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Adaptive Asymptotic Tracking Control of a Class of Discrete-Time
Nonlinear Systems with Parametric and Nonparametric Uncertainties

Chenguang Yang, Shi-Lu Dai, Shuzhi Sam Ge, and Tong Heng Lee

Abstract— In this paper, adaptive control is studied for a class
of nonlinear discrete-time systems in parameter-strict-feedback
form with both parametric and non-parametric uncertainties.
The non-parametric uncertainty function is assumed to sat-
isfy the Lipschitz condition. To achieve asymptotical tracking
performance, estimation of both uncertainties is constructed.
Future states are predicted to overcome the noncausal problem.
Based on future states prediction and uncertainties estimation,
a novel adaptive control is proposed. An augmented tracking
error of equal growth order of the output tracking error is used
in the parameter estimation law. The proposed adaptive control
achieves asymptotical tracking performance and guarantees the
boundedness of all closed-loop signals. The effectiveness of the
proposed control law is demonstrated in the simulation.

I. INTRODUCTION

Adaptive control of continuous-time systems has been ex-
tensively studied for many years. Compared with continuous-
time systems, adaptive control design for discrete-time sys-
tems is much more difficult. One reason is that there are less
mathematical tools available for discrete-time systems and
the other one may lie in the limitation of feedback mech-
anism in discrete-time. As shown in [1], when the growth
rate of the uncertain nonlinearity is larger than a certain
number, even a simple first order discrete-time system cannot
be globally stabilized. Due to these difficulties, only a few
discrete-time counterparts of continuous-time systems have
been explored. One example is the strict-feedback nonlinear
system which has been extensively studied in continuous-
time with backstepping design. Its discrete-time counterpart
has also attracted much research interests recently.

In [2], [3], [4], discrete-time backstepping has been studied
for a class of strict-feedback systems in which control gains
are all ones. However, for more general strict-feedback
systems with unknown control gains, the coordinate transfor-
mation based backstepping mentioned above is not directly
applicable. Therefore, future states prediction based adaptive
control using discrete Nussbaum gain to deal with unknown
control directions has been developed in [5] where prediction
errors was made of smaller growth order of the tracking
error. In [6], the prediction based adaptive control has also
been exploited for controlling output-feedback systems. The
prediction based adaptive control was inspired by our earlier
research results in [7], [8], [9], where strict-feedback systems
with unknown nonlinear system functions have been studied
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using neural network (NN) control and prediction function
have been proposed to avoid noncausal problem in control
design.

In adaptive control of discrete-time systems, robustness
has been the subject of much research. By employment
of projection algorithm in the parameter update law which
guarantees the boundedness of parameter estimates, robust
adaptive control of strict-feedback systems perturbed by
small growth nonlinear uncertainties was presented in [3],
[4]. Due to the universal approximation ability of neural
network (NN), many control designs have been carried on by
using NN to compensate for the nonlinear uncertainties. By
modeling a class of nonlinear systems as a linear part with
an additive nonlinear part, multi-model adaptive control has
been proposed in [10] with NN employed to compensate
for the unknown nonlinear part which is considered to be
bounded, while in [11], by assuming the nonlinear part is
of small growth rate, generalized minimum variance (GMV)
control was presented using NN to deal with the nonlinearity.

It is well known that sliding model control results in
invariance properties to matched uncertainties and offers
robustness to the closed-loop controlled system. Slide mode
control of discrete-time linear system with nonlinear uncer-
tainties have been well studied in [12], [13] and later, in [14],
[15], adaptive control have been combined with slide mode
to deal with parametric uncertainties in the linear model. It is
noted that in these discrete-time sliding mode control results,
to guarantee global stability, the nonlinear uncertainties are
also required to bounded or of small growth rate. On the
contrary, it is easy to construct a sliding mode control in
continuous-time to eliminate the effect no matter how large
growth rate it has.

