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Adaptive Robust Control: A Piecewise Lyapunov Function Approach

Jianming Lian, Jianghai Hu and Stanislaw H. Zak

Abstract— The problem of output tracking control for a class
of multi-input multi-output uncertain systems is considered. A
novel adaptive robust controller is proposed, which incorporates
a variable-structure radial basis function (RBF) network to
approximate unknown system dynamics. The RBF network
can determine its structure on-line dynamically, where radial
basis functions are added or removed to ensure the desired
tracking accuracy and to prevent the network redundancy
simultaneously. The structure variation of the RBF network
is taken into account in the stability analysis of the closed-loop
system. This is accomplished by using the piecewise continuous
quadratic Lyapunov function typically for the analysis of
switched and hybrid systems.

I. INTRODUCTION

In any controller design, one of the essential elements is a
mathematical model of the plant to be controlled. However,
the available mathematical model often contains uncertainties
resulting from unknown system dynamics or disturbances.
Recently, several adaptive controller design methodologies
for uncertain systems have been introduced such as adap-
tive feedback linearization [1], adaptive backstepping [2],
nonlinear damping and swapping [3] and switching adap-
tive control [4]. Especially, a number of adaptive control
strategies have been developed for a class of feedback
linearizable nonlinear systems including both single-input
single-output (SISO) systems [5]-[8] and multi-input multi-
output (MIMO) systems [9]-[12]. To improve the robustness
of adaptive controllers, robustifying components have been
used in [5], [7], [8], [10]-[12].

To deal with dynamical uncertainties, adaptive (robust)
control strategies often involve certain types of function
approximators to approximate unknown system dynamics.
In particular, one-layer neural networks have been employed
in [5], [11], where radial basis function (RBF) networks were
used to approximate unknown system dynamics. However,
fixed-structure RBF networks require the off-line determina-
tion of the appropriate network structure. In [6], [9], multi-
layer neural network (MLNN) based adaptive robust control
strategies were proposed. Although it is not required to
define the basis function sets for MLNNS, it is still necessary
to pre-determine the number of hidden neurons. Moreover,
compared with MLNNs, RBF networks are characterized
by simpler structure, faster - computation time and superior
adaptive performance. Variable structure RBF network based
adaptive (robust) controllers have been proposed for SISO
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feedback linearizable uncertain systems in [8], [13], [14],
where the variable-structure RBF networks that can both
grow and shrink were employed. However, they are subject
to the problem of infinitely fast switching between different
structures. Moreover, the effect of the structure variation was
not considered in the stability analysis.

In this paper, we consider, as in [9]-[12], the output
tracking control problem for a class of MIMO feedback
linearizable uncertain systems. We propose a novel adap-
tive robust control strategy. The developed controller in-
corporates a variable-structure RBF network, which is an
improved version of the network considered in [14], [15],
to approximate unknown system dynamics. The employed
variable-structure RBF network avoids selecting basis func-
tions off-line by determining the network structure on-line
dynamically. It can add or remove RBFs depending on
the magnitude of the output tracking error to ensure the
tracking accuracy and to prevent the network redundancy
simultaneously. We impose a dwelling time requirement on
the structure variation to avoid the problem of infinitely fast
switching between different structures as in [16]. The raised-
cosine RBF (RCRBF) presented in [17] is utilized because
the RCRBF has compact support that results in significant
reduction of computations required for the network’s training
and output evaluation [15]. By viewing the closed-loop
system as a switched system, we can apply the piecewise
continuous quadratic Lyapunov function that has been used
in the stability analysis of switched and hybrid systems [18],
[19]. This enables us to analyze the structure variation in the
stability analysis without additional restrictive assumptions.

The journal version of this paper with all the details and
additional results can be found in [20].

