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Reliable H.. Dynamic Output Feedback Synthesis for Linear Systems

Guang-Hong Yang and Xiao-Ni Zhang

Abstract— This paper considers the problem of reliable H..
control against actuator failures for linear continuous-time
systems. The model including actuator partial failures and
actuator lock-in-place failures is presented, and the faults of
being locked in place are accurately described as zero-frequency
disturbances and their attenuation performances are described
by using small gain conditions based on finite frequency ap-
proach. Then a two-step LMI-based algorithm is developed for
designing reliable H.. dynamic output feedback controllers. The
resulting designs guarantee the stability and disturbance/fault
attenuation performances of the closed-loop systems, not only
when all control components are operational, but also in case
of some actuator failures. Finally, a numerical example is given
to illustrate the advantage of the proposed design method
in comparison with the entire frequency approach by using
bounded real lemma.

I. INTRODUCTION

The research area of reliable control has recently attracted con-
siderable attention. The reliability of control systems in the presence
of system component failures is of great importance. The overall
reliability is enhanced not by using more reliable components, but
by managing them in a way that the reliability of the overall system
is greater than the reliability of its parts. The ultimate goal is to
preserve the stability and high-priority performances of the plant by
a single controller which can tolerate a severe component failure.
That is, the essential stability and performance requirements for
the control systems remain achieved, not only when all control
components are operational, but also in case of sensor or actuator
failures. Models of control component failures can be classified
as outages, partial degradations and lock-in-place failures (stuck-
faults). When a failure modeled as outage occurs, the measured
signal (in the case of sensors) or the control input (in the case of
actuators) simply becomes zero. The partial failure is represented
by a scaling factor with upper and lower bounds to the signal to be
measured or to the control input.

A number of theoretical results as well as application examples
have now been given in the literature (see, e.g., [1]-[6]). [1] pre-
sented a new methodology for the design of reliable centralized and
decentralized control systems by using the algebraic Riccati equa-
tion approach. [2] employed the linear matrix inequality approach to
study the reliable guaranteed cost control problem for discrete-time
systems. Also, the frequency domain approach given in [3] has been
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proved to be another effective design technique for designing the
linear reliable control systems. [5] addressed the problem of fault-
tolerant flight tracking control against actuator lock-in-place failures
based on the H. and peak-to-peak gain performance indexes in a
multi-objective optimization setting in terms of an iterative LMI
algorithm. The previous results of reliable control in the presence
of locked-in-place failures are developed in the framework of robust
control theory, and the faulty signals of being locked in place
were modeled as the entire frequency disturbances. However, the
modeling method for the severe faults is not exact because the
faulty signals of being locked in place correspond to zero frequency
disturbances, and might be very conservative for some practical
situations.

This paper is concerned with the reliable H., control problem
against actuator failures for linear continuous-time systems. The
cases of actuator partial failures and actuator lock-in-place failures
are simultaneously considered. In particular, the faults of being
locked in place are modeled as zero-frequency disturbances and
their rejection performances are described in terms of small gain
conditions via the finite frequency approach given in [7]-[9]. The
considered reliable H., control problem essentially is a control
design problem in mixed frequency domains for systems with
multiple modes, which has not been addressed in the literature.
In this study, a new method is developed to approach the reliable
H.. control problem, and a two-step procedure is presented for
designing reliable H. dynamic output feedback controllers. The
resulting designs guarantee the stability and disturbance/fault at-
tenuation performances of the closed-loop systems, not only when
all control components are operational, but also in case of some
actuator failures. Compared with the entire frequency approach
which is devoted to the H.. framework (see, e.g., [10]-[12]), the
new proposed method is potentially less conservative due to the
exact modeling of the faults of being locked in place. A comparison
is given via a numerical example.

The paper is organized as follows. Section 2 presents the
considered problem. The new method of designing reliable He.
dynamic output feedback controllers are given in Section 3. The
entire frequency approach for solving the reliable control problem
is described in Section 4. In Section 5, an example is provided to
illustrate the new proposed design procedure and their effectiveness
compared with the entire frequency approach. Some concluding
remarks are given in Section 6.

