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Abstract— A dynamic compartmental model based on first
principles is developed for a tubular solid oxide fuel cell
system. The model accounts for diffusion processes, inherent
impedance, transport (heat and mass transfer) processes, elec-
trochemical processes, anode and cathode activation polariza-
tions, and internal reforming/shifting reactions, among others.
Dynamic outlet voltage, current and fuel-cell-tube temperature
responses of the cell to step changes in external load resistance
and conditions of feed streams are presented. Simulation results
show that the fuel cell is a multi-time-scale system; some of the
cell output responses exhibit consecutive apparent dominant
time constants ranging from about 0.2 ms to about 40 s.
They also reveal that the temperature and pressure of the
inlet air stream and the temperature of the inlet fuel stream
strongly affect the dynamics of the fuel cell system. A simple
control system is then implemented to control the fuel cell outlet
voltage and cell-tube temperature. The results show that the
control system can successfully reject unmeasured step changes
(disturbances) in the load resistance, the velocity of the inlet
air stream, and the pressure, temperature and velocity of the
inlet fuel stream.

I. INTRODUCTION

Solid oxide fuel cells (SOFCs) are considered to be
one of the most advanced designs for mid- to large-scale
applications up to 2MW1; they are promising types of
fuel cells currently being considered as a power source
for automobiles and stationary power plants [2], [3]. Since
the electrolyte is a layer of ceramic material with high
temperature endurable porous media electrodes, SOFCs can
generally operate at high temperature range (800−1000◦C).
High operating temperature has some advantages, such as
high energy conversion efficiency, flexibility of usable fuel
type, and high temperature exhaust gas. Disadvantages in-
clude potential thermal fatigue failure of the cell material and
sealing under the high temperature and that cell temperature
fluctuations induce thermal stress in the cell ceramics. Thus,
it is important to operate SOFCs in such a way that the stack
temperature remains within a tight design range.

In order to analyze the complicated interactions between
the various phenomena occurring inside the cell and to
optimize the system performance, there has been signifi-
cant interest in developing dynamic mathematical models
for SOFCs. Dynamic models are especially beneficial for
testing control strategies in the development stage of SOFCs.
Transport phenomena plays an important role in the SOFC
performance. However, it is not clear yet which of the
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phenomena are significant in a particular design and a given
operating region. Dynamic modeling of SOFC can be traced
back to Achenbach’s work [4], [5], in which the transient
cell voltage response to changes in temperature and current
density was investigated. More recent studies include [6],
[7], [8], [9], [10], [11], [12].

Control of solid oxide fuel cells has also received attention
in recent years. Sample studies are as follows. Kandepua
et al. [13] showed that the power generated and the cell
temperature in a SOFC system can be controlled by manip-
ulating the fuel and air feed flow rates using proportional-
integral-derivative (PID) control. Kaneko et al. [14] designed
and implemented a power controller on a SOFC model.
Chaisantikulwat et al. [15] developed a dynamic model of
a SOFC and implemented traditional linear controllers. Sor-
rentino et al. [16] used a proportional-integral (PI) controller
to maintain SOFC temperature variation under a safety-
threshold by adjusting the excess air flow rate. Auld et
al. [17] used a PID controller to regulate the SOFC voltage
across a capacitor by adjusting the SOFC power.

In this paper, a dynamic model based on the first principles
is developed and used to study dynamic behavior and control
of a SOFC. Its simulation provides a quick insight into the
dynamic behavior that one can expect from a typical tubular
solid oxide fuel cell. Current, outlet voltage and cell-tube
temperature responses to step changes in fuel and air inlet
conditions and an external load resistance are calculated
using Matlab Simulink. Two completely-decentralized PI
controllers are then implemented and simulated to study con-
trol of the fuel cell outlet voltage and cell-tube temperature.

The remaining of this article is organized as follows.
Section II describes briefly the model development. Section
III presents and discusses the numerical simulation results.
Section IV focuses on completely-decentralized PI control
of the SOFC output voltage and cell-tube temperature. Con-
cluding remarks are presented in Section V.

