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Output regulation for a class of nonlinear systems using the observer
based output feedback control

Dabo Xu and Jie Huang

Abstract—1In this paper we study the global robust output
regulation problem for a class of nonlinear systems by output
feedback control. The class of systems possesses nonlinear zero-
dynamics and, is thus considerably larger than systems studied
in the existing literature. As an illustration of our approach,
we have applied our approach to the global robust asymptotic
tracking problem of the hyperchaotic Lorenz system.

Index Terms—adaptive control, output regulation, nonlinear
systems.

I. INTRODUCTION

In this paper, we consider the global robust output regu-
lation problem for the following class of uncertain nonlinear
systems

2 = flzy,v,w)
& = Tip1+gi(z,y,v,w), i=1,---,r—1
Tr = boot+ gr(z,y,v,w)
y = 1
e = x1—q(v,w) (1)

where (z,2) € R" x R" with » > 2 is the state, u € R
is the input, y € R is the output, e represents the tracking
error, w € W C R™ is an uncertain parameter vector with
W an arbitrarily prescribed subset of R™, and v(t) € R™
is an exogenous signal representing both reference input and
disturbance. It is assumed that v(t) is generated by a linear
system of the following form

0= A, v(0) =1 2)

where all the eigenvalues of matrix A; are simple with zero
real part. All functions in (1) are supposed to be globally
defined, sufficiently smooth, and satisfy f(0,0,0,w) = 0,
9i(0,0,0,w) = 0, and ¢(0,w) = O for all w € R™. The
quantity b, is called high frequency gain and is assumed to
be a nonzero constant with an unknown sign.

The precise statement of our problem is given as follows.

Problem 1.1: Design a dynamic output feedback control
law of the form

U = Uy (C7 6)7 C =9k (C’ 6) (3)

where ¢ € R"¢ for some integer n¢ > 0, and u,. and g, are
globally defined sufficiently smooth functions vanishing at
the origin, such that, for all initial conditions, and all w € W,
the trajectory of the closed-loop system composed of (1) to
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(3) exists and is bounded over [0, 4+00), and the error output
e(t) asymptotically approaches zero as t — +o00. |

When the exogenous signal v(t) is not present in system
(1), or what is the same, the dimension of v is zero, system
(1) is the same as the so-called output feedback system.
The global robust stabilization problem for such systems
has been studied in [6], [8]. For this reason we will also
call (1) as output feedback system. It is known that the
robust output regulation problem is typically handled by
the internal model approach [1], [4]. The internal model
approach consists of two steps. In the first step, an appropri-
ate dynamic compensator called internal model is designed.
Attachment of the internal model to the given plant leads to
an augmented system. The internal model has the property
that the stabilization solution of the augmented system will
lead to the output regulation solution of the given plant
and the exosystem. Thus, the second step is to globally
stabilize the augmented system. It is noted that, due to the
attachment of the internal model, the augmented system may
be more complicated than the original system. Therefore, the
stabilization problem of the augmented system can also be
more challenging than that of the original system with v set
to zero.

A subclass of (1) is given as follows

z = H(w)z+ go(y,w)
i = T+ gi(y,w), i=1,--,r—1
& = oot + Qw)z + g, (y,w)

y = 11 “4)

where H(w) and Q(w) are matrices of appropriate dimen-
sions, and H(w) is Hurwitz for each constant uncertainty
w [11]. A disturbance rejection problem for system (4) has
been studied in [2] which can be viewed as a special case of
the output regulation. A special feature of (4) is that its zero
dynamics Z = H(w)z is a linear stable system. This special
feature lends itself to an effective approach to designing
an output feedback control law without employing some
type of observer. In contrast, system (1) does not possess
this feature and hence the approach in [2] is not applicable
here. Therefore, we need to employ a different technique to
tackle our problem which involves the use of some observer.
Another feature of our problem is that we will not assume
the knowledge of the sign of the high frequency gain b..
The organization of this paper is as follows. In Section
II, we introduce a set of basic assumptions on system (1) so
that the robust output regulation problem of system (1) can
be converted into a global robust stabilization problem of an
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augmented system based on the general framework in [4].
Section III presents the main result of this paper. A design
example is illustrated in Section IV. Section V concludes
this paper with a few remarks.