II. SYSTEM DESCRIPTION AND PROBLEM STATEMENT

We consider a class of uncertain systems consisting of p
coupled subsystems modeled by the following equations,

p
w" = fil@) + Y gy +di, i=1,...p, (1)
j=1

where y;, u; and d; are the output, input and disturbance of
the i-th subsystem, respectively, and f;(z) and g;;(x) are
unknown functions with

(m-1)

(-] "
w:[ylyl .yp...ypnp i|

being the state vector of the overall system. The disturbance
d; can have the form of d;(t), d;(x) or d;(t, x). Let (A;, b;)
be the canonical controllable pair that represents a chain of n;
integrators, and let ¢; = [10 -+ Ol1sn;s Y= [y1 -+ Yp]

bl
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w=[u; -~ uy)" and d = [dy --- dp,]T. We represent the

system (1) in a compact form as

= Ax+ B (f(x) + G(z)u + d) 2)
y = Cuw,
where A = diag[A; Ap], B = diaglb, by,

C = diagles - ¢, f(@) = [fi(@) - fp(@)]” and
G(z) = [gij(z)]pxp- The above system is often referred to
as square system, because there are same numbers of inputs
and outputs. As pointed out in [10], many physical systems,
such as natural Lagrangian systems and circuit systems, can
be modeled in the form of (1). In this paper, we assume that
f(x) and G(x) are Lipschitz continuous vector- and matrix-
valued functions of x, respectively, d is Lipschitz continuous
in x and piecewise continuous in ¢, and ||d| < do. In
addition, we consider the case where the input matrix G(x)
is definite with eigenvalues bounded away from zero for all
of interest. Without loss of generality, we assume that G ()
is positive definite with gI,, < G(x) < gI,, where g and §
are positive constants. -

Our goal is to develop a tracking control strategy such
that the ¢-th system output y;, ¢ = 1,...,p, tracks a
reference signal yq4;. We assume that yg; has bounded
derivatives up to the n;-th order. Thus, we have yg") =

i y((i;;p)]T € Q,,, where €, is a compact subset

of RP. Then we define the desired system state vector as
za = [y - v o yap o yézp_l)]T- We have
x4 € Qy,, where Q,, is a compact subset of R". Let
e; = Y; —Yd; denote the i-th output tracking error. We define
the output tracking error as e, = [e1 - €,]' and then the
state tracking error as e = x — x4. It follows from (2) that

the state tracking error dynamics are given by
¢=Ae+B (f(:v) +G(z)u— 1y + d) NG

In the next section, we first describe the variable-structure
RBF network that is employed to approximate the unknown
function f(x) in the adaptive robust controller design.

III. VARIABLE-STRUCTURE RBF NETWORK

The employed variable-structure RBF network is an im-
proved version of the self-organizing RBF network used
in [14], which, in turn, was adapted from [15]. The major
improvement is in the RBF adding and removing operations.
Moreover, we introduce a dwelling time 7};, which is a design
parameter, into the structure variation of the RBF network
to prevent fast switching between different structures.

Our variable-structure RBF network has N different ad-
missible structures, where N is determined by the design
parameters discussed later. For each admissible structure
illustrated in Fig. 1, the RBF network consists of n input
neurons, M, hidden neurons, where v € {1,..., N} denotes
the scalar index, and p output neurons. The k-th output of
the RBF network with the v-th admissible structure can be
represented as

M,
Fro(@®) =) wijulso(@), 4)
j=1

Input Layer Hidden Layer Output Layer

Oy,

fAi,v(x)

S

Fig. 1. Self-organizing radial basis function network.

where wy;, is the weight from the j-th hidden neu-
ron to the k-th output neuron and &;,(x) is the radial
basis function for the j-th hidden neuron. Let W, =
(w10 Wpo] With w;, = [Wite wiMU_,AU]T and
€,(2) = [€1,0(x) - €ur,.0(@)]". Then we have f,(x) =
W /€, (x). We employ the raised-cosine RBF proposed
in [17] instead of the commonly used Gaussian RBF. The
one-dimensional RCRBF is defined as

ax):{%(”ws(@)) it el <5

0 if |x —¢| >4,

where c is the center and ¢ is the radius. The n-dimensional
RCRBF can be represented as the product of n one-
dimensional RCRBFs. Although the Gaussian RBF is com-
monly used for the construction of the radial basis function
network, we prefer the raised-cosine RBF to the Gaussian
RBF because of the compact support associated with the
raised-cosine RBF. As discussed in [15], [17], the compact
support of the RCRBF enables fast and efficient training and
output evaluation of the RBF network.

