2009 American Control Conference
Hyatt Regency Riverfront, St. Louis, MO, USA
June 10-12, 2009

FrA10.4

Improved Controller Design for Switching Fuzzy Model-based Control

Hiroshi Ohtake, Kazuo Tanaka and Hua O. Wang

Abstract— This paper presents improved LMI (linear matrix
inequality) controller design condition for switching fuzzy
model-based control using slack variable approach based on the
inverse use of the elimination lemma. In our previous papers, we
derived controller design conditions for augmented switching
fuzzy model which consists of a switching fuzzy model and
a stable linear system. However, in the papers, we have to
determine the stable linear system in advance. In this paper,
by employing slack variable approach based on the inverse
use of the elimination lemma, we derive LMI controller design
conditions for the switching fuzzy model without determining
the stable linear system in advance. A design example illustrates
the utility of this approach.

I. INTRODUCTION

In general, nonlinear controls require special and rather
involved knowledge [1]. It is not easy to utilize nonlinear
control theories for practical engineers. On the other hand,
Takagi-Sugeno (T-S) fuzzy model-based control which has
been rapidly developed in recent years [2]-[6] is simple
and natural. By employing the T-S fuzzy model [7], which
utilizes local linear system description for each rule, we can
devise a control methodology to fully take advantages of
linear control theory.

However, the complexity of a system makes the number
of rules of a fuzzy model exponentially increase. The curse
of the number of rules makes controller design difficult. To
decrease the number of rules which fire simultaneously, we
proposed a switching fuzzy model [8]. The switching fuzzy
model is constructed by dividing the state space and by
finding the sector which can cover the nonlinear dynamics
[9], [10]. Moreover, we derived controller design conditions
based on the switching Lyapunov function by introducing
the augmented system which consists of the switching fuzzy
model and a stable linear system. The stable linear system
is an additional system in order to derive controller design
condition. However, we have to determine the stable linear
system in advance. Therefore, it is likely that how to deter-
mine the stable system affects stability analysis results and
controller designs.

In this paper, we derive improved LMI controller design
condition for switching fuzzy model-based control. We em-
ploy slack variable approach [13] based on the inverse use
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of the elimination lemma [12]. By utilizing the approach,
a system matrix of the additional stable system can be
converted into a LMI variable. This means that we do not
have to determine the stable system in advance. A design
example illustrates the utility of this approach.
II. PRELIMINARY RESULTS

In this section, we explain switching fuzzy model con-
struction and controller design.
A. Switching Fuzzy Model Construction [9], [10]

Consider the following nonlinear function.

y:f(m):f(xlax27"'7xn) (1)

where f(0) = 0. In this subsection, we show how to convert
the nonlinear function into the swtiching fuzzy model.

To begin with, determine the dividing planes. We assume
that the dividing planes contain the origin. dividing planes
are represented by the following linear equations.

/\wlxl + /\VQ,TQ + -+ )\'ynxn = A,yw =0 2)

where v = 1,2,--- )T and T is the number of dividing
planes. One dividing plane divides the state space into the
following two regions.

S, = {alAs@ 2 0}, S, = {a]A,@ <0)

The state space is divided into @) regions by I' dividing
planes. Note that ) = 2% is not necessarily satisfied. One
region constructed by dividing planes is defined as follows:

Rq = {I|A1$ Z O,AQCB S O,Agw S O,
Ayz >0, Arz >0} (3)

We represent the region as follows:

7SF)

,sr = 1,582,853 =0

Rq(Sl, 52,583,584,
s1=1,54,---

or
R,(1,0,0,1,---,1)
where
sy=1 Ay >0
s5y=0 A,z <0
Next we calculate the continuity matrix K, € RET+n)xn
as follows:

K, = [ﬁanlT NgeAs - narAF¥

T
g2 AT —ng22AS -+ —ngarAf I,
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where
_J 1 RyeS, 1 RyeS,
%”‘{o R, ¢3, WM‘{O R, ¢35,
Sy = {x|Ax >0}, S, ={z[Ax <0}

The continuity matrix K, satisfies the following condition
on region boundaries [11].

K,xz=Kg,x, € Ry NR,,. 4)
By using K, and solving the following conditions, we

construct the tight sector which can cover the nonlinear
function (1).

