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Robust Switching-type /., Filtering for Time-Varying Uncertain
Time-Delay Systems

Dan Ye

Abstract— This paper is concerned with the problem of H.,
filter design for a class of linear uncertain systems with time-
varying delay. The uncertainty parameters are supposed to be
time-varying, unknown, but bounded, which appear affinely in
the matrices of system model. Our proposed robust H., filter
is a switching-type filter, in which the filter parameters are
tuned in a switching manner via a switching logic. Asymptotical
stability and a prescribed H., performance of the filtering error
systems are guaranteed. The resultant filter design conditions
are less conservative than those of filter with fixed gains. A
numerical example is given to illustrate the validity of the
proposed design.

I. INTRODUCTION

Over the past few years, state estimation of dynamic systems
has been extensively investigated [1], [6] and [15]. Compared with
traditional Kalman filtering, the H., filtering approach possesses
many advantages, such as no need for priori information on the
external noises and insensitiveness to uncertainty in dynamic model
[16]. Hence, recently there has been substantial interest in the study
of H filtering problem [2], [9], [11], [13], [18], which is designed
to make the Ho, norm of the system minimized.

On the other hand, time-delay phenomena often arises from
biology, mechanics and economics intrinsically, and also appears
in actuation and measurement. As is well known [8], the existence
of time-delay degrades the control performance and may make
the closed-loop stabilization very difficult. Recently, H, filtering
results have been extended to linear systems with time-delays. Both
delay-independent and delay-dependent results have been proposed
[4], [5], [12], [14], [15], [17] and [19]. Some of these results deal
with the so-called norm-bounded uncertainty, which is somewhat
conservative in many application [7] and [10].

Recently, robust H. filtering linear time-delay systems with
polytopic type uncertainties have been treated, based on parameter-
independent Lyapunov function [4], [14], [17] or parameter-
dependent Lyapunov function [5] using LMI methodologies. In fact,
parameter-dependent Lyapunov method can reduce conservative-
ness compared with parameter-independent one when the uncertain
parameters are time-invariant. Also parameter-dependent Lyapunov
method can include the traditional quadratic stability approach
as a special case if the time-varying parameters and their rate
of variation are assumed to belong to a given convex-bounded
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polyhedral domain. However, while the uncertain parameters is
time-varying and the bound of its derivative is unknown, only the
parameter-independent Lyapunov function method can be applied.

In this paper, we investigate the robust H., filtering problem
for linear time-delay systems with time-varying uncertainties. The
uncertainty parameters are supposed to be time-varying, unknown,
but bounded, which appear affinely in the matrices of system model.
Apart from traditional filter with fixed gains, the proposed filter is
a switching-type filter, which consists of a number of fixed gain
filters. One of the fixed gain filters will be active at a time according
to some switching laws derived from the Lyapunov stability theory.
The derived filter design conditions of the switching-type filers
are given in terms of LMIs, which can reduce conservativeness
compared with the corresponding conditions of traditional filter with
fixed gains. A numerical example is given to show the effectiveness
of the proposed switching-type filter.

This paper is organized as follows. Section 2 introduces the prob-
lem and some preliminaries. It is followed by the robust switching-
type Hoo filtering design method in Section 3. An illustrative
example is given in Section 4 to demonstrate the proposed method.
Finally, Section 5 gives the conclusions.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

Consider a linear uncertain system with time-varying delay
described by

@(t) = A(6(t))z(t) + Aa(d(t))z(t — d(t)) + Buw(t)

y(t) = Cox(t) + Darw(t) + Csz(t — d(1))

z(t) = Crz(t)

o(t) = ¢(t), t€[~d,0) M

where z(t) € R" is the state, y(t) € R? is the measured output and
z(t) € R? is the output signal vector to be estimated, respectively.
w(t) € RY is the exogenous disturbance in L3[0,00). ¢(t) is
the given initial vector function that is continuous on the interval
[—d,0), d(t) is time-varying bounded delays satisfying

