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H ., Static Output Feedback Control for Discrete-time Switched Linear
Systems with Average Dwell Time

Da-Wei Ding and Guang-Hong Yang

Abstract— This paper investigates the problem of H. static
output feedback (SOF) control for discrete-time switched linear
systems with average dwell time switching. By using the mul-
tiple Lyapunov function technique, a switched SOF controller
is designed such that the closed-loop system is exponentially
stable and achieves a weighted L-gain. Sufficient conditions
for SOF control are derived and formulated in terms of linear
matrix inequalities (LMIs). The minimal average dwell time
and the corresponding SOF controller are obtained from the
LMI conditions for a given system decay degree. Additionally,
based on Finsler’s lemma, two sets of slack variables with
special structure are introduced to provide extra freedom in
the LMI optimization problem, which leads to reduction of
the conservatism and improvement of the performance. A
numerical example is given to illustrate the effectiveness of
the proposed method.

I. INTRODUCTION

As an important class of hybrid systems, switched systems
consist of a finite number of subsystems and a logical rule
that orchestrates switching between these subsystems. In
recent years, switched systems have received a great deal of
attention, see [1]-[5] and references therein. The motivation
for studying switched systems comes partly from the fact that
switched systems and switched multi-controller systems have
numerous applications in control of mechanical systems,
process control, automotive industry, power systems, aircraft
and traffic control, and many other fields. The problems
encountered in switched systems can be classified into three
categories [1]. The first one is to find conditions which
guarantee that switched systems are asymptotically stable
under any switching signal. The second one is to construct a
switching signal that makes switched systems asymptotically
stable. And the third one, which is of interest in this paper,
is to identify certain useful classes of switching signals for
which switched systems are asymptotically stable. In the
study of switched systems, several approaches have been
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used such as multiple Lyapunov function approach [6]-
[9], dwell time (average dwell time) approach [11]-[15],
switched quadratic Lyapunov function approach [23] and so
on. Among them, the multiple Lyapunov function technique
which was proposed in [6] and later generalized in [7]-[9],
has proved to be a powerful and effective tool for stability
analysis and synthesis of switched systems. Meanwhile,
switched systems with dwell time (or average dwell time)
are also called slowly switched systems. And the average
dwell time appproach is recognized to be more flexible and
efficient in stability analysis of switched systems [11][13].

It is also well-known that SOF control is very useful
and more realistic, since it can be easily implemented with
low cost. The problem has been extensively studied in the
past decades and for the SOF control problem of linear
systems, there are various approaches to deal with it, see
for example [16]-[22] and references therein. The problem
of SOF control for discrete-time switched linear systems
under arbitrary switching has been studied in [23]-[25] and
sufficient existence conditions are obtained in terms of LMIs
via the switched quadratic Lyapunov function approach.
However, the switched quadratic Lyapunov function ap-
proach is not suitable to analyze the slowly switched systems
(i.e., switched systems with average dwell time switching)
due to the stricter requirements on the Lyapunov values at
each switching time. Therefore, the existing methods in [23]-
[25] cannot be applied to design SOF controllers for slowly
switched linear systems. To the best of our knowledge,
few results are available in the open literature to solve this
problem.

In this paper, we investigates the problem of H,, SOF con-
trol for discrete-time switched linear systems with average
dwell time switching. By using the multiple Lyapunov func-
tion technique combined with average dwell time approach,
a switched SOF controller is designed such that the closed-
loop switched system is exponentially stable and achieves a
weighted Ly-gain. Sufficient conditions for SOF control are
derived and formulated in terms of LMIs. And consequently
the minimal average dwell time and the corresponding SOF
controller gains are obtained from the LMI conditions for
a given decay degree. In addition, by Finsler’s lemma, two
sets of slack variables with special structure are introduced
to provide extra freedom in the LMI optimization problem,
which lead to reducing the conservatism and improving the
performance. A numerical example is given to illustrate the
effectiveness of the proposed method.

