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Adaptive Tracking Control of Nonholonomic Mobile Robots
Considering Actuator Dynamics: Dynamic Surface Design Approach

Bong Seok Park, Sung Jin Yoo, Jin Bae Park, and Yoon Ho Choi

Abstract—1In this paper, we propose an adaptive tracking
control of nonholonomic mobile robots considering actuator
dynamics. All parameters of robot kinematics, robot dynamics,
and actuator dynamics are assumed to be uncertain. For
the simple controller design, the dynamic surface control
methodology is applied and extended to multi-input multi-
output systems (i.e., mobile robots) that the number of inputs
and outputs is different. From the Lyapunov stability theory, we
derive adaptation laws and prove that all signals of a closed-
loop system are semi-globally uniformly ultimately bounded.
Finally, we perform compute simulations to demonstrate the
performance of the proposed controller.

I. INTRODUCTION

Over the past twenty years, the control of mobile robots
has been regarded as the attractive problem due to the
nature of nonholonomic constraints. Many efforts have been
devoted to the tracking control of nonholonomic mobile
robots [1]-[5]. However, most of the schemes have ignored
the dynamics coming from electric motors. Even if some
results were reported for mobile robots incorporating the
actuator dynamics [6], [7], all parametric uncertainties for
mobile robots were not considered at the actuator level.
This is because the controller design problem would become
extremely difficult as the complexity of the system dynamics
increases.

The backstepping technique has been widely used as
one of representative methods for controlling nonholonomic
mobile robots considering kinematics and dynamics [8]—
[10]. However, the backstepping design procedure has the
problem of “explosion of complexity” caused by the repeated
differentiations of virtual controllers. That is, the complexity
of controller grows drastically as the order n of the system
increases. Swaroop et al. [11] proposed a dynamic surface
control (DSC) technique to solve this problem by introducing
a first-order filtering of the synthesized virtual control law at
each step of the backstepping design procedure. The DSC
idea was extended to uncertain single-input single-output
(SISO) [12] and multi-input multi-output (MIMO) systems
[13]. Despite these efforts using the DSC technique, the DSC
method is still not applied to MIMO systems (i.e., mobile
robots) that have more degrees of freedom (DOFs) than the
number of inputs under nonholonomic constraints.
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Accordingly, we propose an adaptive tracking controller
for path tracking of uncertain nonholonomic mobile robots
considering actuator dynamics. It is assumed that all param-
eters of robot kinematics, robot dynamics, and actuator dy-
namics are uncertain. For the simple control system design,
we apply the DSC technique to nonholonomic electrically
driven mobile robots. The adaptive technique is used to
overcome all parametric uncertainties. Based on Lyapunov
stability theorem, we also prove that all of the signals in the
closed-loop system are semi-globally uniformly ultimately
bounded and the steady-state error can be made arbitrarily
small by adjusting the design parameters.

This paper is organized as follows. Section II introduces
simply the model of nonholonomic mobile robots incorpo-
rating actuator dynamics. In Section III, we propose a sim-
ple adaptive controller for nonholonomic electrically driven
mobile robots with parametric uncertainties, and analyze the
stability of the proposed control systems. Simulation results
are discussed in Section IV. Finally, Section V gives some
conclusions.

II. PROBLEM STATEMENT

We consider a mobile robot with two degrees of free-
dom. The kinematics and dynamics of nonholonomic mobile
robots are described by the following differential equations

[14]:
cos cosf .