In the following subsections, we provide a detailed de-
scription of the improved variable-structure RBF network.

A. Center Grid

Recall that the unknown function f(x) is approximated
over a compact set €2, C R™. Without loss of generality, it
is assumed that €2, can be represented as

Q. ={zecR":x;<x<ax,}
={xeR":a; <a; <wys, 1 <i<n},

where the n-dimensional vectors x; and x, denote lower
and upper bounds of x, respectively. To locate the centers of
RBFs inside the approximation region €2,, we utilize an n-
dimensional center grid with layer hierarchy, where each grid
node corresponds to the center of one RBF. The grid nodes
of the center grid are located at Sy x - - - X.S;,, where 5; is the
set of locations of the grid nodes in the ¢-th coordinate and x
denotes the Cartesian product. The center grid is initialized
inside the approximation region Q, with S; = {zy;, Ty, },
i =1,...,n. The 2" grid nodes of the initial grid are referred
to as the boundary grid nodes, and they cannot be removed.
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In each coordinate, additional grid nodes will be added into
and then can be removed from the set S; as the controlled
system evolves in time. However, new grid nodes can only be
placed at the potential locations. The potential grid nodes are
determined coordinate-wise. In each coordinate, the potential
grid nodes of the first layer are the two fixed boundary grid
nodes. The second layer has only one potential grid node in
the middle of the boundary grid nodes. Then the potential
grid nodes of the subsequent layers are in the middle of the
adjacent potential grid nodes of all the previous layers.

B. Adding RBF's

As the controlled system evolves in time, the output
tracking error e, is measured. If the Euclidean norm of e,
exceeds a prespecified threshold ey, ,x, the network attempts
to add new RBFs, that is, add new grid nodes. First, the
nearest neighboring grid node in the center grid, denoted
C(nearest)» 10 the current input x is located among existing
grid nodes. Then the “nearer” neighboring grid node in the
center grid denoted C(pearer) 18 located, where ¢;(nearer) 18
determined such that z; is between ¢;(nearest) a0d Ci(nearer)-
Next, the adding operation is performed for each coordinate
independently. A new grid node is added into S; if the
following conditions are satisfied:

(1) eyl > emax:

(2) the elapsed time since the last operation, adding or

removing, is greater than Ty;

3)

“)

}cz(ncarcst) Ci(nearer) ‘ /4-

— Ci(nearest) > d; i(threshold)>» where dz(thrcshold) is
a desrgn parameter that specifies the minimum grid
distance in the ¢-th coordinate and thus determines the
number of admissible structures denoted by V.

— Ci(nearest)

C. Removing RBFs

When the Euclidean norm of the output tracking error e,
is less than or equal to the prespecified threshold ey, the
network attempts to remove some of the existing RBFs to
prevent network redundancy. The RBF removing operation
is also implemented for each coordinate independently. The
grid node located at ¢;(nearest) 1S removed from S if

(D eyl < emax;

(2) the elapsed time since the last operation, adding or
removing, is greater than Ty;

(3) Ci(nearest) ¢ {:Eliu xui};

(4) the the grid node in the i-th coordinate with its
coordinate equal t0 Cj(nearest) i in the higher than
or in the same layer as the highest layer of the two
neighboring grid nodes in the same coordinate;

(5) |xz — Ci(nearest) <T ‘Ci(nearest) - , for 7 €
(0, 0.5).