II. MODEL DEVELOPMENT

The tubular SOFC system under study here is a bank of
single tubular solid oxide fuel cells (Figure 1). Each cell has
two tubes, an outer tube and an inner tube, as shown in Figure
2. The outer tube is a cell tube. The outer surface of the
outer tube is the anode side of the cell, and its inner surface
is the cathode side. Between the anode and cathode sides
(surfaces) lies the solid oxide electrolyte. The inner tube is
an air injection and guidance tube, made of alumina, from
which, preheated air is injected into the bottom of cell tube
and flows over the cathode surface of the cell tube through
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Fig. 1. Tubular SOFC system: a bank of single tubular SOFC cells.

the gap between the injection and cell tubes. Fuel gas flows
over the anode surface through the gap among the cell tubes.

A. Electromotive Force of the Fuel Cell: Reversible Voltage

Fuel cell voltage output depends on gas partial pressures
and is adversely affected by concentration, activation and
ohmic losses (polarizations or irreversibilities). The electro-
motive force, reversible open-circuit cell voltage, denoted by
Erev , is given by Nernst equation:

Erev = E0 +
RJTct
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ical activities of steam, oxygen and hydrogen at triple phase
boundaries (TPB), where the electrochemical reactions take
place, and E0 is the standard cell potential, given by [10]:

E0 = 1.273 − 2.7645× 10−4Tct

The triple phase boundaries are places where three phases,
the ion conducting phase, the electron conducting phase, and
the gas phase meet [18]. When the gases are idea, and the
vapor pressure of the steam and the standard pressure are
equal to one, aTPB
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partial pressures of steam, oxygen and hydrogen at the TPB.
The output voltage of an actual SOFC is less than the

voltage given by Eq.(1) due to irreversibilities (polarizations).
It is the reversible voltage minus the polarizations (overpo-
tentials). These polarizations (overpotentials) are losses in
voltage due to imperfections in materials, microstructure,
and design of the fuel cell. Polarizations result from ohmic
resistance of oxygen ions conducting through the electrolyte,
electrochemical activation barriers at the anode and cathode,
and finally concentration polarizations due to inability of
gases to diffuse at high rates through the porous anode
and cathode. In a SOFC, it is typically most important to
focus on the ohmic and concentration polarizations since
high operating temperatures experience little activation po-
larization. However, as the lower limit of SOFC operating
temperature (600◦C) is approached, activation polarization
becomes important.
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Fig. 2. Front and side views of a single tubular SOFC.

B. Activation Losses (Polarizations)

The activation polarizations are the results of the kinetics
involved with the electrochemical reactions. Each reaction
has a certain activation barrier that must be overcome in
order to proceed, and this barrier leads to the polarization.
One can account for the anode and cathode activation po-
larizations using the Butler–Volmer correlation [10]. Solving
the correlation with a transfer coefficient of 0.5 in the high
current density regime (where the cell typically operates)
leads to:
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where I0ano
and I0cat

are the anode and cathode exchange
currents, given by [10]:
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This polarization can be modified most easily by microstruc-
tural optimization. The area of the TPB is directly related
to the electrochemically active area in the cell. The larger
the area, the more reactions can occur and thus the less the
activation polarization. After deducting the activation losses
from the reversible open-circuit cell voltage, Erev , the cell
voltage is given by:

E = E0+
RJTct
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C. Ohmic Loss: Equivalent Circuit of the Fuel Cell

An approximate equivalent circuit of a SOFC consisting
of two internal resistances and one internal capacitance
can be found in [11]. According to this equivalent circuit
approximation, the cell outlet voltage is governed by:

dVtl

dt
=

1

RtctCct

E −
1

Cct

(
1

Rtct

+
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)
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1
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Vtl
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(5)

where Rto is the total ohmic resistance in the inherent
impedance of the cell, Rtct is the total charge transfer
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resistance of the cell, Cct is the charge transfer capacitance of
the cell, I is the current through the external purely-resistive
load, Vout is the fuel cell outlet voltage (voltage across the
external load), and Vtl is the voltage across the total ohmic
resistance and the load resistance in series. The rates of
consumption of hydrogen and oxygen by the electrochemical
reactions to generate an electric current of I are given by:
RH2

= I/(2F ) and RO2
= I/(4F ). The consumption of the

reactants is accompanied by the production of water at the
following rate: RH2O = I/(2F ). These reaction rates are at
TPB.