Notation: For a matrix A, A* denote its complex conjugate
transpose. The Hermitian part of a square matrix A is denoted
by He(A) := A+ A*. The symbol H, stands for the set of nxn
Hermitian matrices. The symbol * within a matrix represents the the
symmetric entries. / denotes the identity matrix with an appropriate
dimension. For a transfer function matrix G, its H., norm is defined
by

|G(io)]|. = supo{G(j)}

1 . .
where G(G) = {Amax(G*G)}2 represents the maximum singular
value of G, Amax represents maximum eigenvalue.
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II. PROBLEM STATEMENT
Consider a linear time-invariant plant described by

X(t) =Ax(t) +Bu(t)+ B @(t)
z(t) = Cx(t) + Du(t)
y(t) = Cix(t) + D@ (1) (1

with a dynamic output feedback controller of the following form:

(1) = AkS(1) +Bky(1)
u(t) = Cg& (1) @)

where x(¢) € R” is the state vector, u(t) € R™ is the control input,
@(t) € R" is the disturbance input and z(f) € R? is the regulated
output, y(¢) € R? is the measured output and &(z) € R™ is the state
of the controller, respectively. A, B, By, C, D, C| and D are known
constant matrices of appropriate dimensions. Ax, Bg and Ck are
the dynamic output feedback controller parameter matrices.

For the control input u, let u¥ denote the signal vector in the case
of some actuator failures. The actuator partial failure model is as
follows:

uf = au, 3)
where
a:=diag[oy 0 ... O] 4)

with o satisfies

0<a; <o <a, (i=1,2,....,m). ®)
Denote
a=diaga; @ ... Q) (6)
A =diag[0; Oy ... Op. @)
While the actuator lock-in-place failure model is:
uf =Fu+(I—-F)B;,  (j=1,2,...,L) ®)
where
Fj =diag{fj1,fj2:---» fim},
Bi=[Br Bp - ﬁjm}T ©)
with

the ith actuator is operational

the ith actuator is locked in place (10)

1

fii = { 0

where i =1,2,...,m. Here, the index j denotes the jth failure mode

and L is the total failure modes. And f;; is an unknown constant.
Actually, the actuator failure mode adopted in this paper is:

uf = Fjau+F ;B;, (j=1,2,...,L) (11)
where Fj:=1—Fj.

Remark 1: It considers the case of actuator partial failure and
actuator locking in place simultaneously. When fj; =1 and a; =
a; =0, it covers the case of outage of the ith actuator u; in the
Jjth failure mode. When fj; = 1 and &; > 0, it corresponds to the
case of partial failure of the ith actuator u; in the jth failure mode.
When f; =0, the ith actuator u; is locked in place in the jth failure
mode. Without loss of generality, we assume that Fy = /. Note that,
when Fp =1 and o = @ =1, it corresponds to the normal control
input vector u () = u(t).

Then the resulting closed-loop system in the event of the actuator
failures described by (11) is

x(t) = Ax(1) + BF;aCk & (1) + B1@ (1) + BF i,

&(t) = BxCix(r) + Ak & (1) + Bk D1 @ (1)
2(t) = Cx(t) + DF;aCkE (1) (12)

Remark 2: Here, z(¢) is defined as the regulated output. Since
the inputs of being locked in place are uncontrollable, we do not
consider the lock-in-place inputs in z(z).
In the closed-loop system, if f8; in the failed actuator is regarded
as a zero-frequency disturbance, then the transfer function matrices
Gi(s)(i=1,2) from @(r) and B; to z(r) are respectively denoted
by

Gi(s)=C(sI—A)"'B; +D;, (13)

where state space realizations (A, B;, C,D;) of G;(s) are correspond-
ingly given by

A BFjOCCK B, BFJ'
{ ‘é gl gz } = | BxC; Ak BxkD; 0
b= C DFoaCx| O 0

(14)

The control synthesis problem under consideration is to find a dy-
namic output feedback controller (2) such that the resulting closed-
loop system is asymptotically stable and the following constraints

|Gi(jo)|. <y forall ®eRU{eo}, (15)

®=0 (16)

hold not only when all control components are operational, but
also in the case of some actuator failures by (11).