G=J(g)z=0.5r |sinf  sind L}l} (1)
R —R'| L7

Mz+C(¢)z+Dz=r1 (2)

where ¢ = [z y 6] € R3; 2,y are the coordinates of the
center of mass of the vehicle, and 6 is the angle between
the heading direction and the x axis, z = [v; w]T € R?;
v1 and vy represent the angular velocities of right and left
wheels. R is the half of the width of the mobile robot and
r is the radius of the wheel,

mi1 Mi2 . —-1,2 0 9
M = =0. , .
l:m12 m11] , C(¢) =05R "r*m.d [_9 O} ,
_|dun 0

mi1 =0.25R™2r2(mR% + 1) + I,
mis =0.25R*2r2(mR2 —Dm = me + 2my,,

I =m.d? + 2my,R? + 1, + 21,,, T

T=[r T

In these expressions, d is the distance from the center of
mass P, of the mobile robot to the middle point Py between
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the right and left driving wheels. m. and m,, are the mass
of the body and wheel with a motor, respectively. I., I,
and [,, are the moment of inertia of the body about the
vertical axis through P., the wheel with a motor about the
wheel axis, and the wheel with a motor about the wheel
diameter, respectively. The positive terms d;;,¢ = 1,2, are
the damping coefficients. 7 € R? is the control torque applied
to the wheels of the robot.

Property 1: [15] The inertia matrix M is symmetric and
positive definite.
In addition, the dynamic model of dc motors can be repre-
sented as follows [6]:

Tm = KTia7 3)
u= Ryiq + Laia + K
where 7, = [Fm, Tm,|' is the torque generated by dc

motor, Kr = diag(ky,, kt,) is the motor torque constant,
iq € R? is the current, u € R? is the input voltage, R, =
diag(ry,,74,) is the resistance, L, = diag(l,,,ls,) is the
inductance, Ky = diag(k.,, ke,) is the back electromotive
force coefficient, and 6,, = [0, Om,|” is the angular
velocity of the dc motor. Here, diag(-) denotes the diagonal
matrix.

The relationship between the dc motor and the mobile
robot wheel can be written as

nj=—=—-= “)

where n;,j = 1,2, is the gear ratio. Using (4), the dynamic
model of dc motors (3) can be rewritten as

T = ]\/vI(TZ.a7 (5)
u= Rutq+ Lyia + NKgz.

where N = diag(ni,ns).

Assumption 1: All parameters of robot kinematics (1),
robot dynamics (2), and actuator dynamics (5) are constants
but unknown, and lie in a compact set.

Let us define the state variables as x1 = ¢, x2 = 2, and
T3 = i4. Then, (1), (2), and (5) can be expressed in the
following state-space form:

&1 = J(x1)xe (6)

iy = MY (=C(i1)xy — Dxy + NKrxs3) (7)

i3 =L, '(u — Ryxs — NKpxy) )
where xr1 = [Ill T12 Ilg]T, T2 = [5621 I'QQ]T, and I3 =
[$31 $32]T-

The control objective is to design a simple adaptive control
law u for nonholonomic electrically driven mobile robots (6)-
(8) to track the desired trajectory generated by the following
reference robot:

T, = v, cos b,
yr = v, sinf,, 9)
0, = w,

where z,, vy, and 0, are the position and orientation of

the reference robot. v, and w, are the linear and angular
velocities of the reference robot, respectively.

Assumption 2: The reference signal z, = [v, w,]T is

bounded, and v, > 0.

Remark 1: In Assumption 2, v, > 0 means that this
paper is only focused on a simple controller design for the
trajectory tracking problem of mobile robots incorporating
actuator dynamics. That is, the case of v, = 0 is not
considered.

III. MAIN RESULTS

A. Adaptive Controller Design

In this section, we develop a simple control system for
nonholonomic electrically driven mobile robots. To design
the adaptive control system using the DSC technique, we
proceed step by step.

Step 1: Consider the robot kinematics (6). The first error
surface is defined as follows:

S11 coswiz sinziz 0| |z, — 211
Sia| = | —sinxy3 coszi3 O |y, — 212 (10)
513 0 0 1 9r — 13

Differentiating (10) yields

— #22)S12 — 5(@21 + T22) + vy cOS S13
(E22)511 “+ v, sin Slg

— ng).