The above mentioned results in robust adaptive control
may only partially eliminate the effect of the nonparametric
uncertainty. For system perturbed by nonlinear nonparamet-
ric uncertainties, most of the existing robust adaptive control
results are not able to achieve asymptotic tracking. However,
from the view point of academic exploration, it is of great
research interest in discrete-time adaptive control to fully
compensate the nonparametric nonlinear uncertainty such
that asymptotic tracking performance can be obtained. One
recent successful attempt to eliminate a class of nonpara-
metric nonlinear uncertainty was made in [16] for a simple
first order system. Later, an extension has been developed
for general minimum phase linear system [17]. Based on
the previous results, in this paper we are going to further
study the fully compensation of nonparametric nonlinear
uncertainty in adaptive control of a class of strict-feedback
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system.
The main contributions of the paper lie in:
(i) A novel lemma for nonparametric uncertainty estima-
tion is proposed.
(i) Both parametric and non-parametric uncertainties are
estimated.
(iii)) A novel adaptive control is constructed based on future
states prediction and estimation of both uncertainties.
Throughout this paper, the following notations are used.
e ||-|| denotes the Euclidean norm of vectors and induced
norm of matrices.
. ZJ represents the set of all nonnegative integers.
o O stands for p-dimension zero vector.
e (") and (") denote the estimate of unknown parameter
and estimation error, respectively.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. System Representation

Consider a class of parameter-strict-feedback nonlin-
ear discrete-time systems with both parametric and non-
parametric uncertainties in the following form:

&i(k +1) = O ®i(&i(K)) + &iva (k)
i=1,2,... . n—1

En(k+1) = O7 @, (&, (k) + u(k) + v(Eu(k))

y(k) = &i(k)

where &;(k) = [€1(k), &a(k), ..., & (k)]T are system states,
©; € RPi, j = 1,2,...,n, are parametric uncertainties
(p;’s are positive integers), ®;(&;(k)) : R/ — RPi are
known vector-valued functions, and v/(&,, (k)) is nonparamet-
ric uncertainty function. The control objective is to make the
output y(k) track a bounded reference trajectory y,(k) and
to guarantee the boundedness of all the closed-loop signals.

Remark 1: Tt is noted that the nonparametric nonlinear
uncertainty appear in the control range, i.e., the uncertainty
is matched. Though matched uncertainties have been ex-
tensively studied in the robust control literature [12], [13],
[14], [15], few results completely eliminate the effect of
nonlinear nonparametric uncertainty and achieve asymptotic
output tracking.

Assumption 1: The nonparametric uncertain function v(-),
is Lipschitz function, i.e., ||v(e1) — v(e2)| < L|le; — &2,
Vei,e2 € R™, where L < v* with v* be defined later in
(31). The system functions ®;(-), i = 1,2,...,n, are also
Lipschitz functions with Lipschitz coefficients L.

Remark 2: Tt is usual in discrete-time control to assume
that the nonparametric nonlinear uncertainty is of small
growth rate [18], [13], [3], [14], [11], [15] or globally
bounded [10], [19]. The Lipschitz uncertainty function
v(&,(k)) has been addressed in the nonlinear systems litera-
ture, e.g. [1], [20], which can be used to describe a class of
nonlinear dynamics of control systems. As shown in [1], it is
impossible to obtain global stability results for discrete-time
control system in the presence of nonparametric nonlinear
uncertainty with large growth rate. Differing from the robust
control where uncertainty is not estimated, the uncertainty
Lipschitz coefficient L will be estimated in the paper.

)
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B. Preliminaries

Definition 1: [10] Denote PClg ) the set of all real
piecewise continuous functions with bounded discontinuities
defined on [0,00). Let z1(k) : R — R € PCjp o, and
xg(k) t:R— Re PC[O,oo)'

o We denote x1(k) = Olzza(k)], if there exist posi-
tive constants my, mo and ko such that ||z1(k)| <
my max, <y | z2(7)|| + me, VEk > ko.

e We denote z1(k) = o[xa(k)], if there exists a
discrete-time function (k) satisfying limy_, o, a(k) —
0 and a constant ko such that |la1(k)|
a(k) max,<i ||z2(7)||, Yk > ko.

o We denote x1(k) ~ xo(k) if they satisfy z1(k) =
Olz2(k)] and z2(k) = Olz1(k)].