D. Concentration Losses: Compartmental Modeling

Concentration losses are losses associated with concen-
tration variation of critical species due to mass transport
processes. There are usually three sources of loss due to mass
transport loss: (i) diffusion between the bulk flows and cell
surfaces, (2) diffusion of oxygen ions through the electrolyte
(one can also include electron transport), and (3) transport
of reactants and products through electrodes.

In order to develop a first-principles model of the SOFC
system, a single fuel cell is considered and divided into seven
subsystems, as shown in Figure 3:

• Subsystem 1 (SS1): Air inside the injection tube;
• Subsystem 2 (SS2): Injection tube;
• Subsystem 3 (SS3): Air inside the space between the

cell and injection tubes; 11
• Subsystem 4 (SS4): Diffusion layer inside the cathode

side of the fuel cell tube;
• Subsystem 5 (SS5): Cell tube;
• Subsystem 6 (SS6): Diffusion layer inside the anode

side of the fuel cell tube; and
• Subsystem 7 (SS7): Fuel mixture outside (over the

anode side) of the cell tube.

The fuel cell model is derived by writing mass, energy and/or
momentum conservation equations for each of the seven
subsystems. To this end, a number of assumptions are made.
Notable among the assumptions are:

• The gas boundary layers are very small relative to
the corresponding radius, and therefore, the equations
governing the diffusion processes are written in the
cartesian coordinates.

• Fluid velocities are average velocity along the radial
direction.

• The short length of the fuel cell tube (5 cm) consid-
ered here, allows one to assume that partial pressures,
temperatures and fluid velocities in each subsystem are
uniform in every direction. Specific properties such as
conductivities, heat capacities, viscosities, and densities
in each subsystem are uniform. Furthermore, outlet
partial pressures, temperatures, and velocities are equal
to the pressures, temperatures and velocities inside the
subsystem. Pipe resistances are negligible. Therefore,
no pressure drop in the gases moving inside the fuel
cell is caused by pipe resistance.

• Cells external load is a pure resistance.
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Fig. 3. Division of the single tubular SOFC into five subsystems.

E. Equations Describing SS1–SS7 Dynamics

The equations are obtained by writing the following 19
conservation equations:

• SS1: Total mass balance on air, axial-direction momen-
tum balance on air, energy balance for air

• SS2: Energy balance for the injection tube
• SS3: Total mass balance on air, mass balance on oxy-

gen, axial-direction momentum balance on air, energy
balance for air

• SS4: Mass balances on oxygen in the cell-tube cathode-
side diffusion layer

• SS5: Energy balance for the cell tube
• SS6: Mass balances on hydrogen and water vapor in the

cell-tube anode-side diffusion layer
• SS7: Total mass balance on the fuel, mass balances on

hydrogen, methane, water vapor and carbon monoxide,
axial-direction momentum balance on the fuel, energy
balance for the fuel

These equations together with the model parameter values
and relevant correlations can be found in [21].

III. OPEN-LOOP DYNAMIC CELL RESPONSES

The dynamic model of the SOFC system derived in
the previous section has 20 first-order ordinary differential
equations, which are integrated numerically using Matlab.
The dynamic behavior of the cell-tube temperature and the
outlet voltage in response to step changes in the external
load resistance and the conditions (pressure, temperature
and velocity) of the inlet fuel and air streams are studied.
Simulation results show that the fuel cell is a multi-time-
scale system, as in the case of other types of fuel cell [19],
[20]; some of the cell output responses exhibit consecutive
apparent dominant time constants ranging from about 0.2 ms
to about 40 s.

Responses to step changes in the external load: Figure 4
depicts the dynamic responses of the fuel cell to ±5% step
changes in the external load resistance at time t = 100 s.
As can be seen, the current and the outlet voltage first
change stepwise (show responses with a time constant of
0 s) followed by a slow change with a time constant of
about 0.2 ms; this indicates a two-time scale behavior in the
voltage and current. The immediate change is a consequence
of the direct dependence of the voltage and current on the
resistance through the two algebraic equations in Eq.(5). The
cell-tube temperature response is significantly slower and has
a time constant of about 35 s, as the cell tube has a high
heat capacity and mass. The rise in the cell-tube temperature
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Fig. 4. Open-loop responses to ±5% step changes in the external load.
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Fig. 5. Open-loop responses to +5% step changes in the inlet fuel pressure
(solid line), temperature (dashed line) and velocity (dotted line).

with the decrease in the load resistance is caused by the
higher rate of heat release by the electrochemical (oxidation
of hydrogen) reaction at the higher current.

