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Performance Analysis of Split and Merge Production Systems

Yang Liu and Jingshan Li

Abstract— Production split and merge are widely used in
many manufacturing systems to increase production capacity
and variety, improve product quality, and carry out scheduling
and control activities. In this paper, we present analytical
methods to analyze such systems with exponential machine
reliability models, operating under circulate, strictly circulate,
priority and percentage split/merge policies.

I. INTRODUCTION

Performance analysis of production systems has received
tremendous amount of research focus in last five decades
(see reviews [1], [2] and monographs [3]-[5]). In modern
manufacturing systems, to improve productivity, quality and
flexibility, split and merge structures are often used to
increase production capacity, improve product quality, and
carry out scheduling and control policies. In addition, routing
policies at the split or merge stations play an important
role in such systems since they directly control the parts
flow. Therefore, to design and manage such systems more
efficiently, modeling and analysis of split and merge systems
with different production control policies are of significant
importance.

In practice, two types of split or merge are encountered.
One is known as assembly merge (or disassembly split). In
this case, the assembly machine needs to take parts from
all its upstream buffers and assemble them into a single
product (respectively, disassemble a single part into many
ones to all downstream buffers). Another type is referred to
as production merge (or production split), where the merge
station will only take one part from one of its upstream
buffers each time (or send one part to one of its downstream
buffers). In this paper, the latter case is considered. Specifi-
cally, we consider split and merge systems with exponential
reliability machines. Four frequently used split and merge
policies are addressed: circulate, strictly circulate, priority
and percentage. In circulate policy, the split machine sends
the part to downstream branches in circulation when it is not
blocked by any branch. However, if a branch blocks the split
machine, it will be ignored and part will flow to subsequent
branch. Similar scenario occurs in merge operations, where
the merge station takes part from all upstream branches
circularly if it is not starved, and the empty buffer branch
will be ignored. In strictly circulate policy, routing is similar
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to circulate policy except that blocked or starved branches
cannot be ignored, parts need to wait until the branch is
available. In priority policy, parts will be dispatched to the
branch with higher priority unless it is blocked. Only when
the split machine is blocked by the higher priority branch, it
will send parts to the lower priority one. Similarly, the merge
machine always takes parts from higher priority upstream
branch if it is available. In percentage policy, parts are
dispatched to downstream branches or loaded from upstream
one following a given percentage.

In recent years, several performance analysis methods
have been developed to study split and merge systems. For
example, paper [6] introduces a geometric machine reliability
model for a transfer line with split operations based on per-
centage routing policy. Merge systems with a shared buffer
are discussed in [7] and [8]. Priority merge policy is assumed
in these papers when the shared buffer is transit to full state.
Multiple product systems have been studied in [9], where
different products are processed separately at the dedicated
machines or buffers. Another direction of study focuses on
rework loops ([10], [11]). In such systems, repaired parts are
typically assumed to have higher priority at merge station
to avoid deadlock. Parallel systems are investigated in [12]
where parallel lanes are split from a common buffer and
then merge into another shared buffer. Paper [13] presents
a general method to model complex production systems,
referred to as overlapping decomposition.

In spite of these, the production split and merge systems
with different policies have not been studied thoroughly.
In particular, the systems under different split and merge
policies need to be analyzed in details. Such a study can
enable us to understand the impact of different policies and
provide guidance to control the part flow in operations. A
preliminary study on Bernoulli split and merge systems with
several routing policies has been carried out in [14]. This
paper is intended to extend this work to more general cases,
exponential machine reliability models with more routing
policies. The main contribution of this paper is in develop-
ment of analytical models to study split and merge systems
with different routing policies. Recursive procedures are
proposed to analyze system performance. The convergence of
the procedures and uniqueness of the solutions are justified,
and accuracy are validated with acceptable precision.