Lemma 1: [21] For some given real scalar sequences s(k),

b1(k), ba(k) and vector sequence o(k), if the following
conditions hold:

IA

() limy, o TR meT e = O .
(i) 0 < b1(k) < K and 0 < bo(k) < K, Vk > 1, with a
finite K,
(iii) o(k) = Ols(k)].
Then, we have
(a) limg_ o s(k) = 0, and (b) o(k) is bounded.
Lemma 2: Under Assumption 1, the states and input of
system (1) satisfy

Gik+7) = OlEa(k)], j=n—i

&) =Oyk+i—1)], i=1,2,...,n—1
u(k) = Oly(k +n)] 2
Proof: See Appendix A. |

Lemma 3: Given two bounded sequences X (k),Y (k) €
R™ satisfying limy_ || X (k) — Y (k)|| = 0, where m can
be any positive integer, and a fixed positive integer 7. Define

b = arg min X (k) =Y () )
Then, we have
Tim [ X (k) = ¥ (l)]| = 0
Jim ([ (k) = Y ()| =0
Proof: See Appendix B. |

C. Future States Prediction

In this subsection, prediction of future states & (k + j),
i1=1,2,...,n—1,5=1,2,...,n—1t, which are independent
of control input u(k), are proceeded based on estimation of
parameters. For convenience, we denote ®;(&;(k)) as ®;(k)
and v(&,(k)) as v(k) without ambiguity.

Let ©;(k) denote the estimate of ©; and ©;(k) = ©;(k)—
©, as estimation error.

Define one-step ahead prediction & (k + 1|k), i =
1,2,...,n — 1, as the estimation of &;(k + 1) at the k-th
step

Gilk+1k) = OT(k—n+2)0T(k)+ &1 (k) 4



Define &;(k-+;lk) = [€1(k+jlk), ..., &(k+3lk)]". where j-
step prediction &;(k+jlk) 2<j<n-1),i=1,2,...,n—
j, as the estimation of &;(k + j) at the k-th step, is defined
as

&k +jlk) = 7 (k—n+j+ )& (k+j — 1[k)
+&iv1(k+5 —1|k) &)
where ®7 (k + j — 1|k) are defined on the (j — 1)-step
predictions:

BT (k +j — 1[k) = BT (&(k +j — 1|k)) ©6)

The estimated parameters are obtained by the following
update law:

&i(k + 1]k)®;(k)
L+ |[@; (k)2
ik +1]k) = &(k+1|k) — &(k + 1) @)
i=1,2,... n—1

Oi(k+1) = 6;(k—n+2) -

Remark 3: The parameter update law (7) is presented at
the (k + 1)-th step when &, (k + 1) are all available. The
control input u(k) is designed at the k-th step and only
depends on ©;(j), j < k.

Considering the future states prediction in (4), and (5) and
parameter update law (7), we have the following lemma:

Lemma 4: [5] The parameter estimates ©;(k) in (7) are
bounded and [|§;(k + j|k)|| = o[Oly(k +i+_j — 2)]]. i =
1,2,...,n—1,j = 1,2,...,n — i, where &(k + jlk) =
Gi(k+ k) = &(k+j).

ITI. ADAPTIVE CONTROL DESIGN

Let us rewrite system (1) as

Lok +n—1) =05 Py (&a(k+n—2) +&(k+n—2)

€k + 1) = O, (&, (K)) + u(k) + v(&, (K))
y(k) = & (k)

and then we combine the n equations above together by
iterative substitution and we obtain

ylk+n) = OT®(k +n —1) +uk) + vE(k)) (8

where
o =1[ef,. .. ,elh"
O(k+n—1) = [@] (& (k+n—1)), 83 (&(k+n —2),
s (k)] ©)

Using the predicted future states, the future states depen-
dent function ®(k + n — 1) defined in (8) can be estimated
as

bk +n— 1k) = (O] (€1 (k +n = 1]k)),
3 (E2(k +n—2[k)),..., 07 (Eu(k))]" (10)

According to Lemma 3, let us define
X(k) = [a(k+n—1[k), &k +n - 2JF),. .,
Enr(k + 1[k), &, (k)]
Y(k+n—-1) = [G(k+n—1),&Kk+n—-2),...,
n1(k+1), 60 (k)] (1
and

by = arg min X (k) - Y (D) (12)

Then, from (8), we define an auxiliary output y, (k) as

Yalk+n—1)=0T0(k +n—1) +v(k) (13)
which leads to
ylk+n)=yo(k+n—1)+u(k) (14)