The rest of the paper is organized as follows. Section 2
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the main result of the paper. First, several essential lemmas
are given. Then, based on these lemmas, an SOF controller
and the minimal average dwell time are obtained in terms of
LMIs. Section 4 gives a numerical example to illustrate the
effectiveness of the proposed method. Finally, conclusions
are given in Section 5.

Notations: We use standard notations throughout this
paper. M T is the transpose of the matrix M. M > 0(M <
0) means that M is positive definite (negative definite).
The symbol * will be used in some matrix expressions to
induce a symmetric structure. The Hermitian part of a square
matrix M is denoted by He(M) := M + MT. (2 is the
Lebesgue space consisting of all discrete-time vector-valued
functions that are square-summable over [0,1,2,...,00).
The ¢5-norm of a causal vector signal x(k) with bounded-

energy is ||z(k)|, = <k§) |(k)||*)/2. N represents the set

of nonnegative integers.

II. PRELIMINARIES AND PROBLEM STATEMENT

Consider the following discrete-time switched linear sys-
tem

z(k+1) = Agryz(k) + Boryu(k) + Bypyw(k)
z(k) = CF )z (k) + Doyu(k) + Dy yw(k) (1)
y(k) = Coryz(k)

where z(k) € R™ is the state, u(k) € RP is the control
input, w(k) € R™ is the disturbance input which belongs to
03]0,0), y(k) € R" is the measurement, and z(k) € R? is
the controlled output. o(k) : [0,00) — Z = {1,...,N} is
the switching signal which is assumed to be a piecewise
continuous function depending on time or state or both.
N > 1 is the number of subsystems. The ith subsystem
is denoted by constant matrices A;, B;, B{",C?, D;, D;", C;
with the appropriate dimensions. For the switching time
sequence kg < ki < ko < ... of switching signal o,
the holding time [k;, k;11) is called the dwell time of the
currently engaged subsystem, where [ € N.

Without loss of generality, we assume that C;,7 € 7 are
of full row rank, then there exist nonsingular transformation
matrices 7; such that

CT,=[1 0] 2)

Note that for given C;, the corresponding 7; are generally
not unique. Special T; can be obtained as follows:

T, = [ cl (o)™ Ct ] 3)

where C;- denotes an orthogonal basis for the null space of
C;.

Definition 1: The equilibrium =z = 0 of system (1) is
said to be exponentially stable under switching signal o (k),
if there exist constants C > 0, 0 < 8 < 1 such that the
solution z(k) of system (1) with w = 0 satisfies ||z (k)| <
KB o ||z (ko) ||, VE > ko.

Definition 2 [13] [15]: For v > 0 and 0 < o < 1, system
(1) is said to have a weighted Lo-gain, if under zero initial
condition z = 0, it holds that

Z (1—a)*2T(s)z(s) < Z YVl (s)w(s)  (4)
s=ko s=ko

for all nonzero w(k) € I3]0, 00).

Definition 3 [11]: For any ko < ks < ky, let Ny (ks, ko)
denotes the switching number of o(k) over (ks,k,). If
Noy(ks, ko) < No + (ky — ks)/7a for 7, > 0,Ng > 0,
then 7, is called average dwell time.

In this paper, we are interested in designing a switched
SOF controller

u(k) = Kiy(k) 5)

where K;,¢ € 7 are to be determined. The SOF controller (5)
is assumed to be switched synchronously by the switching
signal ¢ in system (1).
Under the controller (5), the closed-loop switched system
becomes
z(k+1) = Agiz(k) + Beaiw(k)
z2(k) = Ceyx(k) + Deyw(k), i €T (6)

where

Aai = Ai + BiK;C;

Bcli = B;U
Ceo; = C? + DK, C;
Dyyi = DY ™)

Then, the problem of H,, SOF control to be addressed in
this paper is formulated as follows. Given a switched system
(1) and a prescribed level of disturbance attenuation v > 0,
design a switched SOF controller (5) and find out admissible
switching signals with the minimal average dwell time such
that the closed-loop system (6) is exponentially stable and
achieve a prescribed weighted Lo-gain.