5(Ga(jw) <72 for

The above reliable control problem essentially is a control design
problem in mixed frequency domains for systems with multiple
modes, which is non-convex one [13] and has not been addressed
in the literature. In next section, a two-step algorithm will be given
for designing reliable H., dynamic output feedback controllers.

III. RELIABLE H., CONTROL VIA DYNAMIC OUTPUT
FEEDBACK

In this section, a new method of designing reliable H., dynamic
output feedback controllers is given by using a two-step algorithm.
The following theorem presents a sufficient condition for the
solvability of the reliable control problem.

Theorem 1: Consider the linear time-invariant system (1). Let Cx
be given. If there exist scalars u > 0, v > 0, symmetric matrices
[‘Ilz}‘; gi], g%i g; >0, Y >N >0 and matrices G, H such
that, for all j=1,2,...,L, the following inequalities

He(YAfHCI) YBFjaCKfoA*N+Ci‘H*
* He(—NBF;aCk +G)
* *
* *
,LlC* YB, —HD;
HCkaF;D*  HDi—NB | _ 0, an
—uyl 0
* —ul
—0n —0On P =Y
* —0On Py +N
* * He(YA—HC))
* * *
* * *
* * *
P, +N 0 0
Py —N 0 0
YBF;jaCx —G—A*N +C{H* vC* YBF; <0
He(—NBF;aCk +G) vCgaF;D* —NBF;
* vyl 0
* * —vi
(18)

5547



hold with a € {a,a}, then the resulting closed-loop system (12)
with

Axk:=N"'G, Bx:=N"'H (19)

is asymptotically stable and meets constraints (15) and (16) not
only when all control components are operational, but also in the
case of some actuator failures by (11).

Proof. (15) and (16) are equivalent to the following inequalities
with positive scalars 6 and 7, respectively, for i = 1,2

* *] * * *
J*ﬁ)l Dl} o11, {Bl IHJ<0, o eRU{x}, (20

1 0
J* {%2 D{z} (180 {%2 DIZ} J<0, =0, 21
_ |Gor—A""tcx] . [T 0
where J := { I =g _%21 . Then we can

get the following from (21) by using Theorem 1 in [7]

A Il[-0 PI[A 11" [By © B, 0]

[C 0} { P 0} {C 0} + {Dz 1} T {Dz 1} <0 (22
where P =P* and Q = Q* > 0. In view of Lemma 1 in [7] with
R=[0 I 0], it follows that

-0 P 0 o w o0
P BB} B,D; <He [0 —AW 0| (23)
0 DB} DD -1yl 0 —CwW o0

where W = W* > 0. By using Schur complement lemma, it is
equivalent to

0 P-W 0 0
P-W AW+WA* WC' B,
0 oA N I
0 B} D; -1l

Define v:=7!, X :=W~!, &:=XPX and 2 := XQX. Multiply-
ing (24) by diag{X,X,vI,I} on the left and right, respectively, we
obtain

-2 P -X 0 0
P-X XA+A'X vC* XB,
0 vC —vpl vD, <0. (25)
0 B3X vD;  —vI

By virtue of Lemma 1 in Appendix, X can be given to be

Y —
S 26)
where Y > N > 0. Defining the new variables
P P On QOn
P .= % 5 2= * s
[PIZ P22} [ 12 Q22
G := NAg, H := NBg, 27
(25) holds if (18) hold with a given Ck in view of the fact that (25)
is convex.