Then, it is easy to derive

Yalk +n —1)

= Yok +1n—1) = yallk) + Ya(lk)

= OT[®(k+n—1)— ()] +v(k) —v(ly —n+1)
+ya(lr) (15)

Let us introduce the estimate of unknown parameter O,

O(k), which will be calculated in (22). Then, we define the
following estimate of y,(k +n — 1)
Ja(k+n—1) = OT(K)[®(k+n—1|k)—®(1;)]+ya(lx) (16)

where [;, is defined in (12). It should be noted that the
estimation of y,(k +n — 1) includes the estimation of both
parametric uncertainty and nonparametric uncertainty based
on the predicted future states.

Then, by certainty equivalent principle, the adaptive con-

trol is designed as
u(k) = —go(k+n—1)+ya(k +n) (17

Defining the output tracking error e(k) = y(k) — ya(k)
and combining adaptive control in (17), estimate of auxiliary
output in (16) and system described in (14) together, we
obtain the error dynamics as

e(k+n) = —OT(K)[@(k +n —1) — 2(l)] + v(k)
—v(lp—n+1)—Bk+n—-1) (18)
where
Blk+n—1) = OT(k)[®(k +n—1|k) — d(k +n —1)]
O(k) = (k) —© (19)
According to Assumption 1, we have

(k) = v(le = n+ )] < 2L max{[|6 (K[|} +2¢, (20)
where ¢, = |v(0)|. Now define
&(k) = 2xmax{[|€ (K)|[} + 26, (k) 1)

where A can be any constant satisfying L < A < A*, with
A* defined later in (31).
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The estimated parameters in the control law are updated
by the following adaptation law

(k) = e(k) + Bk —1)

ALY A a(k)e(k)[®(k — 1) — ®(lk—n)]
O(k) = Ok —n) + D) b

R . a(k)yle(k)]|

é(k) = é(k—n)+ m (22)
D(k) = 1+%||@(k;+n— 1) —o()|?

where 0 < v < 1 and the deadzone is defined as

a(k>_{ 1— S Je(k)] 2

0 otherwise

é(k—n) 23)

IV. STABILITY ANALYSIS

This subsection is devoted to the stability analysis of the
closed-loop system. Firstly, the main result of the paper is
summarized in the following theorem.

Theorem 1: Consider the adaptive closed-loop system
consisting of system (1), states prediction laws defined in
(4) and (5) with parameter estimation law (7), control (17)
and parameters adaptation law (22). All the signals in the
closed-loop system are bounded and the tracking error e(k)
is made to converge to zero.

Proof: Substituting the error dynamics (18) into the
augmented error ¢(k), we have

e(k) = —0T (k —n)[@(k —1) = ®(lx-n)]

+uv(k—n)—v(lg—n—n+1) (24)

Choose a positive definite function V (k) as

Z o (k
we have the difference equation of V' (k) as follows:

Vik )— Vik - 1)
—n)O(k —n)
(k) =y (k —n)]
2 (k )II‘P(k 1) —
D)
+O7 (k —n)[®(k - 1) -
xe(k);&(k)’;)
2a°(k)y*€* (k)

D2(k —n)

Noting L < ), from inequality (24), we have

&7 ( — n)[®(k — 1) — Bl )]e(k)
—e*(k) + e(k)[u(kﬁ— n) —v(lg—n —n+1)]
RIL o 60K+ 260] — ()

< le(k)

—n+§)0k—n+j)+2>  ci(k)

AV (k) =
&7 (k)6 (k) — 67 (k
+2fe

s U,

da(k)y|e, (k — n)e(k)|
D(k —n)

IN

(25)

2%, max € (K] +2¢,] - ()

From the definition of deadzone in (23), we have

2a(k)[e(k —n)|e(k)| — (k)] = —2a*(k)e* (k) (26)
Noting (25), (26), and
L+ S8k — 1)~ B> < D(k —n)
Then, we have
202(k)y? (k) 2a(k)yeX(h)
AV(E) < D(k—n)  D(k—n)
2a(k)y|e(k)|[2L maxp <i—n [ (K[| + 2, ]
D(k—n)
+2a(/€)7 e(k)|2¢,(k —n)
D(k —n)
_2a(k)y 2
= W[Idk)ld n) —e (k)]
2% (k)y%€ (k)
D)
2y(1 — v)a® (k)€ (k)
< - Dl —n) 27