The following multiple Lyapunov function with the form

V(zy) £ 2 Pk, o(k) €T 8)
will be used in the sequel.

IIT. MAIN RESULTS

This section gives the main result of the paper. First,
several lemmas are given which are essential for later de-
velopment.

Lemma 1: (Finsler’s Lemma) Let that ¢ € R", P = P ¢
R™*" and H € R™*" such that rank(H) = r < n, then
the following statements are equivalent:

i) £TP¢ <0, for all £ # 0, HE = 0;

ii) 3X € R™™™ such that P + XYH + HTXT < 0.

Remark 1: Note that the condition ii) remains sufficient
for i) to hold even arbitrary constraints are imposed to the
scaling matrices X.

Lemma 2 [2][15]: Consider the discrete-time switched
system xx11 = fo(xg),0 € Zandlet 0 < a < 1, > 1
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be given constants. Suppose that there exists a Lyapunov
function candidate V() = {V,(z)},0 € T satisfying the
following properties:

AVyy (@r) £ Vo) (@r41) — Voo (@r) < —aVoi)(zr),

Vk € [kl, kl+1)
)

Vo) (r) < Vo (k) (Tr,)
(10)

then the system is exponentially stable for any switching
signal with the average dwell time

(1)

1
TQZT;CCH|: il }

CIn(1—a)

where function ceil(v) represents rounding real number v to
the nearest integer greater than or equal to v.

Lemma 3: Let 0 < o < 1,7 > 0 and ¢ > 1 be given
constants. If the following inequalities are satisfied

AV, iy (k) + Vo (k) + 27 (k)z(k) — ¥*w (k)w(k) <0,
Vk € [kl7kl+1)
(12)

Votiy (k1) — Vo, (k1) <0
(13)

then the system (6) has a weighted Lo-gain for any switching
signal with the average dwell time satisfying (11).
Proof: Due to the limit of the space, it is omitted. W

Based on Lemmas 1-3, the following theorem is given to
solve the H,, SOF control problem.

Theorem 1: Let « > 0,7 > 0 and ¢ > 1 be given
constants. If there exist symmetric matrices P; € R"*",
scalar A and matrices G; € R"*", F; ¢ R"*" L[, € R™*",
Vi € Z with the following structure

Gill 0 )\Gill 0
Gi = ) FZ = )
{ Gi21 Giz2 } { Fio1 Fiao
Li=[ Ly 0] (14)
satisfying the following inequalities
=11 * * *
0 —I * *
- - - <0 15
Es T, 'BY Ezy x (13)
En DY Eip
P —uP; <0 (16)

where

1 = TflPinT -G;— G?

a1 =T, "A,T,G + T, ' B L; — FF

33 = He{(T; ' A;T,F; + NT; ' B,L;)}
~ (1) PRI

Eq = CT,G; + DiL;

Ea3 = CZT,F; + AD; L,

[ [ [1

and T; are given by (3), then the closed-loop system (6)
is exponentially stable and has a weighted Los-gain for any

switching signal with the average dwell time satisfying (11).
Moreover, if (15)-(24) are feasible, then the switched SOF
controller can be given by
K;=LaG} (17
Proof: Firstly, we establish the exponential stability of
system (6). Pre- and post-multiplying

(18)

and its transpose to (15) obtains

A % * *

0 -1  x *
A31 Blw A33 *
Ay DY Ay —72T

<0 (19)

where
Ay =P, - T,GTF —T,GTTF
A3y = AT,G T + B;L,T — T,F'TF
Asz = He{ A, T, ;T + AB;L;T} — (1 — )P
Ay = C;T,GT) + D, L; T}
Agz = C; TR T + AD; LT}
It follows from (7), (14) and (17) that
AT,GT + BiLT]
= AT,GTE +B; [ Ly 0 ]TF
=AT,GT] + B[ K;Gin 0 ]TF

