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H . Filtering for a Class of Discrete-time Switched linear systems

Da-Wei Ding and Guang-Hong Yang

Abstract— This paper investigates the problem of H., filter-
ing for discrete-time switched linear systems under arbitrary
switching laws. New LMI-based conditions for the solvability
of the problem are given via switched quadratic Lyapunov
functions. By Finsler’s Lemma, two sets of slack variables
with special structure are introduced to provide extra degrees
of freedom in optimizing the guaranteed /., performance.
Compared with the existing methods, the proposed method has
better performances and less conservatism. An example is given
to illustrate the effectiveness of the method.

I. INTRODUCTION

A switched system is a hybrid dynamical system con-
sisting of a finite number of subsystems and a logical
rule that orchestrates switching between these subsystems
[1]. Switched systems have received a great deal of atten-
tion in recent years, see [1]-[10] and references therein.
The motivation for studying switched systems comes partly
from the fact that switched systems and switched multi-
controller systems have numerous applications in control of
mechanical systems, process control, automotive industry,
power systems, aircraft and traffic control, and many other
fields. The problems encountered in switched systems can
be classified into three categories [1]. The first one is to
construct a switching signal that makes the switched systems
asymptotically stable. The second one is to identify certain
useful classes of switching signals for which the switched
system is asymptotically stable. And the third one, which is
interested in this paper, is to find conditions that guarantee
that the switched systems are asymptotically stable under any
switching signal.

On the other hand, state estimation has been widely
studied and has found many practical applications over the
past decades. When a priori statistical information on the
external disturbance signals is not known, Kalman filtering
cannot be employed. To address this issue, H, filtering
was introduced, in which the external disturbance signal is
assumed to be energy bounded and the main objective is
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to minimized the H., norm of the filtering error system.
Compared to H, filtering, the advantages of H., filtering
are twofold. First, the assumption of boundness of the noise
variance is loosened. Second, the H, filter tends to be more
robust when there exist additional uncertainties in systems,
such as quantization errors, delays, and unmodeled dynamics
[11]. Broadly, there are two approaches to H., filtering:
one is the frequency-domain approach [12]-[14]; the other
is the state-space approach [15]-[19]. Particularly, the LMI
approach to robust H, filtering in state-space formulation
is more powerful in numerical computations and suitable for
handling the optimization problems with multiple constraints
[15]-[19].

This paper investigates the H,, filtering problem for
discrete-time switched linear systems under arbitrary switch-
ing laws. New LMI-based conditions for the solvability of
the problem are given via switched quadratic Lyapunov
functions. More importantly, based on Finsler’s Lemma, two
sets of slack variables with special structure are introduced
to facilitate the filtering design and to provide extra degrees
of freedom in optimizing the guaranteed H, performance.
Compared to the existing methods, the proposed method has
better performances and less conservatism.

The rest of the paper is organized as follows. Section 2
gives the problem statement. Section 3 presents a new H
filtering design approach to discrete-time switched linear
systems. In Section 4, the proposed method is compared
with the existing methods. In Section 5, an example is given
to illustrate effectiveness of the proposed method. Finally,
Section 6 gives some concluding remarks.

Notations: We use standard notations throughout this
paper. M7 is the transpose of the matrix M. M > 0
(M < 0) means that M is positive definite (negative
definite). The symbol * within a matrix represents the
symmetric entries. The Hermitian part of a square matrix M
is denoted by He(M) := M + M7 I is the Lebesgue space
consisting of all discrete-time vector-valued functions that
are square-summable over [0, 1,2, ..., 00). The lo-norm of a
causal vector signal x(k) with bounded-energy is ||z(k)||, =

(3 (B2,
k=0

II. PRELIMINARIES AND PROBLEM STATEMENT
Consider the following discrete-time switched system
(k4 1) = Agpyx(k) + Byyw(k))
y(k) = Coyx(k) + Do(ryw(k) (1
where x(k) € R™ is the system state, y(k) € RY is the
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w(k) € R™ is the noise input which is assumed to /5[0, c0).
The switching rule o(k) takes values in the finite set 7 =
{1,..., N} and it changes its value at an arbitrary discrete
time. The switched system can be described by the set of
modes

{(Ai, B;,Ci, Dy, Ly)|i € T}

and the evolution of o(k) gives the switching sequence
among these modes. As in [21], it is assumed here that the
switching rule o (k) is not known a priori, but its value is
real-time available.