Then in view of dual bounded real lemma, we can get the following
inequality from (20)

A I1[o P][A 11" [B 0 B, o0]"
{C 0} {Pl 0] {C 0} +{D1 7|Mp, g <0 @¥
where P; = P > 0. By using the Schur complement lemma, we

can get

WA*+AW WC* By
cw -7 Dy | <o0. (29)
B} D; -6l

Define Py := W and p := 6~'. Multiplying (29) by diag{X,ul,I}
on the left and right, respectively, it follows that

A*X +XA uC* XB
uC —uy . ub;| <0. (30)
BiX uby  —ul

If (30) holds, it follows that A*X + XA < 0. That is to say, the
closed-loop system (12) is asymptotically stable. (30) is convex.
Then (30) holds if (17) hold. Thus, the proof is complete.
Remark 3: In Theorem 1, the entire frequency H.. conditions (17)
correspond to the requirements of exogenous disturbance rejection
performances, and the zero-frequency small gain conditions (18)
correspond to the performance requirements for lock-in-place signal
rejection. It should be pointed out that if Cx is not fixed, then
the conditions (17) and (18) are non-convex. When Ck is given,
the problem of designing reliable H. dynamic output feedback
controllers based on Theorem 1 can be reduced to a generalized
eigenvalue problem (GEVP). In fact, let 15 > 0 be given. Define
a scalar § > 0, and replace py? with ¢ in (17). The GEVP is to
minimize ylz subject to the LMI constraints (17) and (18) for all
j=1,2,....Land v>0, [Qil 8;} >0,Y>0,N>0,Y—N>0,
12

£>0,u>0,¢< ,uylz. As a matter of fact, the GEVP is a quasi-
convex optimization problem since the constraint is convex and the
objective is quasi-convex. It can be solved by using Toolbox of
MATLAB.

‘We now turn our attention to the choice of Ck. The state feedback
case for system (1) is equivalent to taking C; =1, D; =0, so
that y = x. Furthermore, we consider the state feedback controller
u = Ckx, which results in the closed-loop transfer function matrices

G (s) = (C+DF;aCk)(sI — (A+ BF;aCx)) ' By,
Ga(s) = (C+ DF;aCk)(sI — (A+BF;jaCk)) " (BF;),  (31)

in case of actuator failures by (11) with no lock-in-place inputs in
the regulated output z. The following theorem provides a solution
to the corresponding reliable H. state feedback control design
problem for continuous-time systems.

Theorem 2: Consider system (1) and assume that C; =1, D; =0.
Consider the controller u = Cgx resulting in the closed-loop transfer
function matrices G;(i = 1,2) defined by (31). Assume that the
conditions of Theorem 1 hold, then there exist scalars 6 >0, T > 0,
symmetric matrices P, Q >0, V > 0 and a matrix M such that, for
all j=1,2,...,L, the following inequalities

He(AV —I—BFjaM) VC* +M*aFjD* 0B,
x —0yi1 0 | <0, (32
* * —01
-0 P-V 0 0
*  He(AV+BFjaM) VC*+M*aF;D* 1BF; <0 (33)
* * 7‘17)/221 0
* * * -7l
hold with a € {a,@}. Furthermore, the constraints
|Gi(jo)||, <y forall @eRU{eo}, (34)
G(Gy(jw) <y for @=0 (35)

are satisfied for the closed-loop system with the stabilizing state
feedback gain matrix

Cx:=Mv~! (36)

even in the presence of some actuator failures by (11).
Proof. Suppose that the conditions of Theorem 1 hold, then
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I 1 0 O
. . . 0o 7 0 O
inequalities (17) and (18) hold. Defining p := 00 6l ol
0 0 0 oI

then pre- and post-multiplying (17) by p and p*, respectively, and
deleting the second row and column, we can get

He[(Y —N)A+ (Y —N)BF;aCx] C*+CgaF;D*
* 797121
* *

6(Y —N)B,
0 <0.
—o1

(37

Subsequently, defining V := (Y —N)~! and M := CxV, then pre-
and post-multiplying (37) by diag{V,I,1}, respectively, they are
equivalent to (32).