Gin 0 }
Gio1 G

= AT,GT + BK; [ 1 0]GT
= AT,GTE + BiK;C;T,G; T}
=(4; + BiKl-Ci)TZ-GiTiT

= Aui T,G T

Tr

7

= ATGT +B; [ K; 0] {

(20
In the same way, we can obtain

AT FTE 4+ AB;LiTF = Ay, T, F;TF 1)

C:T,GTE + DL, T] = Coi TG TF (22)

C:T,FiTY + AD; L, T} = Coi T FiT"
Substituting (20)-(23) into (19) obtains

T * * *

0 -1 * *

T3y B Y33 *
CuiT,GTF Doy CuiTETT  —21

where

(23)

<0 (24)

T =P - T,GT! - T,GI'T!
To1 = Aa LGT] — TF T
ng = He{AcliTiFiT;‘T} — (1 — a)PZ
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Pre- and post-multiplying

I 0 0 O
0 0 I O
0 I 0O
0 0 0 I
and its transpose to (24) obtains
Y1 * * *
T3 T33 *
0 Bch,i _J <0 (25
Cai;GTY Coui LFTY Deay —21
From (25) we have
Tll *
<0 26
[Iel Ts } (26)
which can be rewritten as follows
0 _(1_a)_pi ] +He{{ TiFiTTiT } [ —I Acli ]}
<0
(27)
Consider the dual system of (6) with w =0
w(k+1) = Agx(k) (28)
and rewrite it in the form
z(k+1)
[ -1 AL ] { 2(k) ]0 (29)

Based on Finsler’s lemma, if (27) holds then the following
inequality holds

z(k+1) I p 0 z(k+1) 0
(k) 0 —(1-a)P, || 2k <

(30)
which is equivalent to

z(k+ )T Pa(k+1) — 2(k)T Px(k) < —ax(k)T Pix(k)

(€29)

then (9) is satisfied. In addition, it follows from (24) that (10)

is satisfied. From Lemma 2, the closed-loop system without

disturbances is exponentially stable for any switching signal

with the average dwell time satisfying (11).

Now we consider the weighted Lo-gain of system (6).
The inequality (24) can be rewritten as follows

P+XH+HTXT <0 (32)
where
[P0 0 0
0 I 0 0
P=149 o —(1-a)P; 0 ’
L 0 0 0 —2T
[ T,GTTT 0
0 I
Y=\ nrrrr o |
0 0
_[ -1 0o AL Cl
=10 -1 B% DI (33)

Consider the dual system of (6)
z(k+1) = AL (k) + CTw(k)

cli cli

2(k) = B (k) + Dagw(k) (34)
and define the augmented signal £ as
z(k+1)
v (35)
w(k)
then, (34) can be rewritten in the form
HE=0 (36)

By Finsler’s lemma, if (32) holds then the following inequal-
ity holds

¢fpe <o (37)
Substituting (33) into (37), we have
z(k+1)TPa(k+1) — (1 — a)z (k)T Pa(k)
+2(k)T2(k) = Y*w(k)Tw(k) <0 (38)

which is nothing but (12). Additionally, (13) is satisfied due
to (24). Based on Lemma 3, the system has a weighted Lo-

gain 7. And thus the proof is completed. |
Letting F; = 0, Theorem 1 reduces to the following
corollary:

Corollary 1: If there exist symmetric matrices P; €
R™*™ and matrices G; € R"*", L, € R™*" 4 € 7 with
the following structure

Gin O
{ Gion Giz } [ ! ] (39)
satisfying the following inequalities
T * * *
0 -1 * *
Ty, T7'BY —T'BTT s <0 (40
F41 DZU 0 —’721
P —pP; <0 (41)
where

Iy =T"PT;" -G -G}
Ty =T "AT,G + T, ' Bi L
'y = Ci TG + DLy

and T; are given by (3), then the closed-loop system (6)
is exponentially stable and has a weighted L,-gain for any
switching signal with the average dwell time satisfying (11).
Moreover, if (40)-(49) are feasible, then the switched SOF
controller can be given by K; = L;;G 1.