511 = ﬁ{(le
512 = —ﬁ(le -
S13 = wy — ﬁ(le

(an

In the tracking error model (11), Si2 can not be directly
controlled. To overcome this problem, we introduce an error
variable based on [16] as follows:

S13 = Si3 + arctan(k; S12v,) (12)

where ki is a positive constant. Using (12), 5’13 in (11) is
transformed into
k1v,S11

1+ (k;lSleT)?) +oa(t)
(13)

. r
Si3 = wp — ﬁ(mﬂ — Z99) <1 +

where a;(t) = (k1v?sin(S13 — arctan(kiSi2v,)) +
lem?}r)/(l -+ (k:lSlgvT)Z).
Choose a virtual control law o as follows:

Tg = [To1 o)t = [h1 +hy hy—ho)T (14)
where
hi1 = aiv, 006(513 — arctan(k;lva,)) + k2.S11
1
5 kl”r) 511
( k1v,-S11 )_1
1+ klslgvr)
1
<a1a2 (t)vpS12 + ao(wy + a1 (t)) + k3 Sz + 55%3)
as(t) = cos < — arctan(kyS120,) + n513>d77
0
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in which a; = 1/r, aa = R/r, ko and ks are positive
constants. a; is the estimate of a;, © = 1,2. a; and ay are
updated as follows:

(Lll =Y1Ur (Sll COS(Slg — arctan(klvrSlg)) + ag(t)512513>

5)
(16)

— 0171041

aa =y (wr + a1 (t))S13 — o2y2ds

with the initial estimates a;(0) = a2(0) = 0, the tuning
gains 71, 72 > 0, and small gains oy, oo > 0 for the o-
modification [17]. Then, to obtain a filtered virtual control
Top = [vap, Tay,]T, we pass Zo through a first-order filter

Tg.i‘gf + Tof = To, :I:gf(O) = iQ(O) (17)

with a time constant 75 > 0.
Step 2: Consider the robot dynamics (7). Define the second
error surface Sy as

Sy = 3 — waf. (18)
Then its derivative is
S = @y — oy
= Mﬁl(_c(jjl)l? _D$2+NKTJU3) —j?gf. (19)

Choose a virtual control law Z3 = [Z3; Z32]7 to drive

Sy — 0 as follows:

T3 = —kySo — @1W\1 (20)

where k4 is a positive constant, DWW =
/—\(NKT)ilc(il)l‘g — (NKT)ilD[EQ — (NKT)ilMigf,
W is the estimate vector of the unknown parameter vector
W1 and it is updated by
Wy =T11078, — o3I, W) 1)

with the initial estimates Wl(()) = 0, a tuning gain matrix
I'y > 0, and a small gain o3 > 0. Here, ®; and W are
defined as in (22), shown at the top of the next page.

Then, z3 is passed through a first order filter with time
constant 73 > 0 to obtain x3f = [x37, z3y,]7,

Step 3: Consider the actuator dynamics (8). To design an
actual control input law u, we define the third error surface
S5 as

Tgx'ngrl’gf:fg, (23)

53 = T3 — T3f- (24)
The time derivative of S5 is given by
53:S'L'g—.’)"}gf:Lgl(u—Raxg,—NKE!EQ)—i‘gf. (25)

We choose an actual control law u to derive S3 — 0 as
follows:

u = —1{3553 — (I)QWQ (26)

where kj5 is a positive constant, oWy = —R,x3—NKpgxo—
Lqizp. Wo is the estimate vector of the unknown parameter
vector Ws, and is updated by

/WQ = FQ(I)gSg — 0’4F2W2 (27)

with the initial estimates WQ(O) = 0, a tuning gain matrix
I'y > 0, and a small gain o4 > 0. Here, ®, and W5 are
defined as

@2 _ —I31 0 —T21 0 —Cbgfl 0
0 —x32 0 —T22 0 —i3f,

T
Wy =[ra, Tay nike, noke, lay, las]

where @37, = (531 — Igfl)/Tg and i3y, = (f32 — Igfz)/Tg.
Remark 2: Compared with [8]-[10] and [14] based on
the backstepping technique, the proposed controller for non-
holonomic mobile robots can overcome the “explosion of
complexity” problem by using the first-order filters. Thus,
the proposed controller based on the adaptive DSC technique
can be simpler than the adaptive backstepping controller.