dit)<d < oo, 0<d(t)<h<1
And

No No
A(B(t) = Ao+ 6i(t)Ai, Aa(8(t) = Aao + Y 8i(t) Aas

Ao, Ai, Ag, Adi B, C1,Ca,Cs and Doy are known constant ma-
trices of appropriate dimensions. §;(¢)(¢ = 1--- Np) are unknown
time-varying uncertainty, which satisfy 9, < d;(¢) < d;. Here ¢,
and ¢; are known lower and upper bounds of §;(¢), respectively.
Since C> € RP*™ and rank(C3) = p1 < p, then there exists
a matrix T, € RP'*? such that rank(7.C>) = p;. Furthermore,

T.Co

there exists a matrix C., such that rank { C = n. Denote Tep
cn

1

_|TeCo] ™
- CCTL ’
Assumption 1: System (1) is asymptotically stable.
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For traditional robust filtering, the following form filter is usually
used.

&i(t) =
ZFl(t) =

Ars&i(t) + Brry(t)
Crs&i(t) 2)

where Apy € R™™", Brpy € R™? and Cry € R¥*™ are the
filter parameter matrices to be determined. Here, we assume that
the filter is of the same order as the system model.

Denote 2.7 (t) = [T (t) &7 ()] and 2z (t) = 2(t) — zr1(t). Then
combining (2) with (1), the filtering error dynamic can be obtained
as

Fep(t) = AesTer(t) + Acpates(t — d(t)) + Besw(t)
zef(t) = Cepwes(t) (3)

where

| A(9) 0 | Aq(d) O
Aef - |:BFf02 AFf:| ) Aefd - |:Bchv3 ol

B .
e = |:BFfD21] ) Cef = [Ol _CFf}~

In this paper, the following robust filter with switching-type gains
is considered.

£t =
ZF(t) =

Ar(8(£))E(t) + Br(3(1))y(t)
Cr(6(1))E(t) ©)
where 6;(t)(i = 1--- Np) are the estimations of &;(t), which will
be obtained according to the designed switching laws. Ar(9) €
R™™, Bp(d) € R™*P and Cr(0) € R™*™ have the following
forms, that is

No No
Arp(8) = Aro + Z 0;Ar;, Br(d) = Bro + Z 0iBri,
=1 1=1
No
Cr(6) = Cro+ Y 6:iCrs
=1

where Arpo, Ari, Bro, Bri, Cro, Cr; are fixed parameter
matrices to be designed. Here, the designed filter is of the same
order as the system model.

Denote x.(t) = [z7(t) €T (1)]" and z.(t) = 2(t) — zr(t).
Applying the robust filter (4) to the system (1), it follows

Te(t) = Aee(t) + Acaze(t — d(t))Bew(t)

2e(t) = Ceze(t) ©)
where
1= |pres ar@)" 4= [peics o)
Be=| gy Gpm| - C=0n —Cr )

The purpose of this paper is to develop delay-dependent condi-
tions for the existence of the robust switching-type Hoo filter (4)
for linear time-delay system (1). Specially, for given v > 0, find a
filter of the form (4) such the corresponding error dynamics (5) is
asymptotically stable and satisfies || 7%, ||co < -y under zero-initial
conditions for any nonzero w(t) € L2[0,00] and all admissible
uncertainties.

B. Preliminaries

Lemma 1[20]: Let z(t) € R"™ be a vector-valued function
with first-order continuous-derivative entries. Then, the following
integral inequality holds for any matrices My, M2 € R™™ and
X = X7 >0, and a scalar function h := h(t) < 0:

[ s
i |

<[ } {MliMl BT AT

L] B g o

o)

Lemma 2: Consider the closed-loop system described by (2). Then
the following statements are equivalent:

(i) there exist symmetric positive-definite matrices Py, (), S, matri-
ces M1, M2 and a filter described by (3) such that for §; € [0, 0;]

ami dATS
P.Bey 0 0 Cly
Ao { 0 ] dMy dAj S { 0
0 0
R 0 dBT 0o | <0 @
* * -S 0 0
X * * —ds 0
| * * * * —I |
where
ME+M; 0
o PyAcar + { 10 0}
Ao = T
s —(1-h)Q4 | M2 FAM 0
0 0
T
with S0 = Py Au; + AT P+Q+[M15FM1 g