Define the indicator functions

p(k) = [p(k), - .., uv (R)]" 2)
with
w0 ={ 5 o

then (1) can be written in the form (Zp):

a(k+1) = z (k) A (k) + i (k) Brw(k)
(k) = 32 k) Cra(h) + § wk)Dw(k) 3
2K = 32 ()L ()

Bk+1) = pilk)Aii(k) + Y pi(k)Biy(k)
z;l A z;l
2(k) = mi(k)Lid(k) + > pi(k)Diy(k) @)
i=1 i=1

where (k) € R" and 2(k) € R” and the matrices Ay, By, L;
and D; are to be determined.
Combining (3) with (4), we obtain the following filter error

system ()

k+1 Z,Ufz clzf +Z,u'l Cllw )
= Zﬂi( cl & (k +Zﬂz Depjw k) &)
where £(k) = [z(k)T,2(k)T)T, 2(k) = 2(k) — 2(k), and

, X
Ai 0 o Bi
Acl,i - |: Bzcz Az :| 7Bcl,i - |: BzDz :|

Cai=|L;— DiC; —L; |, Dei = —-D;D;  (6)

The H, filtering problem in this paper can be formu-
lated as follows: given a discrete-time switched system Zp,
design a filter ), such that the filter error system }__ is
asymptotically stable and satisfies the H., performance

1Z(R)ly < llw(k)l, @)

for all nonzero w(k) € I3]0, 00) and a given positive constant

In the following, we investigate the filtering problem using
the switched quadratic Lyapunov function defined as follows
[21]

N
V(k,€(K)) = E(R)T Poyé (k) = €(k)T (Y pa(k) P,
i=1
(®)
where P;,¢ = 1,...,N are symmetric positive-definite

matrices. For the filter error system | without disturbances,
if such a positive-definite Lyapunov function exists and

AV(k,§(R) =V(k+1,6(k+1)) = V(k,E(R) )

is negative definite along all possible trajectories of the
system, then it is asymptotically stable.
The following lemma is useful throughout the paper.
Lemma 1 [23]: (Finsler’s Lemma) Let that £ € R"*, P =
PT € R™*", and H € R™*" such that rank(H) =1 < n,
then the following statements are equivalent:
i) £TP¢ <0, forall £ # 0, HE = 0;
ii) 3X € R™*™ such that P + XYH + HT X7 < 0.
Note that the condition ii) remain sufficient for i) to hold

even arbitrary constraints are imposed to the scaling matrices
X.

III. H,, FILTERING DESIGN

In this section, we will present a new H., filtering ap-
proach to discrete-time switched linear systems Zp. Firstly,
based on switched quadratic Lyapunov function and Finsler’s
lemma, the following lemma is obtained.

Lemma 2: Given a constant v > 0, the filter error system
>, is asymptotically stable with H.. performance +, if there
exist symmetric positive definite matrices P;, and matrices
G, F;,i € T such that the following inequalities are satisfied

Pj — Gl — GZT 0 GiAcl,i — FiT Gchl,i
* —I C’cl,i Dcl,i
* x —P,+He{F;A,;} FiBu,
* * * —2I
<0, V(i,j) €T xT
(10)

Proof: First, we establish the stability of filter error
system » ... When w(k) = 0, the first equality of (5)
becomes

Ek+1)=Aq&k), i€l an

which can be written in the form

[ -1 Acl,i][ﬂk“)]—o, ieT (12

&(k)
By simple congruence transformation on (10), we obtain
-1 0 Cei Deri
* Pj -G — GiT GiAcl,i - FiT Gchl,i
* * —P,+He{F;A,;} FiBu,
* * * —2T
<0, Y(i,j) €I xT
(13)
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From (13), we have

Pj—Gi—GT GiAa, — FY
* —P,+ FAq; + AL FT

clyi® e

V(i,j) €T x T (14)

<o

The inequalities (14) are rewritten as

G;