B. Stability Analysis

In this section, we show that the all signals of the pro-
posed control system are semi-globally uniformly ultimately
bounded.

Define the boundary layer errors as

(28)
(29)

Y2 = Tof — Ta,
Y3z = X3f — T3.

The estimate errors are defined as a; = a; — a;, V[NQ =W, —
Wi,i = 1,2. Then, the derivative of y5 and y3 are

Yo = Eop — Ty = By Z1(51, 52, y2, 2, a1,a2)  (30)

T2
. . ~ Y3 —_ e
Y3 = d3p — I3z = 0 + E2(S1, S2, 53, Y2, Y3, 2, W1)
(€29)

where S = [S11  Si2 S13]T. Z1 and Z, are defined as in
(32), shown at the top of the next page.
Consider the Lyapunov function candidate as follows:

V=Vi+1 (33)
where

! a2 (34)

1 1 R 1
Vi = SQ SQ SQ ~2
1=5 01 + o012 + 57013 + 2 ay + 27,2

2y
1 _ _
Vo =3 (s§<M INK7)7 'Sy + ST LS5 + 2 ya + vl ys

+WIT W, + W}F;lﬁz) . (35)

Theorem 1: Consider the nonholonomic electrically
driven mobile robot (6)-(8) with parametric uncertainties
controlled by the adaptive control law (26). If the proposed
control system satisfies Assumptions 1-2 and the unknown
parameters a1, az, W1, and W5 are trained by the adaptation
laws (15), (16), (21), and (27), respectively, then for any
initial conditions satisfying V(0) < pu where u is any

3862



o, = —I13T22 0 —x21 0 —Tayp, —Zaf, 0 0
0 13721 0 —X22 0 0 —Iay, —dof,
1% _ | r?med r’mcd diy da2 miy mio my1 mio T (22)
L = |2Rniks,  2Rnoks, nike,  noke, nike  nike,  noky,  noke, )
Bof, = (T —X2p,)/T2,  B2p, = (Ta2 — T2p,)/To.
. v 611 A ow
:(S g R A) 6vv7“+6 Sl+ a1+527+0 Sl"‘ a1+wa2
=1(01,92, Y2, 2r, A1, G2 av . + ’L) S + b aw _ S dw 5
v, Ur T 35, P1 am ay — g % asl 1= aa1 a1 — F3,02 (32)

Za(S1, S2, 3, Ya, Y3, 2r, W1) = kaSo + &, W) + @, W,

positive constant, there exists a set of gains ky,...,ks,
Ti+1, Vi» L'i, and o, where ¢ = 1,2 and j = 1,2, 3,4, such
that the error states are semi-globally uniformly ultimately
bounded and can be made arbitrarily small.

Proof: We first consider the Lyapunov function can-
didate V;. Noting that sin(Sy3 — arctan(kiv,512)) =
— sin(arctan(k; S12v,)) + S13a(t), the time derivative of
V1 along (11)—(16), (18), and (28) yields

1 . 1 . R . 1 JSY 1 ~ X
Vi ==511511 + =512512 + — 513513 — —a141 — —a209
r r r st Y2
_g [ Toy + Too  So1 + Soz + Y21 + Y22
B T 2

+ ayv, cos(S13 — arctan(lelgv,«))]