(ii) there exist symmetric matrices Y, N,Q, S with 0 < N < Y,

Q = Q*H gu}, matrices M1, M2 and a filter described by (3)
22
with Ff = AFreo, BFf = Bpeo and CFf = (CFeo such that for

i € [8s, 04

[ ©1 O O4 0
* Og O 0
* * O — (1 — h)Qu (1 — h)@lz
Va:=| ©  F * —(1 = h)Q2
* * * *
* * * *
* * * *
| * * * *
©; dMT dATS of
Os 0 0 —-CT.
0 dM¥ dATS 0
0 0 0 0
—*I 0 0 0 <0 ®
* -8 0 0
* * —ds 0
* * * -1 |
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where
©1 = YA(8) — NBreoCz + Mi + Qu1
+ [YA(S) — NBpeoCa + Mi]"
62 = —NAp(8) = AT(O)N + C2 BioN + Qu2
O3 = NApeo + (NAFeO)T + Qa2
04 = YAy(8) — NBpeoCs — My + M,
O5 = —NA4(6) + NBreoCs
O = — M, — MY
©7 =Y B, — NBreoD21
Os = —NB, + NBreoD21
Proof: Due to the space of limitation, the proof is omitted here. [

Algorithm 1: Let «y denotes the robust H, performance bound of
the closed-loop system (3). Let NAry = Ary and NBry = Bry.

minn st. 0 <N <Y (8)

where 1 = ~2. Then the resultant gains of robust filter (2) are
AFf = AFfNil, BFf = BFf]\fi1 and CFf.

III. ROBUST H,, SWITCHING-TYPE FILTER DESIGN

Theorem 1: Consider the filtering error system (5), and let
v >0,d > 0and 0 < h < 1 be given scalars. If there exist positive
definite matrices IV, Y, Q11, Q22,5 with 0 < N < Y and matrices
Q12, M1, M2, Aro, Ari, Bro, Bri,Cro, Cri,i = 1---Ng such
that for &;(t), 6;(t) € [, ;] the following matrix inequalities hold:

[T Ty Ty 0 17
* T3 T5 0 Tg
* % Te—(1-h)Qun —(1—h)Qu2 Ty
* * * —(1=h)Q22 0
x ok * * Tio — 21
* * * * *
* * * * *
* * * * *
ami{ dATS  cf ]
0 0 —CE(©)
dMT  dAYsS 0
0 0 0
0 0 0 <0 )
-5 0 0
* —dS 0
* * =
with

No No
Ar(8) = Aro + Z 0;Ari, Br(d) = Bro + Z 0;Bri

i=1 i=1
Ty =W + 0]
U, = YA((S) — NBF(5)02 + M

+ %(& — 8;)[~2N3 NBp;C> + NBp;Cs)
Ty = 711\211:(5) — AT(5)N + C3 BE(6)N
+ %(& —6:)[~N3 NAp; — C3 BpiN] + Q12
=1
Ts = NAr(6) + (NAr(6)" + Q22

No

Ty = YAd((S) — NBF(5)03 — MlT + Ms + Z(& — 51)

=1

X [-2N§ NBriC3 + NBpiCs + 2C3 B;N N4]

Ts = =N Aq(8) + NBr(8)Cs
No
+ 3 (8: — 6:)[~C5 BN + Ni NAgi]
i=1

No
Ts =Y 2(0i — 6;)[Ni NBriCs + (Ni NBriCs)"]
=1
— My — MY
No
Tr =Y By, — NBr(0)Dar + »_ 2(d; — 6:)
i=1
T »T T
x [C3 Bf;NNz + NBp; D21 — N3 NBp;Da]