The remaining of the paper is structured as follows: the
problem to be addressed is formulated in Section II. The
modeling and analysis methods for split and merge systems
with different routing policies are introduced in Section III.
Conclusions are given in Section IV. Due to space limitation,
all proofs are omitted and can be found in [15].

2190



II. SYSTEM DESCRIPTION AND PROBLEM
FORMULATION

In this paper, we consider a typical four-machine split
(or merge) system, whose layout is shown in Figure 1(a)
(respectively, Figure 1(b)). Here the circles represent the
machines and the rectangles are the buffers. The following
assumptions address the machines, the buffers, and their
interactions.

N, oy Ky

c,y }\.zuz N,
(a) Split system
Fig. 1.

(b) Merge system

Split and merge systems

1) Each machine m;, i =1,...,4, has two states: up and
down. When it is up, it is capable of processing parts
with capacity ¢; parts/unit of time. When the machine
is down, no production takes place.

2) The up- and downtimes of machine m; are random
variables exponentially distributed with parameters A;
and p;, respectively. In other words, A; and y; are
failure and repair rates, respectively.

3) Each buffer by, k= 1,2,3, has capacity Ni, 0 < Nj < oo.

4) A machine is blocked at time ¢ if it is up, its down-
stream buffer is full, and downstream machine fails to
take any work from the buffer at time 7. Machines m3
and m4 are never blocked in a split system, while my
is never blocked in a merge system.

5) A machine is starved at time ¢ if it is up, its upstream
buffer is empty, and upstream machine fails to put
any work into the buffer at time 7. In a split system,
machine m; is never starved, and in a merge system,
machines m; and m, are never starved.

6) Machine m; in split system (or m3 in merge system)
will send part to downstream buffers b, and b3 (re-
spectively, take material from upstream buffers b; and
b,) based on the following policies:

e Priority policy. Buffer b, has higher priority, i.e.,
my will keep sending parts to b, whenever it has
space (respectively, buffer by has higher priority,
and mj takes part from b if it has available parts).
my sends parts to b3 only when it is blocked by b,
(respectively, m3 takes parts from b, only when it
is starved by bp).

o Circulate policy. Machine m, will send part to
buffers b, and b3 circularly if it is not blocked by
both buffers (respectively, m3 takes part from b,
and b, circularly when it is not starved by both). If
it is blocked by one buffer, m, will send the part
to another buffer (respectively, m3 will take part
from another buffer if it is starved by one).

o Strictly circulate policy. Machine m; will send part
to buffers b, and b3 (respectively, ms3 takes part

from b; and b,) circularly. If it is blocked by one
buffer, m, will wait until the buffer is available
(respectively, m3 will wait until the buffer has
available part if it is starved).

o Percentage policy (split only). Machine my will
send a part to buffers b; and b, based on pre-
designed percentage, - 100% to by and (1—a)-
100% to b.

Let TP be the throughput of the split (or merge) system,
i.e., the average number of parts produced by the last
machines m3 and m4 (respectively, m4 in merge case) per unit
of time. The problem addressed in this paper is as follows:
Given production system 1)-6), develop a method to evaluate
the system throughput as a function of the system parameters.

III. PERFORMANCE ANALYSIS
A. Overlapping Decomposition

Since the split (or merge) machine has to allocate its
capacity to different downstream (respectively, upstream)
branches and all machines and buffers in the system interfere
with each other and impact such allocation, the exact anal-
ysis seems impossible. Therefore, approximation method is
pursued here. The idea of the approximation is based on
overlapping decomposition ([13]), and is illustrated below
(Figure 2(a) for split system and (b) for merge system):

(b) Merge system

(a) Split system
Fig. 2.