Noting that 0 < v < 1 and taking summation on both hand
sides of (27), we obtain

2(R)3F) _

;)27(1 Dl < VO~ V()
which implies
. a’(k)e(k)
R T M (28)

and the boundedness of O(k) and &, (k). Now considering
the definition of 4(k) in (19), the definition of ®(k+n—1|k)
in (10), Lemma 4 and Assumption 1, we have S(k — 1) =
0[O[y(k)]]. Considering y(k) ~ e(k), we have g(k — 1) =
o[Ole(k)]] and e(k) ~ e(k) ~ y(k) and further according to
Lemma 2, we have

€0k = m)l| < Crlmaxde(K)]} + Ca, k> ko

where C7 and Cy are some constants. From the definition of
deadzone in (23), when |e(k)| > é¢(k — n), we have

a(k)le(k)| = le(k)| — &(k —

when |e(k)| < é(k — n), we have

a(k)le(k)] = 0> |e(k)[ — é(k —n)
In summary, we have |e(k)|—¢é(k—n) < a(k)|e(k)|. Together
with Lemma 4, we have

160 (k — )|
< Cl[max{| (K|} + Co

n) >0

=G [iﬂaXﬂ (k)| = e(k —n) + &(k" —n)} + Ca
< Cilmax{a(K')[e(K)[} + C2
+C4 [max{ (K" —n)}, k> ko (29)

k'<k
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According to the definition of ¢(k) in (21) and the bound-
edness of ¢,(k), we have

max {[l&.(K)]} < Culmax{a(k’)|e(k)[} + Cs

k' <k—

+2XC1 max (|6 (K[} k> ko (30)

which implies the existence of a small positive constant

1
A= — 31
2 (€1))
such that
Cq
1% 1 / /
Jmax (1&G) < o max{a(k) (k"))

k> ko (32)

1 - 2/\C’
hqlds VYA < A*, where C5 is a finite number. It implies
I€(E = n)|| = Ola(k)e(k)]. According to Lemma 4 and

Assumption 1, we have ®(k — 1) = OJ||&,(k — n)|] =
Ola(k)e(k)] and further we have
[@(k = 1) = @(lp—n)|| = Ola(k)e(k)] (33)

Then, applying Lemma 1 to (28), we have

lim a(k)e(k) = 0 (34)
which guarantees the boundedness of &,(k) according to
(32), and thus, the bounedness of output y(k) and tracking
error e(k). According to Lemma 4, we have limy, o [|&;(k+
Jlk)(K)|| = 0, j = n — i, which implies limy_ || X (k) —
Y(k+mn — 1)]] = 0. According to Lemma 3, we see
limg oo [Y(k + n — 1) — Y(lg)]] = 0 which leads to
limy, o0 [|®(k+n—1) — ®(lg)|| = 0 and limy o [|€, (k) —
.l —n + 1) = 0, and further limy .o [V(E(k)) —
v(€n(l. — n + 1))] = 0 according to Assumption 1. In
(18), we see limy_,oc€(k +n — 1) = 0 which leads to
1imk_,oo €(k‘) =0. |

V. SIMULATION RESULTS

The following second order nonlinear plant is used for
simulation.

§1(k+1) = 0.1&1 (k) cos(&1(k)) + 0.381 (k) sin(&1(k))

+ &(k) .
&(k+1) =0. 552( ) + 0455250 + u(k)
+ v(&(k))
y(k) = & (k)

where v(&(k)) = 0.01(cos(0.05k))(¢1(k) + &(k)). The
control objective is to make the output y(k) track the desired
reference trajectory yq(k) = 1.5sin($&T) + 1.5 cos({5kT),
where 1" = 0.1. The initial system states are 52( )
[0, 0]7. The control parameter is chosen as v = 0.09 and
A = 0.1. The simulation results are presented in Figs. 1-3.
Fig. 1 depicts the reference signal y4(k) and system output
y(k); Fig. 2 illustrates the boundedness of the control input
u(k); Fig. 3 demonstrates the boundedness of the estimated
parameters ¢, (k) and ||©(k)||. From Fig. 1, it can been seen
that system output y(k) asymptotically tracks the reference
signal yq(k).