Ci(nearer)

D. Uniform Grid Transformation

The determination of the radius of the RBF is much easier
in a uniform grid than in a nonuniform grid because the RBF
is radially symmetric with respect to its center. To simplify
the radius determination, the one-to-one mapping z(x) =
[z1(z1) -+ zn(zn)] ", proposed in [17], is used to transform

the center grid into a uniform grid. Suppose that the RBF
network is now with the v-th admissible structure after the
adding or removing operation and there are M;, distinct
elements in S; ordered as c;(1) < -+ < ¢in;,,)» Where ¢
is the k-th element with ¢i(1) = i and ¢;(pg, ) = Tui- Then
the mapping function z;(x;) : [Ty, ®uwi] — [1, M;,] takes
the following form,

zi(x;) =k + Mu

ciky L x; < ¢ ©)
Ci(k+1) — Ci(k) (k) (k1)

which maps c; (1) into the integer k. Thus, the transformation
z(x) : 2, — R™ maps the center grid into a grid with unit
spacing between adjacent grid nodes such that the radius of
the RBF can be easily chosen. For the raised-cosine RBF,
the radius in every coordinate is selected to be equal to one
unit, that is, the radius will touch but not extend beyond the
neighboring grid nodes in the uniform grid. This particular
choice of the radius guarantees that for any given input x,
the number of nonzero raised-cosine RBFs in the uniform
grid is at most 2.

IV. ADAPTIVE ROBUST CONTROLLER DEVELOPMENT

The proposed adaptive robust controller has the form

u:ua,v+usv

:Go_l( Fol@) +y5 - Ke)+us,v, (6)

where Gy = golI, with go > 0, f,(x) = W) ¢, (x),
K = diaglk, k,] is selected such that A,,; =
A;—b;k; is Hurwitz, and u, ,, is the robustifying component
to be designed later. Note that the controller architecture
varies as the structure of the RBF network changes. A
particular controller architecture is referred to as a mode.
Because there are N admissible network structures, the
proposed controller has N different modes. Let €2., be
a compact set including all possible initial state tracking
errors and let ¢., = maxe () e TP,.e, where P,, =
diag[Pm1 P,,) is the solutlon to the continuous
Lyapunov matrix equation A P, +P, Am = -2Q,, for
Qm = dlag[le e Qmp] Wlth sz - sz > 0. Choose
Ce > Cey and let 2, = {e : TPme < ¢.}. Then we
define Q, = {z : x = e—i—wd,e € Q. ,xq € N, }, over
which the unknown function f(x) is approximated.

To proceed, recall that W, = [w1, --- wp.]. For the
practical implementation, we constrain the weight vectors
w; . to reside in the compact sets

Q;p ={wiv:w <wijo <w;,1<j< M},

where w; and wW;, ¢ = 1,...,p, are design parameters. Let
W, = [wi, - w; ] denote the “optimal” constant weight
matrix corresponding to each admissible network structure,
which are used only in the analytical analysis and defined as

W, =

: - @)

argmin max Hf
wi e, T
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Let &, = W,— W’ =[¢,, -
w?,,and let c = >  ¢;, where

7,0
= Lol o )
Ci = Invax wm’glixenm % i,ww¥Piv |

n > 0 is a design parameter, and max,(-) denotes the
maximization taken over all the admissible structures of the
RBF networks. It is obvious that ¢; decreases as 7 increases.
Let 0 = B' P,,e. We employ the following projection
based weight matrix adaptation law

W, = Proj (W, n€,(z)o "), (8)

¢p,v] with ¢i,v = Wiy —

where Proj(W,,®,) denotes Proj(wjy,0:j,) for i =
1,...,pand j = 1,...,M, and Proj(wij.,0:j.) is the
discontinuous projection operators used in [14]. For the
above projection operator, we have

%trace (@I (Wy - nﬁy(w)UT)) <0. ©)

Furthermore, the adaptation law (8) guarantees that if
wm(to) S ﬂi,v’ then wm(t) S ﬂi,v for t > tg.