II. ASSUMPTIONS AND PROBLEM CONVERSION

It is known from [4] that the output regulation problem
of a given plant can be converted into the global robust
stabilization problem of an augmented system composed
of the given plant and the so-called internal model. To
accomplish this conversion, we will first list some standard
assumptions as follows.

Assumption 1: There exists a smooth function z(v, w) :
R™v 7w s R™ with z(0,0) = 0 such that

0z(v, w
P Ao = f(atv,whsalvw) vw) )
for all (v,w) € R™ x W. 1
Let
x(v,w) = col(x1 (v, w), -+ , X, (v,w))
with x1 (v, w) = ¢(v,w) and for i =2,--- ,r,
Xi(vaw) = LAin—l(va w)
—gi_l(Z(’U,U)),q('U,UJ),U,U))
u(v,w) = b;}[Lwar(v,w)

—g,«(z(v, w)7 Q(vv w)v v, w)]

where L 4, ,q(v,w) = WAW. Then, under Assumption

1, the solution to the regulator equations associated with
system (1) and exosystem (2) is given by z(v,w), x(v,w)
and u(v, w).

Assumption 2: There exist an integer ng, a sufficiently
smooth function 7 : R 7w — R™s vanishing at the origin,
and a pair of matrices ® € R"*" and ¥ € R'*"s, such
that

dr (v, w)
dt
for all (v,w) € R"™ x W. Moreover, the pair (¥,®) is
observable and all the eigenvalues of ® are simple with zero
real part. 1

System (6) is called a steady-state generator in [4]. As-
sumption 2 guarantees the existence of the internal model.
In fact, under Assumption 2, the Sylvester equation

T6 - MT =NV (7

= ®7(v,w), ulv,w) = ¥7r(v,w) (6)

has a unique nonsingular solution 7" for a given controllable
pair (M, N) with M a Hurwitz matrix and N a vector of
appropriate dimensions [12]. Let §(v, w) = T'7 (v, w). Then,
we have

O(v,w) = (M+NY,)0(v,w)
u(v,w) = Y,0(v,w) (8)
where U, = UT~1. Next, we can define the following

dynamics
n=Mn+ Nu 9)

as an internal model with output u [4], [12].

Attaching the internal model (9) to system (1) and per-
forming the following coordinate and input transformation

z = z—z(w), T = z—x(v,w)

7 = n—~0@ww), u = u—Y,n (10)
yields

ZL = '.f_(27 67U7w)

7 = (M+N%,)n+ Nu

fi = a’:iﬂ—i—gi(f,em,w), 1=1,---,r—1

Tr = booll + booVWoi] + Gr(Z, €, v, w) (11)

where T = col(Zy,- - ,Z,) and

fZev,w) = f(Z+z(v,w), e+ qlv,w),v,w)
—f(z(v,w), q(v,w),v, w)
9i(Z + z(v,w), e + q(v,w), v, w)

7gi(Z(U,’LU),q(U,UJ),U,’LU) (12)

Qi(é,e,v,w) =

fori=1,---,r.
System (11) is called augmented system and has the
following property [4]:

f(0,0,v,w) =0, g;(0,0,v,w)=0, i=1,---,7r (13)
for all (v,w) € R™ x W. Therefore, by Corollary 3.1 in
[4], the global robust output regulation problem of system
(1) as described in Problem 1.1 will be solved if the
following global robust stabilization problem for system (11)
is solvable.

Problem 2.1: Design a dynamic output feedback control

law of the form

i=1u,(Ce), (=g,(Ce)

where ¢ € R™ for some integer ng > 0. 4, and g, are
globally defined sufficiently smooth functions vanishing at
the origin such that, for any fixed w € W and any v(t)
generated by (2), the solution of the closed-loop system
composed of (11) and (14) is bounded and Z; (¢)(= e(t))
approaches zero asymptotically. &

(14)

III. MAIN RESULT

A specific difficulty with the global robust stabilization
problem of system (11) is that it is not in the output feedback
form as displayed in (1) due to the presence of the internal
model. Moreover, like Zz, the state 7 is not available for
feedback. Nevertheless, performing, as in [7], the following
coordinate transformation on (11)