Ts = —NB,, 4+ NBp(§)Da:
No
+ > (6 = 6:)[AFi NNz — 2N By; D1
=1

No

Ty =2 (0 — 6:)[NsTNBp; Doy + C5 Bf; NNy
i=1
No

Tio = QZ(&‘ - 5i)(N2TNBFiD21 + Dng%:iNNQ)
i=1

Ny = Ton, {ﬂ . No=Ten {choj?l]

_ 0 _ T.C3
N3—Tcn |:Ccn:| ,N4—Tcn |: 0 :|
and also 51(15) is determined according to the switching law

~ 52.7
o ‘{ a5,

03

if Ui+U;, <0 .
iU +0; >0 i=1---Np (10)
Ui =" NApi€ —y" NI NApi& + € NBpy

—y" NI NBriy
Ui =¢"NBriy —y" N{ NBruy
Then, the filter error system (5) is asymptotically stable with an

Ho disturbance attenuation level .
Proof: Choose the following Lyapunov-Krasovskii functional

V(t) = Vi(t) + Va(t) + Va(1).

where

Vi(t) = 22 ()P (t), Va(t) = /

t—d(t)

t

ze (@)Que(a)da,

0 t

Va(t) = / / 7 (@) H S Hio (o) dadB.
—dJt+

: _ _ Qll Q12

with H =[I 0],Q = « Om >0, and S > 0.

Then the derivative of V' (¢) along any trajectory of the filtering
error system (5) is given by

Vi(t) = 227 (t)Pio(t) an
Va(t) < zg () Qe (t) — (1 — h)zl (t — d(t)Que(t — d(t)zlz)
AT
V3(t) S Czn() Ad S [A Ad Bw] ng
BY
- /t &7 (a)Si(a)da 13)
t—d(t)
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with

no = [a7(t) 2" (t—d(t)) w(t)].

Using Lemma 2, it follows

— /tt i (s)Si(s)ds

—d(t)

t— * —MT — M,

+ Lf x(t)d)r {Mq STU[My M) { ®)

(t—

My a(

Then A. and A.4 can be written as

Ae = Aea + Aeb, Aed = Ael + AeQ

where

A

A

A

o {Bf(é(s)Cz AFO(‘”] ’

& 0 0
b = 2(52 — %) l:BFiC2 AFi:l

i=1
No

o RS SR P

=1

Let P be of the following form,

with 0 < N <Y, which implies P > 0. From (1), it follows

Thus
xr = Tcn |:%02x$:| = le — Ngw + Ng.T — N4$(t — d(t)) (17)
with N1 = T., :gc Ny = T., {Tcgﬂ , N3
0 _ T.Cs
Tcn Ccn 7N47Tcn 0 :|
Furthermore, we have
PA — YA(0) — NBp(6)C: —NAFr(9)
€@ |=NA(S)+ NBr(6)C2 NAFr(9)
and
<L ~NBpiCy —NApi
PAcy = (0 = 6:) [ NBriCs  NApi

P=[lv ¥

TCC2:C = Tc[y - D21w - CS.’L'(t — d(t))]

i=1

which follows

" €T)P A" €1]"
No

= Z(SZ — 6i){_l'TNBFiCQ$ — CCTNAFZ§

i=1

+ ' NBpiCox + §TNAF1'£}

By (16) and (17), it is easy to see

— :ETNBF¢CQ$
= (W'Ny —2"N{ 4+ 2" (t — d(t))NS )N Br;

X (Czw + Dojw + C3.T(t — d(t))) + {ETNBFZ‘Dzlw

— yTNlTNBFiy + J}TNBFic’ga)(t — d(t))
— mTNAFiﬁ = —(yTNlT —w'NT + 2" NT
— " (t — d(t))Ni )N Api€

E'NBriCox = €' NBri(y — Daiw — Cax(t — d(t)))

< L:(m(t)d)r [MlT + M, —-M{T +M2] L;(f(f)d)
t

_d)

Thus,
xl PAayxe =1" Apen + 0" Bpew + U
No
+ Z(& - 5i)wTNgNBFz‘D21w
i=1
where n" = LiceT zl(t—d(t))]
[T(t) €7(t) 2" (t—dt) & (t—d®))]