[]Sj —(}Di}—FHe{[Fi}[_I A |} <0

V(i,5) €I xZ (15)
Based on Finsler’s lemma, (15) are equivalent to
sk )[R0 ekt ] _
(k) 0 —-pB (k) ’
V(i,7) €I xZT (16)
that is
E(k+1)TPE(k+1) —E(k)TPE(R) <0 (A7)

Multiply (17) by w;(k) and p;(k + 1) = p;(k) and sum
thelr\}l over the in(lzfices ¢ and j ranging from 1 to N. As
> im1 Hi(k) = Zj:l pj(k) =1, we have
Vik+1,Ek+1) —V(kEk) <0, V(i,j) eI xT
(18)

which establishes the stability of the system ) .
Then, we consider the H, performance. The inequalities
(10) can be written in the following form

Pij + XH; + HI X <0, V(i,j) €I xT (19)
where
[P, 0 O 0
0 I O 0
Pi=lo o -p o |
| 0 0 0 —2I
[ G; 0
0 I
Xi — Fz 0 )
| 0 0
_ —I 0 Acl,i Bcl,i
Hi= 0 —I Cuai Day (20)
Define the augmented signal
Ek+1)
Z(k
n(k) = 525 1)
w(k)
then the system ), can be written as follows
Hin(k) =0 (22)

Based on Finsler’s lemma, if (19) hold then the following
inequalities hold

n(k)"Pym(k) <0, V(i,j) €I xT (23)

Substituting (20) and (21) into (23) obtains

E(k+1)T Pié(k +1) — £(k)T P&(k)
<y*wk)Twk) — 2(K)T2(k), V(i,j) €T xT (24)

Multiplying (24) by p;(k) and p;(k + 1) = p;(k) and
summing them over the indices ¢ and j ranging from 1 to
N, we have

V(k+1,6k+1)) —V(k,E(K))

< Y2w(k) T w(k) — 2(k)T2(k), V(i,j) €T xI (25)

Summing over the index k ran%ing from 0 to oo, it follows
that 0 < V(o0) < v |lw(k)||; — ||2(k:)||§ for all nonzero
w(k) € £ and £(0) = 0. Therefore [|Z(k)||, < v [|w(k)|,.
And thus we complete the proof. |

Remark 1: In Lemma 2, by the aid of Finsler’s lemma,
two sets of slack variables G;, F;,i € T are introduced to
separate Lyapunov matrices P; from system matrices A ;
and to provide extra degrees of freedom in optimizing the
guaranteed H, performance. This leads to performance im-
provement and reduction of conservatism in filtering design.
In addition, switched quadratic Lyapunov functions instead
of common quadratic Lyapunov functions are used to reduce
the conservatism further. Note that the method of introducing
two slack variables to reduce the conservativeness of robust
stability and filtering problems for linear systems was first
introduced in [24] and [17], respectively.

Now we partition Lyapunov matrices P;,7 € Z in the
following blocked matrices

P P
P, =
[ Py P

where P;1; = Pgl > 0, Py = sz > 0, and the
dimeI}sions of P;11 and Pjeo are consistent with those of A;
and A;, respectively. Motivated by [17], let slack variables

G; and F;,i € Z have the following structure

Giin G Fiir MG
G; = = 27
[ Gion Gio } [ Fio1 AaGig } 7)

where A1, Ay are scalar parameters and the dimensions of
Gi11, F;11 and Gyo are consistent with those of A; and fli
respectively.

Based on Lemma 2 and (26), (27), we have the following
theorem to solve the H, filtering problem.

Theorem 1: The filter error system ) is asymptoti-
cally stable with H,, performance -, if for some scalars
A1, A2, there exist symmetric matrices F;11, Pjoo and matri-
ces P12, Gi11, Giot, Gia, Finn, Fio1, Tin, Tio, Tig, Tiayi € T
such that

B Z12 0 Ewu Eis GuiBi +TiD;

(26)

¥ Zoo 0 Eog EBas GinBi +TiD;
* * =1 E33 —Ti3 ~TiuD; <0
* * By Ess FiBi +MTpD;
* * * ¥ Bss  Fio1Bi + AT D;
* * * * * —’sz
V(i j) €T x T
(28)
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where

= T
Zi =P — G — Gy

= T
E12 = Pj1o — Gio — Gy

= T
Eu =G A + T30 — Fipy
= T

=15 = 041 — Fi21

Sy = Pioy — Gz — G,

—22 — 17522 2 2

= T
Zoa = Gio1 A + T;0Ci — MGy
= T

Eos = Si1 — AaGjy

E34 = L; — TiuC;