N=1—CI — - — I (15)
where ¢, = bgolN, ¢i—1=Mc; fori =2,--- r, gives
n = Mij+ Mcie— icigi(é,e,v,w)
z = Asfc+booB\I/0ﬁz=J: g(z,e,v,w) + boo B (16)
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where g(zv 6,’[}711)) = COl(gl(Za G,U,U)), e 797’(27 6,’[),’(11))
I._
A, = 0| r-1 , B=col(0,---,0,1) (17)
Sr ‘ Sp—1,""" 551 —
r—1

and real scalars s; = booW,cpq1—; for ¢ =1,--- | r. Further
performing another coordinate transformation on Z-system

E=b U, T (18)
where
1 0 0 0
— 5 1 0 0
Us = : . ) : : (19)
—Sp—2 —Sp_3 " 1 0
—Sp—1 —Sr_2 —s1 1
gives
ZL = '.f_(27 67U7w)
7:7 = Mf]—i—Mcle—Zcigi(E,e,v,w)
i=1
£ = AL+ BY,ij+ G(z e v,w)+ Ba (20)
_ 0 [rfl
where A, = [ 0 0 ] and
G(z,e,v,w) = col(Gl(Ze,v,w), cee
G’r‘(2767v7w))
Gi(Z,e,0,w) = sie+b1gi(Z,ev,w)
i—1
Gi(Z,e,v,w) = sie—bt Z 5;g;(Z,e,v,w)
j=1
+b3 62, €, 0, w) 1)
for : = 2,--- ,r. It is noted that U, is such that
-1 _ Slr—1 Irfl
U,AU; " = [ 5 0 } (22)

where s,_1) = col(sy,- -+ ,8,-1) and e = T1 = boo§1.

As our purpose is to design an output feedback control law
that only relies on e(t), we need to introduce some sort of
observer to estimate the state £(¢). We will adopt a standard
observer such as what can be found in [6] as follows:

£=Ak+Ne—§&)+Bu (23)
where A = col(Ay,---,\;) is chosen such that the matrix
_ —)\[,«,1] ‘ 1.4 . . .

A, = - ‘ 0.0 is Hurwitz. The observation

error 5: & — & satisfies
E= Ak - M1- b3 (24)

Attaching (24) to (20) and replacing the state variable
vector £ by (e, &2, -+ , &) gives the following system

Je+ BY,7 4+ G(z,e,v,w).

z = F(zenp)

¢ = bocka +bosbo +boGi(Z, €, 1)

Ei = &Guthle—6&), i=2- 71

& = atAle-6) (25)

where z = col(z ﬁf w), and
_zevw
F(z,e,p) M77+M016 Zle ¢igi
o§ A1 —b e+ BU,i+ G

It can be seen that system (25) is in a standard lower
triangular form. To guarantee the solvability of the global
stabilization problem for such a system, we need one more
assumption as follows.

Assumption 3: For any compact subset X C R x W,
there exists a C! function V;(z) satisfying o (||z]|)
Vz(2) < az(]|z]]) for some class Ko functions az(-) and
az(+) such that, for any (v, w) € 3, along the trajectory of
Z subsystem

T ) zre,v,w) < —as(121) + el

where 0. is some unknown constant, az(-) is some known
class K function satisfying lim, o+ sup(az'(s?)/s) <
00, and 7,(-) is a known smooth positive definite function.
]

We are now ready to construct our control law using a
recursive method modified from the tuning function approach
described in [9]. For this purpose, we introduce the following
notation.

(26)

ki(e.k) = N(k)p(ee ,
H2(65k767§1a€2) - 72“'}1 7>\2(67£1)
—bF1éy — w1 E? — K
¢a(e, k,b, &) wi1E1&s
"{Z(evkvbvfla y Qi = _Wi Q_Wi 1_)\i(6_§1)
I Z Ok;— 1 3&‘;15
— 853 ob
*bEi—1§2 —wi1E}
i—1s i=3,'~' , T,
¢l(eak7i)a éla ) aél) = ¢i71 +wi71Ei7152
1=3,---,1 27
N Blﬂi _ alii )
where, for i = 1,--- ,r, B; = =52 and K; = — 5} k,

k is a variable governed by the second equation of (30),
N (k) is a Nussbaum-type function (see [13]), for instance,
N (k) = exp(k?) cos(0.57k) or N'(k) = k2 cos(k), b is an
estimate for b,, and is governed by the third equation of
(30), and p(e) > 1 is a positive continuous function. Also,
fore=1,---,r—1, let

wi(evkaéygla.” )él) 75/\7«)