Q
minimize Z |Yo1(a1) — Yoo (a2)| 5)
ai, a2 g¢=1
subject to
yql(alvm)_f( )205 mERQa VQ
f(x) —yg2(az,z) 20, € Ry, Vg
where
a; = [ail Qi - '(2F+n)]

Yyi(a;) =a,K,D,

D / // xr dIldIQ d

yqz(aza ) = C’fz-[<qm

|ZC1| < d1,|172| < d2;"' 7|In| <d,

The sector in gth region is represented by the following two
linear models.

yg(x) = a1 K 6)
Yg2(x) = a2 K g @)

By using (6) and (7), the switching fuzzy model can be
constructed as follows:

Q
3 vg(@)hg(@)a: K @ ®)
qg=1i=1
where
1, x€R,,
@) ={ o TSR ©

The membership functions are represented by the following
equations.

_ J(®) —ye(x)
hgl(w) - Yol (.’B) — qu(m) (10)
) = @) = (@) )

Yq1(T) — Yg2()

(
where hq1(x) > 0, hga(x) > 0 and hgi(x) + hge(x) = 1.

B. Construction of Dynamic Switching Fuzzy Model

This subsection shows the switching fuzzy model con-
struction for the following dynamic state equation.

fi(@ (1)
sy | @)
fo(w(®))
(@) g (2(0) G ((1))
(@) gm(@(®) o gmala(t)
+ : u(t)
Gn@®) Gon@®) o gunl(@(t)

12)

where x(t) = [21(t) 22(t) --- x,(t)]T is the state vector,
w(t) = [u1(t) ua(t) - -+ upm(t)]7 is the input vector. f;(z(t))
and g.;(x(t)) are scalar linear or nonlinear functions, re-
spectively. 7 =1,2, ---, n, e =1, 2, ---, m. By applying
the switching fuzzy model construction method described in
Section II-A to each f;(x(t)), we can obtain the following
switching fuzzy model.

fi(z(t))
, fa(z(t))
x(t)= :
ful((1))
gu(x(t)  ga(z(t)) gm1(z (1))
gi2(z(t))  ga2(x(t)) Im2(2(t))
.| u(t)
gln(w(t)) g2n(w(t)) gmn(w( ))
25;1 hgin (z(t)) @il K gx(t) 1
+ 20 wai (2(t))bginu(t)
Q o721 haiz(2(t))ain K gz (t)
:qu(w(t)) + 2021 wgi2 (2(t))bgizu(t)
q=1 :
o hqin(fc(t))aqufC(t)
+ 27;1 Wgqin (:c(t))quu(t)_

q=14,=14,=1 i, =1
g1 g2
2 §: §:1w hai, 2 (@(0)
Uty T gy = Yany =
thz22( x(t)) x - x hqlnn(w(t))wqi(nﬂ)l( (1))
z%%ﬂp@@»x~-xw%mn@@»
a; 1 bqi(n+1) 1
a; 2 bqi " 2
x KW+ " | u)
@i, n Tigpny™

Uq(w(t));bqi(w(t)) (Agiz(t) + Bgiu(t)) (13)
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where
) 1, fjis linear
Pi = 2, f; is nonlinear
B, = 1, g.j is constant
7 2, gej is a function with respect to x(t)
m
;=18
e=1
r=p1 Xpag X+ Xpp X0 X002 X+ X0Op
Q;; = [ailj Qq25 * amj],
Gyl = [bqli(n+1)1 a2, )1 qmi(n+1)1]
Ui, 102 = [bqli(n+2)2 bq%(wrz)2 qui(n+2)2]
bqi(Zn)n - [bqli(2 ) bq2i(2n)n . qui(Zn)n]
a t
o 2 9ei (x(1)),
qeij = +
L 9ei (x(1)),
T
thxw(m
P1 P2
1= =l =i Sl =t i, =
thill(m(t))hsz(w(t)) X oo X hqznn(w(t))
)y, @Oy 2 (@()
XX wg (@ ()

r is the number of rules of the fuzzy model in each region.

C. Switching Fuzzy Controller Design

To stabilize the switching fuzzy model (13), we employ
augmented system approach [9]. Consider the following
stable linear system.

2(t) = —alora(t) (14)

where « is a positive constant, Ior is an identity matrix,
&(t) = [#1(t) 22(t) --- Zor(t)]T is a state vector for the
linear system (14). By adding the stable linear system (14) to
the switching fuzzy model (13), we construct the following
augmented system.