Overlapping decomposition of split and merge systems

Consider the split system illustrated in Figure 2(a), decom-
pose the system into three overlapped serial lines, where m;
is the overlapping machine. Specifically, modify machine m,
as m to take into account the effects that my is blocked by
b, and b3, we obtain the first overlapped serial line, denoted
as Line 1 (m;, b; and m’z). Then the probability that m;
is starved by b; can be calculated using a two-machine
throughput analysis formula ([S]). Using this probability,
consider machine m; with capacity allocated to buffer b, and
m3 only, modify m; to include this starvation and capacity
allocation, we obtain m} and the second overlapped serial
line, referred to as Line 2 (m’z’, by and mj3). Again, the
probability that m, is blocked by b, can be calculated.
Analogously, taking into account the starvation probability
from b; and the capacity allocated only to b3 and m4, we
modify my to m4’ and obtain Line 3 (m3’, b3 and my). The
probability that m, is blocked by b3 can be computed. Next,
using these blockage probabilities, we carry out the analysis
for Line 1 again, and the procedure is repeated anew. When
the procedure is convergent, the production rates of Lines
1-3 are obtained.
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For the merge system in Figure 2(b), a similar idea can be
applied but with m3 as the overlapping machine. Here Line
1 consists of m;, by and a modified machine mg, which takes
into account the effect of blockage of buffer b3 and capacity
allocation to branch b and m; only. Line 2 is composed of
my, by and pseudo machine m}, which considers the blockage
of b3 and capacity allocated to b, and m;. Finally, including
starvation probabilities from b; and b,, we modify m3 into
mj and obtain Line 3 (m}', b3, and m4). The recursive
procedure is again introduced to update the blockage and
starvation probabilities of machine m3 until it is convergent.

B. Operator TP

To implement the approximation procedure introduced
above, an operator TP to calculate the throughput of two-
machine line is needed. We denote such an operator as
TP(ci, A1, 1,¢2,A, U, Np). Then the line throughput can be
calculated as (see [5] for details).

e 1<

TP — czeerk‘N‘ +clelBek2N‘ +c161Ce*k2N1 )
o AekiNi+Bef2M1 +C e oM ’

where
e = M‘J‘r"m?i:m
1 2
k= 26‘102(#1+H2)(Cl*CZ)[MICI(MI—FMZ—FAZ)
—crea[(pr + p2)* + (1 Az + 2 Ay )
(4 112) (M +A2)] + pac3 (11 + 2 + A1),
K = (ciiy +c2u2)R 7
2crea(p +p2)(c2 —c1)
A = mR+mRler(m + 2+ ) @)
—ca (1 +p2 + A1),
B = mAecf(cr —c2)(ur — o) — (c2A1 +c1A2) —R],
R = {ler(t+p2+2A2) — oty + po +2A1)]?
+ereod 32,
ea(ca—crer)A+ciei (1 —e2)B
Cc =
crei(ex—1)
[} C‘lZC‘Z
TP = caer[l —Q(Ar, 11,22, 42, Ny)]
= cre[l—0(A, fo, Ay, 1, N1 )], 3
where

O(A1, 11,42, 12, Ny)

(1-e)(1-9) e A A
17(;>e’ﬁNl ’ if ,u_: 7& /J_Z’
= Ay (A +20) (1 +112) )
(M)A +22) () F A (A -+ 41+ )N |
if A=A
12 27
o Hi
€ - lj“r,Ll.i? 1_1727
er(l—e)
= L—"2 5
¢ er(l—er) ©
B - (A + 2+ + 1) (Ao — Aoy
(A1 +22) (1 + p2)

e ] > . By reversibility.

Using this operator, recursive procedures are developed
to analyze split and merge systems with different routing
policies. The specific policy will be taken into account when
modifications of my in split system or m3 in merge system
are carried out. Below, details of these modifications are
introduced.