I 1 0 0 0 O
07 0 0 O O
Similarly, defining n := 8 8 (I) § 8 8 , then pre- and
0 0 0 0 o O
0 00 0 0 =

post-multiplying (18) by 1 and n*, respectively, and deleting the
second and the fourth rows and columns, it follows that

—011 —He(Q12) —02» Py +He(Pp)+Pyn—(Y—N)

* He[(Y —N)A+ (Y —N)BFjaCk]
* *
* *
0 o
C +CK(§F]‘D (Y —N)BF j <o0. (38)
=1yl 0
* —7/

Then pre- and post-multiplying (38) by diag{V,V,I,1}, respectively,
and defining P := V[P;; + He(Pj) + P»]V and Q := V[0 +
He(Q12) + 02]V, we can obtain (33). We can conclude that
conditions (32) and (33) hold because (17) and (18) hold.

In view of the proof of Theorem 1, the specifications (34) and
(35) for the closed-loop system with the state feedback controller
u = Cgx are equivalent to the followings, respectively

He(AV+BFjocM) VC*+M*(XFJ'D* 9B1
* —0yi1 0 |<0, (39
* * —01
-0 P-V 0 0
* He(AV+BFj(XM) VC*+M*(XFjD* TBFJ' <0
* * 717)/221 0 ’
* * * —1l
(40)

It is known that (32) and (33) hold. So (39) and (40) hold
accordingly due to the convexity of them. As a result, Cx can
be obtained by Cx = MV ~!. That is to say, the closed-loop system
with the state feedback controller u = Cgx is asymptotically stable
and captures the specifications (34) and (35). Thus, the proof is
complete.

Remark 4: Theorem 2 gives a sufficient condition for the solvability
of the reliable H.. state feedback control problem which captures
the specifications (34) and (35). As a matter of fact, Theorem 2 is
a necessary condition of Theorem 1, which provides a method of
determining state feedback gain Ck.

Based on Theorems 1 and 2, a two-step algorithm is presented
for designing reliable H., dynamic output feedback controllers as

follows:

Algorithm 1: Let %5 > 0 be given.

Step 1. Define a scalar ¢ > 0. Use ¢ instead of (97/1 in (32). Minimize

7/2 subject to the LMI constraints (32) and (33) forall j=1,2,...,L

and 7>0,6>0,0>0,V>0,6>0, g<9y2 Denotmg the

optimal solutions as M, V and %, let Cx =MV,

Step 2. Plug Ckx into (17) and (18). Define a scalar ¢ >0,

and replace ,uylz with £ in (17). Minimize 7/12 subject to the

LMI constraints (17) and (18) for all j=1,2,...,L and v > 0,
Qu Q”} >0,Y>0,N>0,Y-N>0,{>0,u>0,¢<py.
le Q2

The optimal solutions are denoted by N, G, H and 4, then let

Ak =N"'G, By =N"'H and 1 = /T4

Remark 5: In Algorithm 1, Step 1 corresponds to an GEVP for

obtaining a reliable H.. state feedback gain matrix Cg, which

provides an initial state feedback gain for the optimization in Step

2. Step 2 is for searching a solution to the multi-objective control

problem via dynamic output feedback defined in (15) and (16)

by solving the corresponding GEVP in terms of the remaining

unknown controller matrices Ag and Bg.

IV. ENTIRE FREQUENCY APPROACH

In this section, we can derive a similar result in the case where
(16) is replaced by an He-norm constraint. By virtue of [13],
an algorithm corresponding to the entire frequency approach for
solving the reliable H., dynamic output feedback control problem
can be summarized as follows:

Algorithm 2: Let p, > 0 be given.
Step 1. Minimize ¥, subject to the LMI constraints

He(AV—O—BFjaM) VC* +M*aFjD* B
* -nl 0 <0, 41
* * -nl

HE(AV +BFjaM) VC* +M*aFjD* BFJ'
* -l 0 <0 42)

* * -l

forall j=1,2,...,.Land V > 0. Obtain the optimal solutions M, V
and 7, then let CK mv-1.