For convenience, we let w,, = 0 and &, 11 = u. The derivative
of w; satisfies

= &1 — ke, by b6y, - (28)

52—1:11:(—024-%24-)\2(6—51)

wy =
+E, (booéQ + boo2 + booG1) + K1
@ = Eiy1— R = wip1 + Kip + A (e — &)
R 8—’?5 Okif | K, (29)
=05 ob
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fore=2,---,r—1.

Theorem 3.1: Under Assumptions 1 to 3, there exist a
sufficiently smooth function p(e) > 1 and a control law of
the form o .
u RT(eakabvgla"' 751”)

u =
E o= ple)e?
IA) = ¢7’(e7k787£17"' >é’r’) (30)

that solves Problem 2.1. 1

Outline of the Proof: For any given vy € R™ and
w € W, there exists a compact set ¥ such that pu(t) =
(v(t),w) € X for all ¢ > 0. Performing the recursive
method using the notations of (27), (28) and (29), we can
get a C! function V(z,e,b,w,--- ,wy—1), where b(t) =
boo — IA)(t): satisfying a(|| z,e,b,w1, - ,wr—1 ||) <V <
a(ll z,e,bywy, -+ ,wr—1 ||) for some class K functions
«a(+) and @(-), such that, along the trajectory of the closed-
loop system composed of system (25) and control law (30)

r—1
Vo< (bR +p)l =Yt — 2 (31)
j=1
for some continuous function p(e) > 1 and some constant
p>0.
Integrating both sides of (31) over [0,t), V t > 0 gives

Vi(t) < /Ot (booN(k(T)) + p)l’e(T)dT +V(0). (32

As in [15], the above inequality implies that V' (¢) and k()
are bounded over each time interval [0,7) with 0 < T <
+00. So the solution of the closed-loop system composed of
system (25) and control law (30) is defined on [0, +00) and
bounded over [0, 400).

We now show e(t) will approach the origin as ¢t — +o0.
Since k(t) is bounded over [0, +oc) and k(t) = p(e)e? with
p(e) > 1, e is square integrable over [0, +00). Furthermore,
both e(t) and é(t) are bounded over [0,+o00). Using Bar-
balat’s lemma concludes that e(t) tends to zero as ¢t — +oc.
This completes the proof.

Remark 3.1: As a result of the above theorem, the fol-
lowing control law .

Hr(ea ka bv gla e 757‘) + \11077

u =

E o= ple)e?

I; = ¢7’(e7k767£17"' 7é’r‘)

n = Mn+ Nu

£ = Acf + Ae — 51) + Bu — BY,n (33)

which is in the form (3) solves the global robust output
regulation problem for system (1). 1

IV. EXAMPLE

The controlled single-input single-output hyperchaotic
Lorenz system [10] is described by the following equations:

21 = a1z + a1

Z2 = azz+ 2111

T1 = T2+ a2y + axr — 2122

To = boou+ asz1 (34)

where (all, a12,021,022, 43, a4) is a constant parameter vec-
tor satisfying aj1,as < 0 and b, is some unknown nonzero
constant. A detailed analysis of this system with © = 0 has
been given in [10] and various types of chaotic behaviors
for different values of parameter (a11,a12,a21, a2, as, as)
are exhibited. Also, a full state feedback stabilization of
this system is studied in [5]. Here, by designating an output
y = x1 and defining a tracking error e = y — F'(¢) where
F(t) = A,, sin(wt+¢), we will consider a more challenging
control problem of designing an error output feedback con-
trol law such that all the states of the closed-loop system is
bounded and the tracking error e asymptotically approaches
zero. To make the problem more interesting, we allow the
amplitude A,, to be an arbitrary positive number and the
phase angle ¢ an arbitrary real number. We will show that
the above problem can be formulated as the global robust
output regulation problem described in Section II.