C. Priority Policy

1) Recursive procedures:

a) Split system: Consider the split system in Figure
2(a). The modification of my for priority policy is carried
out as follows: Assume buffer b, has higher priority than
bz. Then, in Line 2, m; is always available to b, when it is
not starved, thus c¢; is multiplied by the probability that b, is
not empty. However, m, is available to b3 only when it is not
starved by by, but blocked by b,. Therefore, ¢, is modified
by these two probabilities. Then the recursive procedure is
introduced as:

Procedure 1:

Line 1
C/2 (S + 1) = CZ (l - X2Nz (S)X3N3 (S))y
TPypi(s+1) = TP(ci, A, ly,¢h(s+1),4,12,Np), (6)
. TPy, 1(s+1)
Xip(s+1) = 1---5p0 17/
10(s+1) s+ ey
Line 2
A1) = e(1—X(s+1)),
TPs,o(s+1) = TP(ch(s+1),A,12,03,A3,113,N2),  (7)
. TPy po(s+1)
Xon. (s 41 = LY ok S
Line 3
H(s+1) = caXon, (s+1)(1—Xip(s+1)),
TPyps(s+1) = TP((s+1), A0, 1, ca, A4, 14,N3), (8)
. TPy ,3(s+1)
Xan,(s+1) = 1——2=2 2
3N3(5+ ) C/z//(s+1)62 s
s = 0,1,2,...,
Xon,(0) = X3n5,(0) =0,

where Xjo(s), )?ZNz (s), )?31\;3 (s) denote the estimates of the
probabilities that b is empty, b, and b3 are full at iteration
s, respectively, and TPy, ;(s) is the throughput of line i in
split system with priority policy at the s-th iteration. Similar
notations are used in subsequent procedures.
b) Merge system: Assuming buffer by has higher pri-
ority than b,. Analogously to Procedure 1, we have
Procedure 2:
Line 1
G+l =
TPypi(s+1) =

c3(1—Xa, (5)),
TP(c1, A1, M1, ¢5(s+1), 43, 43,N1),  (9)
1— ﬁm,p,l(s+ 1)

Xio(s+1) =
o(s+1) ch(s+1)es
Line 2
c/3/(s+1) = aXio(s+ 1)1 =Xz, (s)),
TPm,[),Z(s+l) = TP(CZ7A'27,U'27C€S/(S+1)7}1’37“’371\,2)7 (10)
o~ ﬁm ,,_2(S+ 1)
Xo(s+1) = 1——7"——=
20 ) AG(s+1)e3
Line 3
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03(1 7)?10(5‘4‘ 1))?20(S+ 1)),

TPups3(s+1) = TP(cY (s+1),43,13,¢4, A4, e, N3), (11)
. TPy p3(s+1)
Xy (s+1) = 1—-—mr2 T/
s ) c’3"(s+ l)es
s = 01,2,
Xan,(0) = 0

2) Convergence: Let ﬁ&p,i’ 7/"7’,,,,,,7,3 i=1,2,3, denote
the throughputs obtained for Line i if Procedures 1 and 2
are convergent, respectively. It is shown below that these
procedures lead to convergent results.

Theorem 1: Under assumptions 1)-6), Procedures 1 and
2 are convergent, therefore, the following limits exist:
lim TP i(5) = TPs,p i, im TPy pi(s) = TPy pi, i=1,2,3. (12)

§—r0

In addition, the steady state equations of Procedures 1 and

2 have unique solutions.
Therefore, we obtain the estimates of the throughput,
TP, and TP, ,, for split and merge systems with priority
policy, respectively, where
TPsp=TPsp2+TP;sp3,

TPyp=TPpys  (13)

3) Accuracy: The accuracy of the estimation is investi-
gated numerically. Specifically, we randomly and equiproba-
bly select machine and buffer parameters from the following
sets, and construct 60 split and 60 merge systems by revers-
ing the lines.

i

0.75,0.95],i = 1,...,4, where ¢; =

Td()wn,i 2, IOLi =1,...,4, where Hi = I/Tdown.,iv

[
S
¢i € [1,1.2],i=1,2 for split,i = 3,4 for merge, (14)
S
[

Ci

0.6,0.8],i = 3,4 for split,i = 1,2 for merge,

Ny € [13]-Tyounini=1,...,4.