Step 2. Minimize ¥, subject to the LMI constraints

He(YA—HC) YBFjaCx —G—A*N+C{H*
* He(—NBF;aCx +G)
* *
* *
c* YB| —HD;
CyaF;D* HD;—NB _
il 0 <0, ac{a,a}, (43)
* —’)/1]
He(YA—HC) YBFjaCx —G—A*N+C{H*
* He(—NBF;aCx +G)
* *
* *
c* YBF;
CyaF;D* —NBF; -
ol 0 <0, ac{aa} (44)
* —nl

with obtained C forall j=1,2,....,Land ¥ >0,N >0,Y —N > 0.
The optimal solutions are denoted by N, G H and fa, then the
controller gams are given by Cx, Ax = N~'G, and By = N'A,

and fi = 4.
Remark 6: Algorithm 2 is based on that the inputs being locked
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in place are modeled as the entire frequency disturbances and their
rejection performances are devoted to the robust H. framework
[13]. Compared with Algorithm 1, the entire frequency approach
given by Algorithm 2 is not exact enough.

V. EXAMPLE
Consider a linear time-invariant system of the form (1) with

A [-68319 —2.8352 5 _ [~8:1410
Tl 812 522080 P17 [ -5.8689)
5 [34857 09688 —4.4319
T 24201 —1.8905 —9.2010]"
C=[-20771 08754], C;=[2.1344 7.2740],

D= [1.1472 —6.2044 3.5000} , Dy = —2.5509.

Our objective is to design a stabilizing dynamic output feedback
controller (2) such that the resulting closed-loop system is asymp-
totically stable and the He-norm bound constraints (15) and (16)
hold not only when all control components are operational, but also
in the case of some actuators being locked in place. The value of
P is fixed as y» =2 and optimize ;. In this example we consider
the following six sorts of actuator failure modes:

(1) up(r) and u3(t) are in normal case, while u (¢) is locked in place,
which is modeled as u;(¢) = By for ¢t > 20 sec. Correspondingly,
we have that o« =& =1 and Fy = diag{0,1,1};

(2) u;(t) and u3(¢) are in normal case, while uy (t) = By, for r > 20
sec. As aresult, « =0 =1 and F = diag{1,0,1};

(3) u;(t) and uy(¢) are in normal case, while u3(t) = B33 for r > 20
sec. For this reason, o« =@ =1 and F3 = diag{1,1,0};

(4) uy(2) is in normal case, while u; (1) = Bsp and u3(t) = P43 for
t > 20 sec. Because of this, « =@ =1 and F; = diag{1,0,0};

(5) up(¢) is in normal case, while u; (1) = Bs; and u3(t) = Bs3 for
t > 20 sec. Consequently, @ =& =1 and F5 = diag{0,1,0};

(6) u3(¢) is in normal case, while u;(¢) = B and uy(¢) = Bgy for
t > 20 sec. That is, & = & =1 and Fg = diag{0,0,1}.

i) By using Algorithm 1, the optimal value of y; and the corre-
sponding controller gains are obtained as follows:

167354 —27.6802
Yimin = 0-6778, A = {—5.4896 ~21.9653 "
0.9800 —0.3781
By — Biggﬂ . Cx=|-01411 0.0525
: 02725  —0.1270

ii) In contrast, by using Algorithm 2, the optimal value of y; and
the corresponding controller gains are obtained as follows:

—15.2780 —33.8413
Vimin = 1.5826,  Ag = {79.0370 ~39.4504/
09840 —0.3829
By — [i-gggg} . Cx=|-0.1440 0.0535
- 02733  —0.1309

The actual achieved values of ¥, and 7, in some cases are in Table 1.
The corresponding closed-loop frequency responses are respectively
shown in Fig.1-Fig.4 (on the last page).

Based on the output responses and the actual achieved values of
7 and 75, it is easy to see that the new proposed method obtains
better performance (comparison between the values of ¥ and 10s-
20s in Fig.1-Fig.4) and is less conservative (comparison between
the values of 95 and 20s-30s in Fig.2-Fig.4) than the method given
by bounded real lemma in most conditions for the example. So,
compared with the entire frequency approach in terms of bounded
real lemma, the new proposed method can be a good alternative
for designing reliable H.. dynamic output feedback controllers with
actuators locked in place.