Proof: The proof of this corollary can be done using the
same technique and arguments as in the proof of Theorem
1. Thus it is omitted here. |

Remark 2: When X in F; is set to be fixed parameter,
the condition in Theorem 1 becomes convex and can be
solved by LMI Control Toolbox [27]. In Theorem 1, by
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using the multiple Lyapunov function technique combined
with Finsler’s lemma, two sets of slack variables G;, F; with
special structure are introduced to provide extra free dimen-
sions in the solution space. This directly leads to reduction of
the conservativeness of the solutions and improvement of the
performance. Compared to Theorem 1, Corollary 1 is more
conservative since only one set of variables are introduced.

IV. NUMERICAL EXAMPLE

In this section, an example is given to illustrate the
effectiveness of the proposed method.

Consider a discrete-time switched linear system consisting
of three subsystems described as follows

[ —0.5871 —0.8441 —0.0092
A; = | —0.6865 —0.5090 —0.8561 |,
| 0.0974  0.4523 —0.2280
[ 0.1930 —0.4204 0
By =| —0.7359 0.0346 |,B{'=|1 |,
| 05073 —0.9077 0
[1 0 1 0 0
C;=|010|,Di=|0 1],
|0 0 1 01
1
DYy=|1[,C=[1 0 1];
0
[ 0.1089 0.2458 —0.9035
Ay =] 03998 —0.9213 —0.4161 |,
| 0.6745 —0.5750  0.7138
[ —0.4164  0.0244 1
By=| 08297 -04366 | ,By =1 |,
| —0.0900 —0.8416 0
(1.0 0 0 0
C;=|110|,Dy=|0 1],
[0 0 1 11
1
DYy=10|,Co=[0 1 1];
1
0.3049 0.4247  0.8979
Az = | 0.8848 0.2485 —0.4161 |,
0.6981 0.1034  0.2403
0.2458 0.7409 0
Bz = 02501 0.1580 | ,BY =10 |,
0.1709 0.7205 1
100 10
C;=1010|,Dsg=|0 1],
10 1 01
1
Dy=10|,C5=[0 1 1]

Note that A;-A3 are all unstable. Let 4 = 2, a = 0.5, then
we obtain 7, = 1. By using Theorem 1, the following control

gains are obtained

~1.1519 0.4797 0.5627
Ki= [ —0.8379 ] Ko = [ 0.2214 } Ik [ —0.7362 ]

and the optimal weighted Lo-gain ~,,;, = 4.0200. The
closed-loop state response with initial states chosen as
2(0) = [~4 3 5]T and the disturbance chosen as w(k) =
1/(20k + 1) is shown in Fig. 2. It is clear that the switched
system has been stabilized by the SOF Controller under the
switching signal shown in Fig. 1. In addition, the condition
in Corollary 1 gives the following control gains

—1.1467 0.4487 0.6375
Ki= [ ~0.6949 ] K2 = [ 0.2693 } Ks = [ —0.7068 ]
and the optimal weighted Ly-gain 7, = 4.2310 > 4.0200.
This shows that Theorem 1 is less conservative than Corol-
lary 1 due to the fact that slack variables Fjo1, Fjo0 in F;
provides extra freedom in the LMI optimization problem in
Theorem 1.

3.5 4
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Fig. 1. Switching signal
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Time in samples
Fig. 2. Response of the closed-loop system
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V. CONCLUSIONS

This paper considers the problem of H,, SOF control
for discrete-time switched linear systems with average dwell
time switching. By the aid of the multiple Lyapunov function
technique combined with Finsler’s lemma, a switched SOF
controller has been designed. An example has also been
given to illustrate the effectiveness of the proposed method.
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