Both analytical method using Procedures 1 and 2 and
simulation approach using Simul8 ([16]) are pursued to
evaluate the throughput of each line. 10,000 time units of
warmup period are assumed, and the next 100,000 units
are used to collect steady state statistics. 20 replications
are carried out to obtain the average production rate, with
95% confidence intervals typically ranging around £0.001.
The differences between analytical and simulation results are
evaluated as

ﬁs,p

—TP,
20S5p TSP 100%,
Thsp

TPip—TPup

-100%, (15)
TP

E&p= Em,p =

where TPy, and TPR, , are throughputs obtained by
simulation for priority policy in split and merge systems,
respectively (similar notations are used for subsequent pro-
cedures as well).

The results of this investigation are illustrated in Figure
3 for Procedures 1 and 2. It is shown that in most cases
we studied, the error is within 3-5%, with a few exceptions
up to 9%. Therefore, Procedures 1 and 2 provide a relative
accurate approximation for system throughputs.
D. Circulate Policy

a) Split system: The rationale behind the modification

of my is that, in Line 1, my is available to b; if it is not

blocked by b, and b3. In Line 2, when m; is not starved, it
is available to by 50% of time if b3 is not full, and 100%

T?ij TL 2, ﬁwL’ Tj @TvL I

T

T?ij s WM? Tj L

L &

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Case Number Case Number

(a) Split system
Fig. 3.

(b) Merge system

Accuracy of Procedures 1 and 2

of time otherwise. Similar argument applies to Line 3. Thus,
the recursive procedure is introduced as follows:
Procedure 3:

Line 1
Als+1) = ca(1—Xan, (5)Xan, (),
TPyci(s+1) = TP(cr, A p1,ch(s+1),22,,N1),  (16)
Xio(s+1) = 1—7T2Sé;’ir(i;zl)7
Line 2
H(s+1) = 0.5c(1+X3y,(s))(1—Xio(s+1)),
TPoca(s+1) = TP(cH(s+1), 22, .03 43,13, N2),  (17)
e =y
Line 3
A(s+1) = 0.5e(1+Xon, (s+1)(1—Xio(s+1)),
TPyca(s+1) = TP(h(s+1), A, ph2,c4, A4, 114,N3), (18)
)?3N3(s+1) = 1—7TCZ‘,Y"&3+(SI—):)7
s = 0,1,2,...,
Xon,(0) = Xay,(0) =0.

b) Merge system: Similar procedure is developed.
Procedure 4:

Line 1
Als+1) = 0.5c3(1+X0(s))(1— Xz, (s)),
TPpuci(s+1) = TP(ci, A, p,¢5(s+1),23,13,N1), (19)
- TPppi(s+1)
Xio(s+1) = 1——mpl 7
o(s+1) s+ 1)es
Line 2
c/3/(s+1) = 0.5c3(14+X10(s+1))(1 —Xan, (5)),
TPyucea(s+1) = TP(cy, Ay o, c5(s+1),43,1u3,N5), (20)
- TPy po(s+1)
Xo(s+1) = 1——2— 2
20(s+1) A(s+ e
Line 3

c3(1=Xio(s+1)Xap(s+ 1)),
TP(c5 (s+1), A3, 43, ¢4, A4, g, N3), (21)

Hs+1) =
ﬁm,c.ﬁ (S + 1) =

- TPpps(s+1)
Koy (s+1) = 1=l
3N3(s+ ) 6/3//(5,_~_1)e3
s = 0,1,2,...,

X0(0) = 0, Xz (0)=1.