Table 1 The actual achieved values of y; and p»
F; diag{1,1,1} diag{1,1,0} diag{1,0,0} diag{0,1,0}
Actual values Bl o) Bl o) % P " o)
Our design 0.4083 | - | 0.0989 | 1.7615 | 0.5353 | 1.7432 | 0.5130 | 1.7228
BRL 1.2793 | - | 0.8782 | 0.9967 | 0.7660 | 1.3259 | 0.6946 | 1.3349

VI. CONCLUSION

In this paper, the problem of reliable H., control via dynamic
output feedback for linear continuous-time systems against actuator
failures has been investigated. A two-step LMI-based method for
synthesizing dynamic output feedback controllers is developed to
achieve the desired disturbance/fault attenuation performances not
only when the system is operating properly, but also in the event of
some actuator failures. The advantage of the new proposed design
method in comparison with the entire frequency approach by using
bounded real lemma has been illustrated via a numerical example.

APPENDIX

Before presenting the proof for Theorem 1, some preliminaries
are required.
Lemma 1: Consider the system described by (12). Let
(A,B;,C,D;)(i =1,2) in (14) be given. Then the following state-
ments are equivalent:
(i)There exist symmetric matrices X >0, &2, 2 > 0 and a dynamic
output feedback controller K described by (2) such that

XA+A*'X C*  XB
C -y D; | <0 (45)
BiX D; -

holds for @ € RU{e}, and

-2 P —-X 0 0
Z—-X XA+A*X C* XB,
0 C 7}/22 I D, <0 (46)
0 B3X D} -1
holds.
(ii)There exist symmetric matrices X, = [_YN ;vN >0(Y >N >

0), Z4, 2,4 >0 and a dynamic output feedback controller described
by (2) with Ax = Ak,, Bx = Bka, Ck = Ckq such that

XA +AX, C) X:By,
C, -yl Dy, | <0 47
BTaX” DTa —
holds for @ € RU{e}, and
-2, P, —X, 0 0
gza - Xa XaAu + AZXa C:; XaBZa
<0 48
0 C, —%I Dy, “8)
0 B3 X, D3, -1
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holds, where

o A BFjOtCKa o B,
Aa= {BKuCI Aka ]’ Bia= |:BKaD1 ’

BF ;
BZa = 0]:| ’ Ca = [C DFjaCKa:Iv
Dy, =0, Dy, =DF;. (49)
Proof. Let X = | 511 %12| \here X; = X7, > 0, Xpp = X5, > 0
. = X1*2 X2 11 =411 » A2 = Ago

and Xj, is nonsingular. Letting ¥ = X;; and N = X12X251Xf2, it
follows that

X—TXT*—[I 0 }x{’ 0 }
‘T 0 XX, T [0 —XinXy,!
Y -N
= |-~ N} (50)

where X >0 is equivalentto Y >N > 0. Set Z, =T XT" and 2, =
T2T*. Then pre- and post-multiplying (46) by diag{T,T,I,1}
and diag{T*,T*,1,I} respectively, (46) is equivalent to (48) by
letting Ag, = (Xlal)*X22AKX231Xr2, Bk, = —(Xlal)*X2zBK and
Cka = —CkX5,' X},

Similarly, pre- and post-multiplying (45) by diag{T,I,I} and
diag{T*,1,1} respectively, (45) is equivalent to (47). Thus, the
proof is complete.

o E‘n |‘D 1‘5 2‘0 2‘5 30
Fig.1 Output responses comparison between solid by using our

design procedure and dashed by using bounded real lemma in
normal case.

Fig.2 Output responses comparison between solid by using our
design procedure and dashed by using bounded real lemma for
failure pattern (3).
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2 L L L L L
0 5 10 15 20 25 30

Fig.3 Output responses comparison between solid by using our
design procedure and dashed by using bounded real lemma for
failure pattern (4).

o “: 1‘0 1‘5 2‘0 2‘5 30
Fig.4 Output responses comparison between solid by using our

design procedure and dashed by using bounded real lemma for
failure pattern (5).
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