Q r
:Z Z Vq (w(t))ﬁq (z

q=1 i=1

(1)) (A1) + Bysult)) (15)

where

- dar(t)]”

A; 0 > [ Bu
w—[ ; —a.erva—[ v |

By employing the so-called parallel distributed compen-
sation (PDC) [2], [3], the switching fuzzy controller is
represented as

== vg(a(t))hgi(

q=1 i=1

(@(t) FoEq2(t)  (16)

where Fy; € R™*(T+n) is a feedback gain and

E, =K, K;] (17)
K ;‘ is the orthogonal complement of K,. Note that E,
becomes a nonsingular matrix because of the property of
the orthogonal complement. The feedback gain F'j; can be
determined by solving controller design conditions (18), (19)
and (20) in Theorem 1.

Theorem 1: [9], [10] If there exist positive definite matrix
X € R(2F+n)><(2F+n) and Mqi c Rmx(2f+n) satisfy-
ing (18), (19) and (20) and the initial state is Z(0) =
[T (0) 0717, then the augmented system (15) can be stabi-
lized by the switching fuzzy controller (16).

X >0, (18)
E,ALE;'X + XE;" A, E"
—E,BuM, — M%LBET <0, Viq, (19)

E,ALE;'X + XE," A,E"
+E,AE;'X + XE;TA;EQT
~E,ByM,; - M., B,E"
—E,ByMy, - MLB,EF <0, Vi,q,i < j, (20)
where F'y; = Min_l.

III. MAIN RESULT

In our previous approach, we utilized simple and stable
linear system (14) in order to derive LMI controller de-
sign condition. In this section, we derive controller design
condition without determining stable system in advance by
employing slack variable approach [13] based on the inverse
use of elimination lemma [12].

Recall the switching fuzzy model (13).

Q r
T t)ZZqu(:B(t))]A”LQ (

q=1i=1

(1) (Agiz(t) + Bgiu(t))
(21)

For the above system, we consider the following additional
nonlinear system instead of Eq. (14).

Q r
= szq(w(t))ﬁq (

q=1 i=1

(1) Cqi(t) (22)

where C; is a matrix variable which is determined with
feedback gains of the fuzzy controller. Important property of
this system is &(¢) = 0 when £(0) = 0 even if v,(x(t))
and hg;(x(t)) are not zero. By adding (22) to (21), we can
obtain the following augmented system.

COJ [iﬁii] * [B‘”} u(t)) (23)

o)
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To stabilize the augmented system (23), we employ the
following switching fuzzy controller.

u(t) = _Zqu(m(t))iLqi(w(t)) [F1gi Fagil { 28 }

(24)
where F'i4; and F'yy; are feedback gains. By substituting
(24) into (23), we can obtain the following switching fuzzy
control system.

(25)

0 O 0 —I
. Figy Fay
= [ OqJ ;7 ]

The feedback gain F‘qi can be determined by solving con-
troller design conditions (26), (27) and (28) in Theorem 2.
Note that (26), (27) and (28) are represented in terms of
LMIs. Hence we can effectively determine the feedback gain
by computer software like MATLAB.

Theorem 2: If there exist positive definite matrix X €
RET+n)x(2T+n) and block upper triangular matrices V' €
RET+mxET4n) and M, € R™* 2T+ satisfying (26),
(27) and (28) and the initial state is 2(0) = [« (0) 0717,
then the augmented system (23) can be stabilized by the
switching fuzzy controller (24).

X >0, (26)
AV + VTA; .
—B,M, — J\V/Iqu;‘;
. AN <027
e (Aqm - quMin vy
-V +E;'XE,

Vi, q

<0(28)

—eV —eVvT

Vi, q,i < j

Vi Vo
v v

Vl c Rnxn7V2 c RnXQF,Vg c R2F><2F
M ;= Mlqi M2qi
a 0 Ms,
M, € R™*", My, € R™**' M3, € R**%

€ is a line-search parameter [13]. The symbol * denotes
the transposed matrices for symmetric positions. F‘qi =
M,V
[proof]

We consider the following switching Lyapunov function.

&7 () ETPE2(t) =(t) € R,

' (OET z x
V(@)= (t)E; :PEz (t) (t) € Ro 29)
@' (t)EGPEQ&(t) x(t) € Rg

To prove the theorem, we have to show V(z(t)) > 0,
V(Z(t)) < 0 in each region and the continuity of V (z(t)) on
the region boundaries. V (&(t)) > 0 and the continuity of the
Lyapunov function on the region boundaries are explained
in [9]. We show only V(&(t)) < 0. This proof focuses
on the switching Lyapunov function in the gth region. The
same technique can be applied to the other regions. The
time derivative of (29) along the trajectories of the system
is represented as follows:

V(&(t) = 2" (t)El PE,&(t) + " (t)EL PE,2(t) (30)

By substituting (25) into (30),
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o o o T
+(Ay - ByF,) EjPE,
+E] PE, (A~ ByuF,;)

v

+E] PE, (A — ByFy)| a(t)

Therefore, V(&(t)) < 0 at &(t) # 0 when the following
conditions are satisfied.