Theorem 2: Under assumptions 1)-6), Procedures 3 and
4 are convergent, therefore, the following limits exist:

lim TPq ¢ i(s) = TPg iy im TPy e i(s) = TPy, i=1,2,3. (22)
§—o0 §—>00
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In addition, the steady state equations of Procedures 3 and
4 have unique solutions.
Therefore, throughput estimates, TPy ., TP,y . for split and

merge systems with circulate policy, respectively, can be
calculated:

TPS.,C = TPs,c,Z + TPs.,c,Sv TPm.,c = TPm,c-,3~ (23)

Again the accuracy of estimates (23) is investigated nu-
merically. Same split and merge systems as in Subsection
III-C are used for accuracy analysis. The differences between
analytical and simulation results are introduced as

TPs.—TPs,

TPpe—TPpe
2£.100%, Epe = — T

m,c
&= ~-100%. (24
S,C TPm,C o. (24)

’ TP,
As one can see that in most cases we studied, the errors
are less than 2%, with a few cases up to 8%. Therefore,
Procedures 1 and 2 again provide relative precise estimates.

Es,c(%)
n
Em,c(%)
n

oll TVT& 3 T T?Tj % j@ LT 1 O?JVL 3 T ?‘?Tj ) j@ LT iy

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Case Number Case Number

(a) Split system (b) Merge system

Fig. 4. Accuracy of Procedures 3 and 4

E. Percentage Policy

Percentage policy has been studied in the literature. How-
ever, it is less popular due to implementation difficulty. In
addition, since percentage merge is less encountered, only
the percentage split policy is discussed in this work. A
percentage policy implies that in a split system (Figure 1)(a),
the parts flow into different downstream branches based on
given percentage. However, due to possible blockages, the
split station may need to wait until the downstream buffer
has available space. Therefore, the final percentage of parts
flow into different branches may not be the same as the
capacity allocation on the split machine. To ensure that the
final products consisting of parts 100- a% produced by m3
and 100- (1 — )% by my4, which agrees with the expectation
of percentage policy, a new percentage of capacity allocation
needs to be determined. Assume that 8- 100% of parts are
intended to be sent to buffer by and (1 —f8)-100% to b3
by machine mj. Then after possible blockages, the actual
probability sending parts to b, and b3 will be @ and 1 — ¢,
respectively. Therefore, we need

B = a(l—BXoy, — (1—B)Xsn,),
which leads to
1+Xon, 00 — X3y, 0

Thus, the recursive procedure for percentage split is intro-
duced as follows:

Procedure 5:
(1= Xsw, (s))

S 1 = = —~ )
B( + ) 1+X2N2(S)OC—X3N3(S)(X
Line 1
Als+1) = c(1—B(s+1)Xan, (s) —

(1= B(s+1))Xan, (),
TP(ct, M, 65 (s +1), A2, 2, N1), (26)
_ ﬁs,%,l(s+ 1)

o~

TPygi(s+1) =

Xio(s+1) = s+ 1)es
Line 2
Als+1) = Bls+Dea(l=Xip(s+1)),
TPygop(s+1) = TP(ch(s+1),20,M2,¢3,43,43,N2), (27)
~ ﬁs.%.Z(s+ 1)
Xon,(s+1) = 1-——2o2r 2
v, (s+1) s+ 1)es
Line 3
H(s+1) = (1=B(s+1))ea(1=Xip(s+1)),
TPoqs(s+1) = TP(ch (s+1),A2, 2, c4,Aq, s, N3), (28)
~ . ﬁs,%,3(s+1)
X G+D = = e,
s = 0,1,2,...,
XZNz (0) = X3N3 (0) =0.

However, unlike the priority and circulate cases, the ana-
Iytical proof of the convergence of Procedure 5 is not avail-
able now. Therefore, we justify the convergence numerically.
It turns out that in all the examples we tested, the procedure

converges. Therefore, we formulate it as a numerical fact.
Numerical Fact 1: Under assumptions i)-vi), Procedure
5 is convergent and the following limits exist:

lim 7P (s) = TPyq, i=12.3. (29)

5>
Then, under this Numerical Fact, the steady state equa-
tions of Procedure 5 have unique solutions. The estimate
of throughput for the split system with percentage policy,

TP; 4, in steady state is obtained.