Responses to step changes in the inlet fuel conditions:
Figure 5 depicts the dynamic responses of the fuel cell to
positive 5% step changes in the temperature, pressure and
velocity of the inlet fuel stream at time t = 100 s. As can
be seen in Figure 5, in response to the step change in the
inlet fuel pressure, the current and the outlet voltage first
change with a time constant of 25 ms followed by a slow
change with a time constant of about 35 s; this indicates
a two-time scale behavior in the voltage and current in
response to the inlet pressure step change. When the inlet fuel
pressure is increased stepwise, the rate of the endothermic
reforming reaction increases, leading to the removal of more
energy from the cell tube. This explains why the fuel-cell
temperature decreases, when the inlet fuel pressure increases.
The increase in the rate of the reforming reaction also leads
to more production of H2, which in turn increases the outlet
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Fig. 6. Open-loop responses to +5% step changes in the inlet air pressure
(solid line), temperature (dashed line) and velocity (dotted line).

voltage, and subsequently the current.
As can be seen in Figure 5, in response to the step

change in the inlet fuel temperature, the current and the outlet
voltage first change with a time constant of 2.5 ms followed
by a relatively slow change with a time constant of about
25 ms and a slow change with a time constant of about 35 s;
this indicates a three-time scale behavior in the voltage and
current in response to the inlet temperature step change. A
step increase in the inlet fuel velocity leads to an increase
in the anode-side film heat-transfer coefficient, causing the
removal of more energy from the cell tube, resulting in a
decrease in the cell-tube temperature.

Responses to step changes in the inlet air conditions:
Figure 6 depicts the dynamic responses of the fuel cell to
positive 5% step changes in the temperature, pressure and
velocity of inlet air stream at time t = 100 s. A step
increase in the inlet air pressure increases the partial pressure
of O2 at TPB, which leads to more production of electrons
(higher current and outlet voltage). However, the effects on
the current and outlet voltage are not large. This also explains
why the increase in the rate of heat release by the reactions
is not large.

As can be seen in Figure 6, in response to the step change
in the inlet air temperature, the current and the outlet voltage
first change with a time constant of 0.4s followed by a slow
change with a time constant of about 40 s; this indicates
a two-time scale behavior in the voltage and current in
response to the inlet temperature step change. The effect
of the inlet air velocity is not significant. As the velocity
increases, the film heat transfer coefficient on the cathode
side increases. This higher heat transfer coefficient has little
impact on the current, the outlet voltage or the cell-tube
temperature. As shown in Figure 6, among the three inlet
air conditions, the inlet temperature has the strongest effect
on the SOFC temperature and performance dynamically and
statically. The inlet air temperature has the strongest effect
on the outlet voltage and the cell-tube temperature in terms
of steady state gain.
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IV. CONTROL OF THE SOFC SYSTEM

An effective control strategy should not steer a SOFC to
failure conditions. Common requirements for the operation of
a SOFC include: controlling the average stack temperature,
ensuring that the fuel-cell temperature is as constant as
possible, and maintaining the fuel cell outlet voltage con-
stant. Here, a control system, consisting of two completely-
decentralized PI controllers, is implemented is to control the
SOFC outlet voltage and cell-tube temperature.

To select the two manipulated inputs that have the
strongest effects (in terms of dimensionless steady state gain)
on the two controlled outputs around the nominal steady state
conditions, ± 5% step changes in the temperatures, pressures
and velocities of the inlet air and fuel streams are made, and
the percent of changes in the outlet voltage and the cell-
tube temperature are recorded. According to this analysis, the
temperature and pressure of the inlet air stream are among
the top three inputs in terms of the strength (size) of their
steady-state effect on the outlet voltage and the cell-tube
temperature. The analysis also suggests that the outlet voltage
can be paired with the air inlet pressure and the cell-tube
temperature with the air inlet temperature. In other words, the
closed-loop system has two feedback loops: Feedback Loop
1 (consisting of PI Controller 1 with the outlet voltage as the
controlled output and the inlet air pressure as the manipulated
input) and Feedback Loop 2 (consisting of PI Controller 2
with the cell-tube temperature as the controlled output and
the inlet air temperature as the manipulated input).