Substituting the proposed adaptive robust controller given
by (6) into the state tracking error dynamics (3) gives

e=Ae+ B (f(:v) + G(x)(Ugp + Usp) — ygn) + d)
=Ae+ B (fv(w) + Goug,p — yg")) + BG(x)us,,

+ B (f(2) - (@) + (G(@) - Go) ws,. + d)
=A,e— B@ISU(:B) + BG(x)us,,

+ B (f(@) - W€, @)

+ B (G(xz) — Go) u,,» + Bd. (10)

As can be seen from (10), the robustifying component .,
has to counteract the effects of the approximation error as
well as the bounded disturbance to force the state tracking
error e converge or, at least, be bounded. Let

dy = max (e | £(0) - W1 Te, () )

and d; = maxg q [|G(x) — Go|. We propose a robusti-
fying component u , of the form

_ksw o
— g loll
Usw =9 kv

g v

if lof| = v

11
if [lo]| < v, (n

where
ks,v = df + dg”’u’ll,UH + do

and v > 0 is a design parameter.

Remark: Let the increasing sequence {¢; }5°, be a partition
of the interval [ty, oo) such that v = v; over [t;, tit+1].
During the i-th time interval [t;, t;11], the controller u
given by (6) and (11) has a fixed architecture. Thus, as
discussed in [21], there exists a unique solution x,,, () to (2)
starting at @, (t;) over [t;, t;+1]. On the other hand, we have
imposed the dwelling time requirement on each mode so that
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tiv1—t; > T4. Therefore, we can piece together the solutions
X, (t) over [t;, t;11] to establish the existence of a unique
solution x(t) to (2) starting at x(tg) over [tg, 00), where
Ty, (to) = x(to) and @y, (tit1) = o, (Lit1).

Now we consider the following piecewise continuous
quadratic Lyapunov function candidate whenever the pro-
posed adaptive robust controller (6) is in the v-th mode,

1 1
Vv, = —eTPme + — trace (@I‘Iﬁ,) .

2 2n
This Lyapunov function has jump discontinuities when the
proposed controller switches between different modes. Eval-
vating the time derivative of V,, on the solutions to (10) and

taking into account (9), we obtain

12)

. 1 ,
V, =e' P,é+ —trace (@I‘Iﬁ,)
n
=—-e'Q,et+0'Gx)u,, +o'd
+ o7 (f@) - Wi € (@) + (G@) - Go) i)
1 .
+ —trace (@I‘Iﬁ,) —o'® ¢ (o)
n
< Ain(@u)llel* + ks ollo] + 0T G@)us,. (13)
If ||o|| > v, we have
ksolloll + UTG(-’B)“S,U < ksollo| = kspllofl = 0; (14)
if ||o|] < v, we have

ol  k
busllol + 0T G@)un, < koo = o) V” =Y

(15)
Recall that ks, = df + dg||twa,v| + do. Let ks = df +
dg max, (max ||te,v||) +do, where the inner maximization is
taken over e € Q,, T4 € Q,,, y&n) €Qy, and w;, € Q; .
Combining (14) and (15), we obtain

kS v kS
kaollol + 0" Gla)us, < =v < v (16)
It follows from (7) that
1 - L u
— trace (@v <I>U) =N ol <N ci=c (U7
Taking into account (16) and (17) in (13) gives
) ks
‘/v < _)\min(Qm)”e”2 + ZV
ks
< _2Mm‘/tu + 2/'me+ II/
S _,umvv - /Lm(Vv - 26)5 (18)

where L1, = Amin (Q,,,)/ Amax (Pm) and ¢ = c+ksv/ (8 im).
Let t9,, and t, denote the initial and the final time instant,
respectively, of a continuous time period during which the
controller is in the v-th mode. It follows from (18) that if
Vu(t) > 2¢ for t € [to,, tf,], we have Vv(t) < —pum Vi (t),
which implies that

V(1) < exp(—pum (t = to,0)) Vo (to,0)

for ¢ € [to,u, trw]

19)



Theorem 1: Let tq, t2 and t3 be three consecutive switch-
ing time instants so that v = vy for ¢ € [t1, t2] and v = v9
for ¢ € [ta, t3]. Suppose that V,(t) > 2¢ for ¢ € [t1, ¢3]. If
the dwelling time T}; of the variable-structure RBF network
is selected such that

1 3
Td > —1In <_> )
Hm 2

then ‘/;,2 (fg) < Vvv1 (tl) and sz (t3) < Vvv1 (fz).