TPy = TPsg)1=TPs92+TPs%3. (30)

Similarly, the accuracy is defined as

TPyq—TPq
TPA‘,%

By selecting o as 10%, 30% and 50%, numerical experi-
ments are carried out to investigate the accuracy of Procedure
5. Sixty lines defined in previous subsections are used for
tests. The results are shown in Figure 5. As before, most
cases result in errors less than 5%, but there exist a few
cases where errors go up to 15%. Considering that the data
collected on the factory floor may be subject to 5-10% error,
in general, Procedure 5 presents an acceptable accuracy.

&a = -100%. 31)

€0, (%)

3

50 - 0

0 E

20 30 40
Case Number

(a) o0 =50%

(a) a=30%

Accuracy of Procedure 5

Case Number
() a = 10%
Fig. 5.
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FE. Strictly Circulate Policy

c) Split system: The strict circulate policy indicates that
the split machine sends parts to downstream branches in
circular mode without ignoring the blocked branches, which
implies the machine waits until the downstream buffer is
available. Such policy is similar to a percentage policy in
the sense that & = 0.5. Although in percentage policy, one
may have the possibility that two consecutive parts will be
sent to the same branch, while in strict circulate policy, it
will never happen, the final results of parts flow distribution
will be identical. Therefore, we use the same procedure to
estimate the throughput of split system by assuming o = 0.5,
and denote ﬁs,sc,,’(s) as the throughput of Line i with strictly

circulate policy at iteration i.

d) Merge system: Although percentage policy is sel-
dom used for production merge, strictly circulate policy is
popular in many merge systems. For example, if a desired
production sequence needs to be followed, strictly circulate
policy can be adopted. Similar to split system, a new allo-
cation of capacity (rather than 0.5) needs to be computed in
order to ensure the strictly circulation.

Procedure 6:

0.5(1—Xa9(s))

ﬁ(s+ l) - 1 +0.5)/(\10 (S) - 0.5)/(\20 (S‘) ’
Line 1
As+1) = B(s+1)es(1—Xan, (s+1)),

o~

TPm.,XC,l(S—i_l) = TP(CI7A’17,U'17Cg(s+1)7}1’37“371\]1)7 (32)

o~

S TPy s 1(S+ 1)
Xio(s+1 = 1-—— -
(s +1) ch(s+1)e3
Line 2
Gs+1) = (1=B(s+1)a3(1—Xap,(s+1)),
TPm,C,Z(SJ’_ 1) = TP(627A’27:U'27C§5,(S+ 1)71‘37“371\,2)7 (33)
S ﬁm.xc 2(S+ 1)
Xoo(s+1 = 1-— -
20(s+1) s+ 1)e3
Line 3
Hs+1) = 3(1=B(s+1DXio(s)
—(1=B(s+1))X20(s)),
TPusc3(s+1) = TP([c5 (s+1),43,13,¢4, A4, Ha, N3),(34)
o o ﬁm,xc,S(s'i' 1)
Xy (s+1) = 1- W
s = 0,1,2,...,
Xl()(()) Xz()(()) =0.

Again the convergence of Procedures 5 and 6 are justified
through Numerical Fact 1 and the uniqueness of the solution
follows immediately. Then

lim ﬁs.sc,i(s) = ﬁs,sc.h lim ﬁm,sc.i(s) = ﬁm,sc.ivi =1,2,3.
§—00 ? 7 §—00 ! ’
(33)
The estimates of system throughput will be

ﬁx,sc = ﬁs,xc,Z + ﬁs,xc,% ﬁm,xc = ﬁm,sc,l + ﬁm,xc,Z- (36)

Define the accuracy of the estimates

TPs,sc' - TPs,sc'
TPX,SC

TPm,sc - TPm,sc

-100%,
TPm,sc

-100%.
(37

& sc = Em,sc =

The same 60 lines are used for accuracy justification. Figure
6 illustrates the results. Again in most cases, the accuracy is
within 4%, with a few exceptions up to 15%. Therefore, we
conclude that both procedures can be used for performance
estimation of split and merge system with strict circulate
policies.