The two PI controllers are first tuned using the internal
model control (IMC) guidelines, and the parameters are fine-
tuned further by trial and error. Using these approaches, we
arrive at: k̃C1

= 10, τI1 = 8 s, k̃C2
= 2, and τI2 = 0.1 s,

where k̃C1
and τI1 are the gain and integral time of the

PI controller of the air inlet pressure-outlet voltage feedback
loop, and k̃C2

, and τI2 are the gain and integral time of the PI
controller of the air inlet temperature-cell tube temperature
feedback loop.

To study the effect of load changes on the SOFC perfor-
mance, a nominal steady state is first found for the SOFC.
Under the control system, unmeasured step changes are
made in the external load resistance, the inlet fuel pressure,
temperature and velocity, and the cell inlet air velocity to
investigate the regulatory performance of the control system.

Figure 7 depicts the closed-loop dynamic outlet voltage
and cell-tube temperature responses of the fuel cell to ±5%
step changes in the external load resistance at time t = 100 s
(two separate simulation runs). As can be seen, the PI
controllers are able to reject the disturbances asymptotically.
The positive step change initially increases the voltage and
decreases the cell-tube temperature. Once the effects of
the disturbance appears in the controlled output responses,
the simple control system decreases the inlet air pressure
and increases the inlet air temperature and push back the
controlled outputs to their set-point values.

Figure 8 shows the controlled outputs and the manipulated
inputs when three separate (not simultaneous) positive 5%
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Fig. 7. Closed-loop responses to ±5% step changes in the external load
resistance.

step changes are made at t = 100 s: the inlet fuel pres-
sure from 1 to 1.05 atm, the inlet fuel temperature from
823 to 864 K , and the inlet fuel velocity from 0.927 to
0.973 m · s−1. When the fuel inlet pressure is increased
from 1 to 1.05 atm, the outlet voltage increases and the
cell-tube temperature decreases. Once the control system
sees the departures from the setpoint values, it adjusts the
manipulated inputs and pushes back the controlled outputs
back to their setpoint values. When the inlet fuel temperature
increases from 823 to 864 K stepwise, the outlet voltage and
the cell-tube temperature increase. The control system then
decreases the inlet air pressure and temperature to reject this
disturbance asymptotically. When the fuel flow velocity is
increased from 0.927 to 0.973 m · s−1, the outlet voltage
decreases and so does the cell-tube temperature. The control
system then increases the inlet air pressure and temperature
to reject this disturbance asymptotically. These closed-loop
results indicate that the simple control system can reject the
three disturbances effectively.

Figure 9 depicts the controlled outputs and the manipu-
lated inputs when two separate (not simultaneous) ±5% step
changes in the inlet air velocity at t = 100 s. The positive
step change leads to increases in the outlet voltage and the
cell-tube temperature. The control system then adjusts the
inlet air pressure and temperature to reject the disturbance.
As seen in Figure 9, the needed adjustments are small.
These closed-loop results also indicate that the simple control
system can reject the disturbances effectively.

V. CONCLUDING REMARKS

A dynamic model of a tubular solid oxide fuel cell
was presented. The model accounts for diffusion processes,
inherent impedance, transport (heat and mass transfer) pro-
cesses, electrochemical processes, anode and cathode activa-
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tion polarizations, and internal reforming/shifting reactions,
among others. Dynamic outlet voltage, current and fuel-cell-
tube temperature responses of the cell to step changes in
external load resistance and conditions of feed streams were
presented. Simulations indicated that the transient response
of the SOFC was mainly controlled by the temperature
dynamics. A nominal steady state was found and chosen as
the initial condition for the dynamic simulations. Simulation
results also showed that the temperature and pressure of the
inlet air stream and the temperature of the inlet fuel stream
strongly affect the dynamics of the fuel cell system. They
also indicated that temperature of the inlet air stream has the

strongest effect on the cell performance, and effects of the
inlet air and fuel velocities on the cell response are weaker
than those of inlet feed pressures and temperatures. The fuel
cell outlet voltage and cell-tube temperature were regulated
effectively using a simple control system that manipulates
the pressure and temperature of the inlet air stream. The
performance of the control system was found satisfactory to
reject the unmeasured disturbances.
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