: : : : :
— Y4k

Ly a9 |
2.5 - - y(k)

(o] 100 200 300 400 500

Fig. 1. Reference signal and system output

(o] 100 200 300 400 500

Fig. 2. Control signal

0.1

- - Norm of estlmate of ®

0.09 —— Estimate of ¢,

0.08 e m e m v e
o

0.07}
0.06 "
o.o5f'

0.04}||
0.03|!
0.02—;"
0.01},

o 100 200 300 400 500

Fig. 3. Boundedness of parameter estimates

VI. CONCLUSION

In this paper, adaptive control based on future state predic-
tion and estimation of both parametric and nonparametric un-
certainties has been studied for a class of nonlinear discrete-
time systems in parameter-strict-feedback form. To com-
pletely compensate for the uncertainties, an auxiliary output
including both parametric and nonparametric uncertainties
has been introduced and predicted in the control design. All
the signals in the closed-loop system are uniformly bounded
and the output tracking error is made to be zero ultimately.

APPENDIXES
A: Proof of Lemma 2.

From system description (1), we can see that
Eo(k) = &1(k+1) — 07 01 (&1 (k)

Noting Assumption 1, we have &»(k) = O[&1(k + 1)] and
further [|3(K)|| = O[&1(k + 1)].
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In the same way, we can deduce that &3(k) = O[||&(k +
1)||] and further ||&3(k)|| = O[&1(k + 2)] and so on. In
summary, we have

€ (k)| = Ol&x (k +i — 1)],

and &,(k + 1) = O[&1(k + n)]. For the control input, we
have

(k)] < [€n(E + D] + 022 (& (k)] + [v(En (k)]

Together with Assumption 1, it implies u(k) = O[&1(k+n)]
Let us rewrite system (1) as

&(k+n—1) = 0T®1(E(k+n—2) +&(k+n—2)

i=1,2,....n

gn2(k+2) = 0,y 2(€n2(k+1) +&nr(k+1)
én-1(k+1) = O, 1 Pp1(En-1(k)) + &n(k)
From the first equation from bottom, we obtain Eno1(k +
1) = O]|[€n(K)l]. Then, from the second equation from
bottom, we obtain &, o(k + 2) = O[||,.(k)||]. Continuing
backwardly, it follows &, i(k + j) = O[[|§.(k)[]] and
€mil+ )| = OlE R i = 1.2,....n—1. j = n—s.
This completes the proof.
B: Proof of Lemma 3.

We will prove it by seeking a contradiction in a similar
way as in [1]. Firstly, let us suppose that

limg oo | X (B) = ¥ (1) = € > 0 (35)

where lim denotes the upper limit. Then we can take from
X (k) a subsequence {X (k;),7 > 1} such that

€
5
According to the definition in (3), we have

| X (kj) =Y (Ig,)|| > kj—lg, > 7

I1X (k) — Y (k)| > % VO<K <kj—7
which implies
12X (k) — X (B + | X (&) = Y (K|
> X (k) =Y (K| > 5, VOSK <hj—7

According to limy_.o || X (k) — Y(k)|| = 0, there exists a
finite number N such that || X (k) — Y (k)| < §, Vk > N,
which leads to
€
X (ks) = X (KD > 7,
Then, for N < k; < k; — 7, i < j, we have || X(k;) —
X (k;)|| > §. or equivalently || X (k;) — X (k;)|| > §. which
means that {X(k;),7 > 1} is unbounded. This contradicts
to the boundedness of X (k). Consequently (35) cannot hold
and thus we have

limy, o[ X (k) = Y (Ii) || = limg o [ X (k) = Y (I)]| = 0

YN <k <kj—7

where lim denotes the lower limit. Then, we have

Jim X (8) = Y (1) =0

and
0 < lim [V (k)= Y ()]
Tim [V (k) = X (k)] + lim [ X(k) = Y (1)l| = 0

IA

which leads to limy o ||Y (k) =Y (I)|| = 0. This completes
the proof.
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