No No
2 Wy W 3 Fy
Ape = 2(61 — i) {\Pm \1122} » Bpe = Z(az =) {FJ

g — |["N§NBpiC2 —Ni NAFZ}
e 0 0 ’
Do — [-NfNBp;Cs + NBpiCs 0
| —NBriCs 0]’
0. — |[NINBpiCo NI NAF,-]
2 0 0 ’

Ty — (NI NBp;Cs 0]
22 — O 0

Ao (CTBL. NNy + NBp;Dy1 — NY NBp; Doy
' AL,NNy — NBp;Dxn

7, — [C3BE NN+ NY NBFZva}
T 0

No
U=> (6= 6:)Ui,
=1

U = NApi& — y" NI NApi& + €T NBriy
—y"NINBpy

On the other hand, we have

PA. — Y Aq(d) — NBr(0)Cs 0

el = —NAd((S) + NBF(5)03 0
and N
0

2 —NBpiCs 0

PAex = 2(5’ — i) { NBFfZC; 0]

=1
which follows
! (H)PAcpae (t — d(t))
No
= 2(51 — 51'){—3;‘TNBF1‘03.Z‘(T, — d(t))
i=1
+ T NBpiCaax(t — d(t))}
By (16) and (17), it is easy to see
— mTNBpngx(t — d(t))
= (W'NS — 2" NT + 2" (t — d(t))N] )NBp;
X (Co + Doyw + Csa(t — d(t))) + 27 NBriDarw(t)
— y" NI NBpiy 4 2" NBpiCox(t)
E'NBpiCsa(t — d(t)) = €' NBri(y — Daiw — Cox(t))
Thus,
wZPAegxe(t —d(t) = 77TAP577 + nTBpew +U

No
+ Z(SZ — (57;)UJTN2TNBF7;D21LU
=1
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ol o, @ 0 F
- @ 11 12| 5 : 3
Ape = 2(51 =) {‘1’21 @22} ,Bpe = E (6 — 03) [FJ

i=1

B — [—NINBp;Cy + NBp;Cy 0
S| —NBpiCs 0]
- L
Py = —Ns ]\(/;BFZCB 8} )
$oy = Ni NOBFZCQ 8} , Poo = {N‘l NOBFZC?’ 8}
7. — |C3 BE:NN2 + NBpiD21 — Ni NBriDay
3= L —NBp;Day
7 [c¥BL, NNy + NF NBFiDgl}
4= 0
No
U=> (6 — )T,
=1

Ui =" NBpiy —y" N{ NBpsy.

Then from the derivative of V' (¢) along the closed-loop system (5),
it follows

] T g PBe + F1 + F3 _
Vi(t) < {77] 0 F>o+ Fy {77} +2(U+U)
w . ®, w

where
F1 @1
=T G +ler ol
No
®1 =2 (8 = 6:) (NS NBr:Day + D3y B NNz) = 7°1
i=1

with

'y = PAea + AT P
No

+ Z(& —0i)[®11 + V11 + (P11 + \Illl)T]

=1

No
©1=PAc1 + Z((Sz —8;)[P12 + O3+ Upp + ‘I/;Fﬂ
i—1

No
O, = Z(& —0;)[P22 + Va2 + (P22 + ‘1/22)T]

i=1

Furthermore, from (11) and (16) we can obtain that

V(t) + 22 (H)ze(t) — Y'w" (tw(t)

T
n n 2
SM o MH(U+U) (18)
where
PB.+ F1 + F3
Q= 2+l [ Py + Py }
* 031
AT
~ 0
+d|A7|S[A 0 Az 0 B
0
BT

Qo =
0+ ME+M 0] [-MI+M 0
0 0 0 0
0 ©o
+ Qo
M
- 0 -1 Q1 Qa2
H=d|, S My 0 My 0], Qf[* ng}
0
T
00 =—(1- 1)@+ | MM

The design condition V'(t) + 27 (t)ze(t) — v2wT (H)w(t) < 0 is
reduced to

Q1 <0 (19)

and B
U+U<O.