In fact, let v = col(vy, v2) and define a linear autonomous
system in the form (2) as follows

=1 o) =)

It can be seen that vi(t) = F(t) if (vig,v20) =
(A, sin g, Ay, cos @). Also, we allow the parameter vector
(a11,a12,as1,a92,as, aq) to undergo some perturbation. To
be more specific, let

(35)

a = (@11, 012, G21, G22,a3,a4) + (W1, -+, We)

where (a11,a12,ds21,a22,ds,as) represents the nominal
value of a and (wi,---,ws) the uncertainty of a. To
guarantee ajj,az < 0, we define W as W = {w | w €
RS, @11 +wy < 0,83+ ws < 0}.

System (34) is in the form (1) with » = 2 and it cannot
be transformed into the form (4). Therefore, none of existing
results, e.g., the design method in [2], can solve Problem 1.1
for system (34).

It can be easily verified that the regulator equations
associated with (34) and (35) are solvable. In fact, from the
error equation e = x; — vy, we have

x1 (v, w) = v1. (36)
Substituting (36) into the first equation of (34) yields
21 (v, w) = T11V1 + 71202 (37
where
b Gnaz o G1pw
11 w2 i a%l ) 12 w2 n afl .

Substituting (36) and (37) into the second equation of (34)
gives

2 2
Zo(V, W) = T 0] + roav1Us + Tozv5 (38)
where
ror(w,w) = _a%ru — aswris + 2w?ryy
B a(a3 + 4w?)
r12a3 + 2wWriy w
rp(w,w) = ——F——5—, ro3(w,w) = —7ran.

p)
a3 + 4w? as
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Substituting (36) and (38) into the third equation of (34)
gives

Xo (v, w) WV — A22V1 — A21Z1 + Z1Z2
3 2
= T31V1 + T32V2 + r330] + T34V7V2
2 3
+T’35’U1’l}2 —+ T36U2 (39)
where
31 = —a22 —a21T11, 32 = W —a217T12
33 = T11T21, T34 = 712721 + 711722
T35 = T11T23 + T12722, T3¢ = 7T12723.
Thus x2(v,w) can be put into the following form
1 3
Xa(v,w) = X21<’LU)’U[ I+ ng(w)v[ ] (40)
where vl = col(vy,vs), vP¥l = col(v?, viva, v103,v3),

and Xy (w), Xog(w) are appropriate row vectors. Finally,
substituting (40) into the fourth equation of (34) gives

u(v,w) = Z bt Xy (w) Al
1=1,3
—bgola4zl(v, w)
= 74101 + Ta2V2 + Ta30} + rasvive
+r45vlv§ + r46vg 41
where
0 3w 0 0
1 _ 0 w 3] _ —W 0 2w 0
A {w O} A 0 —2w 0 w
0 0 —3w 0
and
T41(w,w) = 71)(;01 (W’f’gg + a47’11)
T42 (w, w) = b;ol (w7"31 — CL4’/‘12)
rag(w,w) = —b;lwrg4
ru(w,w) = bgolw(?)rgg — 2r35)
T45 (’LU, w) = bgolw(2r34 — 37‘36>
reg(w,w) = b;olw7‘35.

Therefore, Assumption 1 and Assumption 2 are satisfied.
The steady-state generator described by (6) can be con-
structed as follows

T(v,w) = col(u, Ly, 0, Lihvu, Lilvu)
_ o | &

¢ = —9w? | 0, —10w?,0

v = [1,0,0,0]. (42)
So we can define the following internal model

n=DMn+ Nu (43)
where
= |2 | Is , N =col(0,0,0,1)

—ma ‘ —Mmg, —Mm3, =My

and the parameters m; > 0 are such that M is Hurwitz.

Solving the Sylvester equation (7) to obtain the nonsingu-
lar matrix 7' and performing the transformation (10) gives

Z1 = a1121 + aze

Zo = azZ+ (Z1+z1)(e+v) —z101

i = (M+NU,)ij+Nu

- |0 1 _ g1

* [0 0] T {\11077 + a4+ §2} “4)

where g1 = a2121 + a9se — (51 + Z1)(§2 + ZQ) + z12zo and
g2 = a42;.