+ Si3 {ag(wr + a1 (b)) + ayvras(t)Sia

B (1 . kiv,.S11 ) (9621 - $22)]
1 + (lelgv,»)Q 2
kv, S11 Sa1 — Sog + Y21 — Yoo
(1 S
( + 1+ (k1S12v,)? 2 o
1 . 1_ . 1_
— —Syou, sin(arctan(ky S12v,)) — —a1d1 — —agds
r ! 72
1
= —ky S} — ;Slgvr sin(arctan (k1 S12v,.)) — k357,
1 1 - .
- i(klv,»)‘lel - 55’%3 + o1a101 + o2a209
<521 + So2 4 yo1 + y22)S
- 11
2
k1v-S11 Sa1 — S22 + Y21 — Y22
(1 S
< * 14 (k15120r)2> ( 2 e

(36)

Second, consider the Lyapunov function candidate V5.
Using (19), (20), (24), (25), (26), and (29), we can obtain

(M_lNKT)_lsg = —k4Sy+ys+ S5+ (I)lwl
LoSs = —ksSs + P W,

(37
(38)

The time derivative of V5 along (30), (31), (37), and (38) is
given by

=S (M 'NEK7) 'Sy + S5 LaSs + y3 92 + 3 3

—WIT'W, — WIT; "W,
=57 (—k4S2 + S5 +y3 + ‘I’lwﬁ + ST (—ksS3 + (I)QWQ)

+y§<—@+~1)+y§(—%+uz>

CWITTYW, - WIT . (39)

Substituting (21) and (27) into (39) yields

1 1
Vo = — kal|Sa|* = k5|93 = —llw2l” = —ls]®
T2 T3

+ 53 93+ 55 ys + 3 =1+ y3 Eo
+ 0'3W1T/Wl + 0'4W2TW2 (40)

Finally, consider the Lyapunov function candidate V. Sub-
stituting (36) and (40) into the time derivative of 1/, we have

. 1
V< —k‘25121 — ;Slg’Ur sin(arctan (ki S12v,)) — kgSf?)

1

- 5(141”7")45111

1 1
= = lyell® = = llgslI® + 12l S5l + 1Szl llys]
T2 T3

1
55113 — ka||S2|* — k5| S]?

+ ly2lllIZL ] + lyslllZ2ll + o161G1 + o2a2a2
+ o3 WIWL + o, Wi Ws

1
+ §(|521| + [S22| + [y21] + |y22])[S11]

k1v-S11 |S21| + |Sa2| + |y21| + Y22 EN
1+ (k1UT512)2 2 13

Consider sets A; = {28} + 153, + Zs% +
S35 (MTINKr)™8; +y3'ys + (1/m)af + (1/12)a3 < 24}
and Ay 1= { Sll + = 512 R513 +52 ( 1NKT) 1Sy +
ST LS54 50 (yF i +(1/70)a2)+WETT W, < 20,
Since A; and A, are compact in Rg and R?!, respectively,
there exist positive constants p;, pa such that ||Z;|| < p; on

ki1v,-S11
1+ (k1v,S12)?

|k1v,-S11| and Young’s inequality (i.e., 2122 < %zf + %z%)
we obtain

+‘1+

A; and ||Z2|| < p2 on As. Using the fact ‘

. 1
V< — (kg —1)S% — ;512UT sin(arctan(kyS12vy))

7 1
= (ks = 1)SE = (ks = ISl = (ks = 5)IIS5]1”
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1 3. 5 1 1.
(72 2zl (73 5 lysll” +
lysl?IZ2]? | 01 | b2 - S
+ 2%, +5 3 +o1(laifar —|as]”)
+ oa(|az|az — |az]?) + o5 (WA [[|[Wil| — [[W1]]?)

+ o (||Wa[[|Wa| — [W2]1?)