€1V

We focus on (31). By multiplying E;lXE;T =
(EqTPEq)_1 on the left and right side, we can obtain the
following inequality.

. . . \T
E;'XE," (qu- - quFqi)

+ (A - ByuFy) BJ'XE;" <0 (33)

By applying the inverse of elimination lemma [12] to (33)

with —2e X < 0 where ¢ is a positive scalar variable, (33)
is converted into the following form.

[ 0 E;'XE;" }
-1 -T

E,'XE, 0

+ [ Aai ~ BaiFa } VI el

T y L
+ [ o } VT [(Aqi — BT —I} <0

where V' is a block upper triangular matrix. By defining
M qi = Fql-V and M ¢ 18 a block upper triangular matrix,
we can obtain (27). Note that Fqi =M 4V ! becomes a
block upper triangular matrix if M ¢ and V! are block
upper triangular matrices. By applying same procedure to

(32), we can obtain (28).

IV. DESIGN EXAMPLE

Consider the following nonlinear system [9], [10].
. K20
x(t) = { b (1) }
(t
= |—23(t) — 23(¢) + 53 (t)w2(t) + dx1(t)z3(t)
—3I1(t)172(t) — X (t) — Ig(t)

0
+ [ 07+ o (a(t) | M

—dSIlgd, —deQSd
We select the following four dividing planes.

(t) ) = Mz(t) =0,

(t) 1 —1]x(t) = A2x(t) = 0,
21(t) = [1 0)2(t) = Asa(t) = 0,

(t) [

The state space is divided into the following eight regions
by these dividing planes.

Ri(1,1,1,1), Ro(1,0,1,1)
R3(1707071)7 R4(1707070)
R5(0,0,0,0), Rg(0,1,0,0)
R7(0,1,1,0), Rg(0,1,1,1)
The continuity matrices are obtained as follows:
[0 1 110000710]"
"1 -1 01000001
o001 10 -10010]
>/t 0010 1 0001
K_'00010—1—1010T
*“l1to0010 1 0 001
K7'00000—1—1—110T
"/t 0000 1 0 -1 01
eo_[0000 0 -1 -1 -1 10]"
>l0000 -1 1 0 -101
eo_[0 1 00 0 0 -1 -110]"
°“lo -1 00 -1 0 0 -1 0 1
[0 1 10 0 00 -110]"
7l0 -100 -100 -1 01
o001 11 0 00010]"
® 710 -1 01 -100 001

When d = 0.836, by applying the switching fuzzy model
construction method described in Section II-A, the switching
fuzzy model (13) is constructed as

8
x(t)= Z Uq (w(t))ﬁqi (z(1)) (Agiz(t)+Bgiu(t)) (34)

q=1i=1
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where

A=t |, |
o, |
aqu
a; = [1.900 0.101 2.220 — 1.221 1.299
0.0314 2.590 0.129 0.076 — 0.670]
as =[—3.731 0.991 —4.48 1.701 — 4.425
0.241 — 3.265 0.884 0.0880 0.09]
Bll = B12 = B21 = B22

= Bs51 = Bs; = Bg1 = B2 =

Aq2 = Aq4 =

[0
-1.301
[0
-2
[0
=

0
| —2.699

B3 =By = Bys = By

= Bs3 = Bsy = Be3 = By =
B3y = B3y = By = Bys

= B7 = B7y = Bg; = Bgy =
B33 = B3y = By3 = By,

= B3 = B7y = Bgs = Bgy =

The membership functions h;(a(t)) are omitted due to lack
of space. By constructing the switching fuzzy control system
(25) and solving Theorem 2 with € = 1, the switching fuzzy
controller (24) is designed. Figures 1 and 2 show the control
result and the time trajectory of the switching Lyapunov
function, where initial states are x(0) = [0.1 — 0.6]%.
The designed controller can stabilize the nonlinear system
(34) and the switching Lyapunov function continuously and
monotonously decrease.

V. CONCLUSIONS

In this paper, we have derived improved LMI controller
design condition for switching fuzzy model-based control by
employing slack variable approach based on the inverse use
of the elimination lemma. By utilizing the approach, we have
shown that a system matrix of the additional stable system
can be converted into a LMI variable. A design example has
illustrated the utility of this approach.

Our future work is to apply this approach to real compli-
cated systems.
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Fig. 2. Lyapunov function.
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