B = —Pi1 + He{Fi11 A; + M T32C;}
Eas = —Paa+ MTa + AT Fhy + \CI'TH
Es5 = —Pioo + AT + )\2T£

The filter is given by
A; = G,'Ty, Bi=Gy'Ty, Li=Ts, Di=Ty

PVOOf:’ Let GZQAZ = TilaGiQBi = T;;Q,IAM; = T‘Zg and
f)i = T;4. Substituting (27) into (10) immediately obtains
(28). ]
Remark 2: The special structure of (27) was firstly
introduced in [17] to design robust filtering for uncertain
linear systems. It simplified the filtering design and reduced
the conservatism.
Letting F; = 0, Theorem 1 reduces to the following

corollary.
Corollary 1: The filter error system ) is
asymptotically stable with H,, performance -, if

there exist symmetric matrices F;q1, Pjoo and matrices
Pi12,Gi1, Gio1, Gio, Tin, Tia, T3, Tia, © € I satisfying the
following LMIs

Qu Q2 0 Qg T; Q6
x oy 0 Qo T; 959
« ox =T Qs Ty —TuD; | _
* * x  —Ppn1 —Ppo 0
* * * * —Pjo9 0
* * * * * —’yQI
Vi, j) €T xT
(29)
where

Qi2 = Pj1a — Giz — Gy
Q4 = GinAi + Ti2C;

Qoo = Pjog — Gio — Gy
Doy = Gin1Ai + Ti2C;
Qo = Gio1 B + T2 D;
Qs34 = L; — T144C,

The filter is given by

A; = Gn'Ty, Bi=Gp'T, Li=Ts, Di=T.

Remark 3: Corollary 1 can also be deduced form Theorem
1 in [20] without considering uncertainties. Due to the fact
that only one set of slack variables are introduced, Corollary
1 is more conservative than Theorem 1.

IV. COMPARISON WITH THE EXISTING METHODS

Using the methods in [18], [19] and [22], we can easily
obtain the following lemmas to solve the H. filtering
problem, respectively.

Lemma 3 [18]: The filter error system ), is asymptot-
ically stable with H,, performance +, if there symmetric
matrices Y, Z and matrices @, G, F’ satisfying the following
LMIs:

Z 7 ZA;, ZA, ZB; 0
* Y A23 A24 A25 O
* ok Z Z 0 LT - GgT .
* % * Y 0 ' LT >0, viel
¥ % * * I 0
x ok * * * v2I
(30)
where

Aoz =YA; + FC; +Q
Aoy =Y A + FC;
Aos =YB; + FD;

and the filter is given by

A=y 'QuU-v'2)7,
B;=-Y 'F,
Li=G(I-Y~'2)7

D; = 0.

Lemma 4 [19]: The filter error system ) is asymptot-
ically stable with H,, performance +, if there symmetric
matrices R;11, R;22 and matrices R;10, M;, F;, H;,i € 7 and
X, Y, S satisfying the following LMIs:

—Rjn ijTm A X A B; 0
* —Rjos M; Yo Yo 0
* * T33 T34 O T36
* * * Y44 0 LlT <0
* * * x  —2I 0
* * * * * —I
V(i,j) €I xT
(31)

where
Yoy =YA; + EC;
Tos =Y B + E;D;
Y33 = Riip — (X + X7)
Y34 = RY, — (I +5T)
Yo = (LiX — H;)"
Tis = Rizo — (Y +Y7)
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and the filter is given by

Ay =V7UM; - YA, X — E;C; XU
B, =V 'E;

Li=HU™!

D;=0

VU=8-YX

Lemma 5 [22]: The filter error system ) is asymptot-
ically stable with H,, performance +, if there symmetric
matrices S;, N; and matrices M;, H;, F;, Q;, R;,i € T and
X, Y, W, satisfying the following LMIs:

I'1 * * * * *

Fgl F22 * * ES ES

0 0 ~vI * x %
AZ'X Ai Bi Sj * * >0

Qi Tse ED;+YB; M; N; x

Ie1  Ts2 —R;D; 0 0 I

V(i,j) €T xZT (32)
where

I'n=X+X"-5;

Iy =14+ W — M;
=Y +Y"T - N,

I'se =Y A, + E,C,;

le1 = L; X — H;

Peo = L; — R,C;

and the filter is given by
A=V Q- YAXIU!