To verify Assumption 3, for any fixed compact subset ¥ C
R™ x W, let V; = 227 + Lz1 4+ 122 for some i > 0 which
satisfies along the trajectory of system (44)

‘./5 = hauf% + hai2Z1e + hauéil + halgéi’e
+(L32§ + 52((21 + zl)(e + Ul) — Zl'l}l)

-2 - -4 =3
= hanz] + haiazie + ha11 2] + haiazie

+a32§ + Zoz1€ + V12221 + 21 226€. (45)
Using Young’s inequality gives, for any € > 0,
_ 1, h%d3,
haiazi1e < 5212 > 2
_ 3_ hla
halgz%e < sz Tw 4
1
Zhze < %25 + 2—2%32
_ 1_ 1
< gEmtgat e
1 ev?
12221 < 27:7% + 7125
2
€ Z
z1z29e < 52% + 2—162. (46)
Substituting (46) into (45) gives

. 1 1\ _
V: < (ha11+5+£)2%+(ha11+1)2%

2 h2 2 2
t(as+e+ 1) B+ (52 + )
13
htaf, 1N 4
et 47
+( 4 +4€2)e “7

Since ¥ is compact, for all (v,w) € 3, there exist a
sufficiently small ¢ > 0, a sufficiently large 2 > 0, and

constant ¢; > 0,7 =1,---,5, such that
2
a3+5+€%<—€1 (48)
1 1
ha11+§+%<—€2<0, hai1 +1< —¥43<0 (49)
and h2 2 2 h4 4 1
ais | 2] aia
—E =<y, —=+ — < Us. 50
2 +26<4’ 4 +4€2<5 0
It follows from (47) to (50) that
‘./5 S 7622% — 632411 — 812% + 6462 + 6564. (51)

Thus Assumption 3 is satisfied for (z1, Z2) subsystem. By
Theorem 3.1, the global robust output regulation problem for
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Fig. 1. Profile of tracking error e(t) and control input u(t).

this system is solvable. In fact, by choosing
c1 =bMN, co =b !N, s;=U,N, so=U¥,MN

performing the transformations (15) and (18), and incorporat-
ing the observer (23), we can obtain system (25) as follows

Z1 = G1121 t aize
Zo = azZ+ (Z1+2z1)(e+v1)— 2101
i = Mp+ (Mecie—cig1 — c292)
g . A1 1 g+ —)\1(1 — b;ol)e + G,
o - 0 —)\2(1 —b;l)e—l-\lloﬁ—f—Gg
¢ = Dol + booba + boo Gy
& = u—V+da(e—E&) (52)

where G = sje+ b lg; and Go = sge — b ts191 + b1 G1.
According to the design procedure detailed in Section 3, we
can obtain a specific control law in the form (33) with p(e) =
3(e® +1).

Simulations are performed for the closed-loop system
composed of system (34) and a controller in the form (33).
Various parameters are chosen as follows. A = col(2, 3);
(my,ma,mg,my) = (4,12,13,6); w = 1; bos = 1;
(au, ai2,a21,022,as, a4) = (—10, 10, 28, —1, —8/3, —1).
The initial conditions are (21(0),22(0),21(0),22(0)) =
(=2,1,2,1), v = col(1,0), n(0) = 0, £(0) = 0, b(0) = 0,
and k(0) = 1. The responses of the tracking error, control
input, and the plant state variables are shown in Figures 1
and 2.

V. CONCLUSION

In this paper, we have presented the solvability conditions
for the global robust output regulation problem for nonlinear
system (1) by output feedback control. Since the zero dy-
namics of our system is not linear, the existing approach as
used in [2] is not applicable here. Moreover, our approach
does not assume the sign of high frequency gain is known. It
should be noted that when r = 1, there is no need to design
an observer to estimate e. Therefore, a simpler approach can
be used to handle this case.

OR—*/\"f—j—‘/\—ﬁ;—/\’\r—ﬁ’—\r_f—\f—
’ \ ’ \ A ! ! ’
_20f L « s ’K N L ‘A
g ) ’ IO )
—40H :\2(0 1 4
6 ‘ ‘ ‘ ‘ ‘ ‘ ‘
5 10 15 20 25 30 35 40
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Fig. 2. Plant state responses of (z1, 22,1, 2).

To illustrate the effectiveness of our approach, we have
applied our approach to the global robust asymptotic tracking
problem of the well known hyperchaotic Lorenz system.
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