Proof: When the controller switches from the v;-th to
the vo-th mode, there exists a jump between V,,,(t2) and
V4, (t2), which is denoted as

A= ‘/;12 (tQ) - VUI (t2)'

(20)

21

We know that e is continuous because x is continuous.
Hence, it follows from (12) and (17) that

_ T
A= o trace (<I>v2 (t2) @y, (tg))

1
_ 2—ntrace <I>;r1 (t2) @y, (tz))

and |A| < ¢. Because V,, (t) > 2¢ for t € [ta, t3], it follows
from (19) and (21) that

Vo (t3) < exp(—pm (ts — t2))Va, (2)

= exp(—pim(t3 — t2)) (Vo, (t2) + A)

< exp(—pm(ts —t2)) (Vo, (t2) +¢) .
Due to the dwelling time requirement on the variable-
structure RBF network, we have t3 — to > T, which
implies that exp(— i, (ts — t2)) < exp(—pmTq). Thus, we
have V,, (t3) < exp(—pumTa) (Vo (t2) + ¢). In order to have
Vi, (t3) < Vi, (t2), it is sufficient to have

exp(—,ude) (‘/;11 (tQ) + C) < ‘/;11 (tQ)'
Solving (22) for T, we obtain

1 Vv(tz)+c)
Ty > —In| —4—22—|.
T fim (Vm(tz)

It is easy to verify that the right-hand side of the above in-
equality is a decreasing function of V,,, (t2) when V,,, (t2) >
2¢. Recall that ¢ > c. It follows that

Vi, (t2) + ¢ 2¢ + 3
Therefore, if we choose Ty to satisfy the condition (20),
then (22) is satisfied, which implies that V,, (t3) < Vi, (t2).
On the other hand, because V;,, (t) > 2¢ for t € [t1, to], it
follows from (19) that V,, (t2) < exp(—pim (t2 —t1)) Vi, (t1),
which implies that

Vi, (t1) = exp(pm (t2 — 1)) Vo, (t2) > exp(pmTa) Ve, (2),

because t5 — t; > Tjy. Note that, for the condition given
by (20), we have V,, (t2) > exp(—pmTa) (Ve (t2) + ).
Then it follows that
Viy (t1) = exp(pmTa) Vo, (t2)
> Vvv1 (tg) +c> Vvv1 (tg) + A= sz (tg).

(22)

Hence, if the dwelling time T} satisfies the condition (20),
then V,,, (t2) < V,, (t1) and Vi, (t3) < V,, (t2). The proof of
the theorem is complete. [ ]

Theorem 2: Consider the system (2) driven by the pro-
posed adaptive robust controller (6) and (11) with the adap-
tation laws (8). Suppose that Ty satisfies (20). If ¢, >
max {ce, + ¢, 2¢+ c}, then e(t) € Q. and x(t) € Q, for
t > to. Moreover, there exists a finite time 77 > tg such
that 1e' (t)Pe(t) < 2¢+ c for t > Ty. If, in addition,
there exists a finite time 75 > ¢y such that v = v, for
t > T, then there exists a finite time 75 > 7§ such that
teT (t)Pe(t) < 2¢ for t > To.