B, =VE,

L; = (H; — R,C;X)U?
D;=R;
VU=W -YX

Remark 4: Lemma 3 is Theorem 5 in [18], which can
be used to design H, filtering for discrete-time switched
systems. Lemma 4 is deduced from Theorem 3 in [19]
without considering time delay. And Lemma 5 is deduced
from Theorem 5 in [22]. The deduction of these lemmas is
straightforward, so the proofs are omitted here.

Remark 5: Note that Lemma 3 is based on common
quadratic Lyapunov functions, while Lemmas 4-5, Corollary
1, and Theorem 1 are based on switched quadratic Lyapunov
functions. So the latter are less conservative than the former.
In Lemmas 4-5, only one slack variable is introduced to
facilitate the filtering design. In Corollary 1, one set of
slack variables G; are introduced. However, in Theorem
1, two set of slack variables G; and F; are introduced,
which enlarge the solution space for the H., optimization
and thus can reduce the conservatism of filtering design and
improve the H., performance. Therefore, Theorem 1 is the
least conservative among all the above methods. A numerical
example will be given to compare the conservatism of these
methods in the following section.

V. EXAMPLE

In this section, an example is presented to illustrate the
effectiveness of the proposed method.
Consider the switched system } with N =3 and

[ 0.6 0.15 —0.4

A= | 0.3 —0.4]’31_ [ 0.5 }

C1=[035 —05],D;1=004,L =] 24 —-13],
[ 03 —0.1 L5

Az = | 0.2 —0.16 } B2 = { 0.1 ]

Co=[12 07],D,=015Ly=[02 05 ],
[ 0.5 —0.2 -0.2

As = 103 ]’33_[0.5 }

C3=[02 05],D3=-0025,Ls=[ 04 033].

The purpose here is to design an H, filter for the switched
system above. By Theorem 1 with A\; = —0.4, Ay = —0.3,
a filter in the form 3 7 is obtained as follows:

i [ 0.0532  0.1207 ] B — [ —0.2074
Y7 | —0.0493 —0.1086 |*7" T | —1.0160 |’

Li=[00346 0.5214 |, D; = 3.1807

A [ 01187 0008 | 5 _ [0.1687
7| —0.0231 —0.2330 |"7* " | —0.1748 |’

Ly=[01713 0.1188 |, Dy = 0.3466,

A, _ | —01541 —03065 ] o _ [ ~16.1838
7| —0.1099 —0.2219 |7 T | —10.2806 |’

Ly=1[0.0346 0.5214 |, D3 = 3.1807.

and the optimal H,, norm 7,,;, = 1.4022. The switching
signal is generated randomly and shown in Fig. 1. Given
the initial conditions z(0) = [ —0.2 0.3 ]T and #(0) =
[0 0 ]T, and the noise signal is chosen as w(k) =
1/(10k + 1), which belongs to [3][0,00). Then, the state
responses of the plant and the filter are shown in Fig. 2 and
Fig. 3, respectively. And the filter error response is shown
in Fig. 4. From Figs. 2-4, we know that the H, filter meets
the specified requirements and works well.

Fig. 1. Switching signal

According to Lemmas 3-5, Corollary 1, and Theorem 1,
the optimal H., performances, v,,in, are listed in Table 1.
It is clear that Theorem 1 is the least conservative.
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Fig. 2. State response of x(k)
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Fig. 3. State response of Z(k)
Table 3 H., performance index

Methods Lem. 3 Lem. 4 Lem. 5 Cor. 1 Thm. 1
Ymin 4.2332 | 3.4347 | 2.1276 | 1.7705 | 1.4022

VI. CONCLUSION

This paper is concerned with the problem of H filtering
for a class of discrete-time switched linear systems. New
LMI-based conditions for the solvability of the problem
have been given via switched quadratic Lyapunov functions
combined with Finsler’s lemma. Compared to the existing
methods, the proposed one has better performances and less
conservatism. An example has also been given to illustrate
the effectiveness of the method.
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