Since y and ¢ are available on line, the switching law can be chosen
as (10). So (20) can be achieved.
Notice that

(20)

Y B, — NBr(8) Doy
PB. = )
—NB, + NBp(8)Da
It is easy to see §2; < 0 is equivalent to
Q4 =
r dMy dATS )
o, |PBe+Fi+Fs 0 0 ct
2 Fy+ Fy dMmy dATS 0
0 0
* D, 0 dBY 0
* -S 0 0
* * —dS 0
L * * * —I |
<0 @1

If (9) holds, which implies €24 < 0. Thus it follows €; < 0.
Together with the switching laws (10) , we can get V(¢) < 0.
Furthermore, we have

V(t) + 22 (t)ze(t) — y*w” (H)w(t) < 0.

Integrate the above-mentioned inequalities from 0 to co on both
sides, we obtain

V(o0) — V(0) + /O T o) 2 ()dt < A /0 ) w(t)dt.

which implies that the H., disturbance attenuation of the closed-
loop system (5) is no larger than ~ holds. O

Theorem 2: If the condition in Lemma 1 holds for the closed-
loop system (3) with traditional robust filter (2), then the condition
in Theorem 1 holds for the closed-loop system (5) with robust
switching-type filter (4).

Proof: The proof can be easily obtained from Theorem 1, so we
omit it here. O
Algorithm 2: Let v denotes the robust Ho, performance bound
of the closed-loop system (5). Let NArg = Apo, NAp; = Aps,
NBro = Bro.and NBr; = Bp;.

miny st. 0< N <Y and (9),

where 7 = ~2. Then the resultant gains of robust switching-
type filter (4) are Ao = ApoN~', Ap; = ApiN™', Bpo =
BpoN™', Bpi = BpiN ™", Cpo and Cpi, i = 1--- No.
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IV. NUMERICAL EXAMPLE

Consider the following linear time-delay system (1) with time-
varying uncertainty satisfying

a0 =7 Slraoy o5 va0 ) G
40 =0y 53 a0 |om 5]
+a0 % o]
=y o) m=lp o @=[1 4
ci=ly L) pa=] Q] c@=3)

with 61 (t) = 0.5cos(t), 2(t) = sin(t) and d(t) = $sin(t)+ %. Here
we chose 7. = [1 0].

Using Matlab LMI tool box [3], Algorithm 1 and Algorithm
2, we get the H,, performance index is 1.1179 with the robust
switching-type filter while that of traditional robust filter with fixed
gains is 1.3037. Just as the theory has proved the robust switching-
type Hoo filter design method is less conservative than traditional
robust filter with fixed gains.

The simulations are carried out with the following disturbance
w(t) = [wi(t) wg(t)]T, where

1, 1<t <2 (seconds)
wi(t) = wa(t) = { 0  otherwise

Figure 1 and Figure 2 are the responses curves of system states
with the robust switching-type H filter and traditional robust H.,
filter with fixed gains, respectively. It is easy to see that our robust
switching-type H.o filter has more disturbance attenuation ability
than that of traditional robust filter with fixed gains as theory has
proved.

V. CONCLUSIONS

This paper has proposed a novel robust H, filter design pro-
cedure for linear uncertain systems with time-varying delay. The
uncertainty parameters are supposed to be time-varying, unknown,
but bounded, which appear affinely in the matrices of system model.
A new switching-type filter is established based on LMI method and
switching laws to guarantee asymptotic stability and a prescribed
H, performance level of the error systems for all admissible
uncertainties. The derived design conditions are less conservative
than those of the corresponding filter with fixed gains, which has
also been demonstrated by an illustrative example.

3
time(s)

Fig. 1. Response curve of the first state with robust switching-type filter
(solid) and traditional robust filter with fixed gains (dashed).

x,(0)

0.6

3
time(s)

Fig. 2. Response curve of the second state with robust switching-type filter
(solid) and traditional robust filter with fixed gains (dashed).
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