Proof: If Ty satisfies (20), it follows from Theorem 1
that V,,(¢) will visit the interval [0, 2¢| infinitely often.
That is, for any T > tp, there exists a time ¢ > T such
that V,,(t) < 2¢. Let T1 > to be the first time such that
Vo(T1) < 2¢. The trajectory of V,(t) starting at ¢t = T}
will stay inside the interval [0, 2¢] until it jumps outside
when the controller switches the mode. However, the jump
of V,(t) between different modes satisfies that |A| < e
Hence, we have V,(t) < 2¢ + ¢ for t > T;. On the other
hand, we know that V, (¢t9) < ¢, + ¢. Therefore, if ¢, >
max {¢e, + ¢, 2¢ + ¢}, then V,(t) < ¢, for t > ty. Because
teT(t)Ppe(t) < V,(t), we have e’ (t)Ppe(t) < c,
which implies that e(t) € €. and z(t) € Q, for t > t.
Moreover, we have te' (t)P,e(t) < 2¢+ c for t > Ti.

If, in addition, we have v = v, for t > T, then it follows
from (18) that V,, < — gt Vi, — pim (Ve — 2€) for t > Ty,
Thus, there exists a finite time 75 > T such that V,,, < 2¢,
which implies that 2e' (t)P.e(t) < 2¢, for t > Tj. The
proof of the theorem is complete. [ ]

V. EXAMPLE

We illustrate the effectiveness of the proposed variable-
structure RCRBF network based adaptive robust controller
with a planar articulated two-link manipulator, whose model
is given in [22, p. 394]. Recall that ¢; and g2 denote the
angular positions of joint 1 and 2, respectively, and 7, and 7
denote the applied torques. We assume that there exist input
disturbances 7; and 7y associated with the applied torques
71 and Ty, respectively. The dynamics of this two-link rigid
robot are described by

{Hll Hl?}{dl]
Hy Hao Go
" [—hfiz _h(41+42)}{(h]_[ﬁ+nl}
hq 0 qo To+m2 |’

where H11 =a1+ 2@3 COS((]Q) + 2@4 sin(qg), H12 = H21 =
as+asz cos(ga) +aq sin(qz), Haa = as and h = ag sin(g) —
ag cos(qz) with a; = I + mal?) + L. + mel?, + mel?, ag =
I, +mel?,, a3 = melilee cos(de) and ay = melylee sin(de).
The same plant model was also used in [9], [11] to test
the proposed controllers there but without input disturbances,
that is, 7 = 0. In our simulation, we use the same numerical

values as in [9], [11], [22, p. 396], that is,

m; =10 me=20 =012 I.=0.25
lcl = 05 lce = 06 ll =1 55 = 7T/6
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Fig. 2. Tracking errors e and es.
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Fig. 3. Variation of the number of grid nodes.

We select the input disturbances 7; and 7y to be the band-
limited white noise signals. The manipulator is initially at
rest, that is, g1 = q2 =0 and ¢; = ¢2 = 0.

We consider the same reference signals as in [11], which
are defined as

qa1(t) = %cos(%’t) and gg2(t) = gcos(%’t).

Thus, we choose the grid boundaries for q1, ¢1, g2 and ¢o
to be [-1.0 1.0], [-4.0 4.0], [-1.0 1.0] and [-5.5 5.5],
respectively. For the controller, we choose k1 = [1 2],
ko =44, Q, = Qy =051, df =dy =d, =5,
v = 0.025, g = 0.1 and Gy = 2I,. The rest of the
design parameters of the variable-structure RCRBF network
are selected as emax = 0.005, dihreshola = [0.2 0.3 0.2 0.3],
W) =Wy = —25, wW; =W =25, 7 =>500and Ty = 1.5. In
Fig. 2 and Fig. 3, we show the performance of the proposed
adaptive robust controller.

VI. CONCLUSIONS

A novel adaptive robust controller has been proposed for
the output tracking control of a class of MIMO uncertain
systems, where a variable-structure RBF network is used to
approximate unknown system dynamics. The RBF network
can grow or shrink on-line dynamically according to the
tracking performance. The raised-cosine RBF was employed
in order to guarantee the overall computational efficiency. To

account for the effects of the structure variation of the RBF
network in the stability analysis of the closed-loop system,
the piecewise continuous Lyapunov function for switched
and hybrid systems was used. Simulation results confirm the
effectiveness of the proposed adaptive robust controller.
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