad(tij+@) - waln

C"'(tij+2)
R and every £ =0,1,...,k; —1. Since t;11 —t; > 7,7 >0,
it follows that k; < [T'/7], j > 1.

Let 7 > p and let J be the set of all sequences
P1,P2, ... ,Ppq € P with length of at most [T'/7] for which
AU(tz‘jH) — gweln

OU(tz’jH)
and every £ =0,1,...,k; — 1, and define

which rank = n for all nonzero wy €

rank = n for all nonzero wy, € R

N
n = max max --- 1max max
T €[, T] 2 €[7,T)] €T, T] T
.HeAqul - eAP2117'2eAP1117'1 || (31)

Note that since 7 is a finite set and [r,T] is compact, it
follows that

q ~
< max max [eriniTi|| < 1. 32
p < ma lj[1 max | I (32)
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Next, it follows from (31) that

”eAa(tij+kj,1)(tij+kj —tijrh;—1) eA(r(tij+l)(tij+27tij+l)

.eAU(tij)(tij+17tij)|| S I, ] Z 1 (33)

Furthermore, note that

eA(r(tiHI,l)(tiHl —tija-1) eAzr(tij+l)(tij+2*tij+1)

'eAg(tij)(tijﬂ—tij)

- (eAU(tiHll)(tiHl “tij-1)

.eAcr(tij+kj)(tij+kj+1_tij+kj))

. (eA”“iijl)(“ﬁ’“f gk -1

Then it follows from (29) and (33) that

”eAa(niHl,l)(tiHl —tijy—1) eA(T(tij+1)(tij+2*tij+l)

T <z (35)
Now, it follows from (35) that
||‘Ta(tij+1)|| < /LH:Ca(tij)”v .] > 1. (36)

Hence, ||za(t;,)|| < p/~!|za(ts,)||, which implies that
lims o 2a(t) = 0. Furthermore, note that Zs(t) =
[01x (n—3),1,0]za(t), t > 0. Hence, x4(-) is continuously
differentiable and lim;_, o, Zs(¢) = 0. Thus, for every h > 0,

|zs(t+h) — 2s(8)] < hl2(E)],

which implies that lim;_, » |zs(t+h)—2s(t)| = 0, and hence,
lim; o @s(t) exists. Let limy—, o0 25(t) = a5 € R.
Next, since

t<&<t+h, (37

Ia(ti —+ hz) — CCa(ti)
2oty + i) — wo(ts) } » 38)

where 0 < h; < tiyq —t;, i € Z, and {Sp :p e P}is
compact, it follows that lim; . ||z(t; + h;) — ()] = 0.
Furthermore, since

2tig) —a(t) = S, [ Igt}i; ]

I(tl —+ hz) — I(tl) = Sg(ti) |:

i+
X, (fi)
So(t) [ CC:(E) }
_ Ta(ti+1) — va(ti)
- Sa'(ti) |: Is(tiJrl) _Is(tz) ’ (39)
i € Zy, it follows that lim; .. ||2(t;s1) — x(t;)|] = 0.

Hence, for every ¢t > 0 and h > 0, it follows that

x(t+h)—z(t) = x(§ +h) — z(tiys)
+altivr) = @(tivk—1)
k=0

Yaltior) — a(t), (40)

where t;_1 <t <t; <tjy1 < - < tiJrj <t+h< ti+j+1.
Hence,

lz(+h) =2l < llat +h) = 2(ti)]

+ (i) = 2(tivi-1)|
k=0

+ll (@) = z(ti-1)l,

which implies that lim;_, o, ||2(t+h) —2(¢)|| = 0, and hence,
limy 00 x(t) exists. Let lim;_.o z(t) = 5 € R™

Define 2o £ S; 015 (n—1), )T Then z(t) — 254 =
S;é) [27 (t), zs(t) — as]T. Since the set {S; ' : p € P} is
compact, it follows that there exists b > 0 such that ||, |
b for all p € P. Hence,

[2(t) — 2oy || < b H { :cj;r(t) }

t) — o

IN

; =0, (4D

which implies that lim; .. [|8 — 2, = 0. Hence,
limy o0 251y = (. Note that z, € J\/_(Ag) for every o € S.
Now, it follows from N (A, ;) € Nj—o N (Ao(t,))s @ € Zoy,
that 3 € NZgN(Aow)) = Nyep N(A4p) = E. Hence,
x(t) — & as t — oo. Finally, it follows from Proposition 2.2
that (1) is semistable. O

IV. CONCLUSION

This paper extends the notions of uniform asymptotic
stability of switched linear systems to uniform semistability
of switched linear systems. In particular, semistability and
uniform semistability are established using multiple Lya-
punov functions. Future work will concentrate on analyzing
information consensus algorithms in dynamical networks
with switching topologies using the proposed semistability
framework.
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