10 10
% ga, 5
. s %j ﬂ HQT < s %j W HQT I TTTW?TWWWL?T?
[ A [
S — | S — |

Case Number

(b) Merge system

Case Number
(a) Split system

Fig. 6. Accuracy of Procedures 5 (& =0.5) and 6

IV. CONCLUSIONS

This paper presents analytical methods to approximate
the throughput of split and merge systems with exponential
reliability machines. Priority, circulate, strictly circulate and
percentage policies are discussed. It is shown that these
methods provide acceptable accuracy (in most cases less than
5%) for throughput estimation.

REFERENCES

[1] Y. Dallery and S.B. Gershwin, “Manufacturing Flow Line Systems: A
Review of Models and Analytical Results,” Queuing Sys., vol. 12, pp.
3-94, 1992.

[2] J. Li, D.E. Blumenfeld, N. Huang and J.M. Alden, “Throughput
Analysis in Production Systems: Recent Advances and Future Topics,”
to appear in Int. J. of Prod. Res., 2008.

[3] J.A. Buzacott and J.G. Shantikumar, Stochastic Models of Manufac-
turing Systems, Prentice Hall, 1993.

[4] S.B. Gershwin, Manufacturing Systems Engineering, PTR Prentice
Hall, 1994.

[5] J. Li and S.M. Meerkov, Production Systems Engineering, Preliminary
Edition, Third Printing, WingSpan Press, 2008.

[6] S. Helber, “Approximate Analysis of Unreliable Transfer Lines with
Splits in the Flow of Material”, Annals of Oper. Res., vol. 93, pp.
217-243, 2000.

[7] B. Tan, “A Three-Station Merge System with Unreliable Stations and
a Shared Buffer”, Math. & Comp. Mod., vol. 33, pp. 1011-1026, 2001.

[8] A.C. Diamantidis and C.T. Papadopoulos, “Markovian Analysis of
a Discrete Material Manufacturing System with Merge Operations,
Operation-Dependent and Idleness Failures”, Comp. & Ind. Eng., vol.
50, pp. 466-487, 2006.

[9] J. Li and N. Huang, “Modeling and Analysis of a Multiple Product
Manufacturing System with Split and Merge,” Int. J. of Prod. Res.,
vol. 43, pp. 4049-4066, 2005.

[10] J. Li, “Performance Analysis of Production Systems with Rework
Loops,” IIE Trans., vol. 36, pp. 755-765, 2004.

[11] J. Li, “Throughput Analysis in Automotive Paint Shops: A Case
Study,” IEEE Trans. on Autom. Sci. and Eng., vol. 1, pp. 90-98, 2004.

[12] J.Li, “Modeling and Analysis of Manufacturing Systems with Parallel
Lines”, IEEE Trans. on Autom. Ctrl., vol. 49, pp. 1824-1829, 2004.

[13] J. Li, “Overlapping Decomposition: A System-Theoretic Method for
Modeling and Analysis of Complex Production Systems,” IEEE Trans.
on Autom. Sci. and Eng., vol. 2, pp. 40-53, 2005.

[14] Y. Liu and J. Li, “Modeling and Analysis of Split and Merge Systems
with Bernoulli Reliability Machines,” to appear in Int J. of Prod. Res.,
2008.

[15] Y. Liu and J. Li, “Production Split and Merge Systems: Performance
Analysis, Policy Comparison and Structural Properties,” Report PSSL-
08-03, Dept. of ECE, Univ. of Kentucky, Lexington, KY, 2008.

[16] J.W. Haige and K.N. Paige, Learning Simul8: the Complete Guide,
Plain Vu, 2001.

2195