AEEA
20

where §; and 2 denote positive constants. If we choose
ky = 1+ k3 ks = 1+ ki ks = (7/4) + K}, ks =
(1/2) + ki, (1/72) = (3/4) + (p3/261) + 75, and (1/75) =
(1/2) + (p3/282) + 7%, then

. 1
V<-— k‘;Sfl — ;512’[}7« sin(arctan(ky.S120,.)) — k;§5123

1 —~ 1 —~
— K3[|S2]|* — K3[S5]* — §Cf3||Wl||2 - 504||Wz\|2 +e
: * 2 1 ~2
- Z Ty 17 + 5714
i=1

(1 1Z:l1* 27 llyisa |I?
p? 26;
<—2(V - V) +e

(41)

where k3, ki, ki, ki > 0, 75,74 > 0, and ¢ = (01 +
O + ala% + 0'2&% + 0'3||‘/V1||2 + O’4||W2||2)/2, and Vp =
(1/2r)(S%, — S12v, sin(arctan(k1S12v,))). The constant ¢
is 0 < ¢ < min[rks, 1, 5k3, Mk}, #ng,Tg,T;,(al
’71)/2, (0’2’}/2)/27 (Ugrl’m>/2, (O‘4F2)m)/2] where Fi,m, =
1,2, and M,, are the minimum eigenvalues of I'; and
M- 'NKp, respectively, and L, ps is the maximum eigen-
value of L,. Since Siov, sin(arctan(k;.S12v,)) > 0 for all
S12 and all ¢ > 0, (41) implies 1% < 0on V = u when
¢ > €/2(pn — V,). Therefore, V' < p is an invariant set,
ie., if V(0) < p, then V(t) < u for all ¢ > 0. Therefore,
we can prove all error signals in the closed-loop system
are semi-globally uniformly ultimately bounded. Besides, by
increasing the design parameter ¢, i.e., adjusting k7, 75, 73,
Y1, V2, I'1, o, and oy (5 =1,...,5,1=1,... ,4),‘the errors
in the controlled closed-loop system can be made arbitrarily
small. |

Remark 3: In this remark, we comment that ho in (14) is
well defined for all ¢ > 0 [16]. For any kq, ko, k3 > 0, con-
sider a set \I/(k17k27k3) = {(51175127513,&1,&2) € R?:
k1koks|S11| < 1}. Then, let ©; and 2 be sets given by 1 =
{(S11, 812, S13,d1,42) € R® : Vi(t, S11, Si2, S13, a1, a2)
< w, ¥t > 0} and Q = {V(t) < p, V&t > 0}
where 0 < w < p is a largest constant such that Q; C
\Ij(Hleoo; ||k2‘|oo; ||k3‘|oc) C Q. From (41), since 511, 512,
Sis, G1, and G remain in an invariant set €2, ho(t) is well
defined for all t > 0.

Remark 4: In the adaptation laws (15), (16), (21), and
(27), a o-modification [17] is used for preventing parameter
drift to infinity. We can also apply an e-modification [18]
and a projection operator method [19] in place of the o-
modification.

T T
Reference trajectory
Actual cart trajectory

Y-axis(m)

. . . . .
-4 -2 0 2 4 6 8
X-axis(m)

Fig. 1. Trajectory tracking result of the mobile robot.

IV. SIMULATIONS

In this section, we perform the simulation for the tracking
control of the nonholonomic electrically driven mobile robot
to demonstrate the validity of the proposed control method.
The physical parameters for the mobile robot are chosen
as R = 0.75,d = 0.3, = 0.15,m., = 30,m, =
1,I. = 15.625,1, = 0.005,1,, = 0.0025, and di; =
do2 = 5. The parameters for the motor dynamics are chosen
as R, = diag(1.6,1.6),L, = diag(0.048,0.048), Kp =
diag(0.19,0.19), K7 = diag(0.2613,0.2613), and N =
diag(62.55,62.55). In this simulation, we assume that all
of these parameters are unknown.

The controller parameters and adaptation gains for the
proposed control systems are chosen as k; = 2,k =
2,]€3 == 1,]{54 = 1,]{5 == 1,0’1' == OOOLZ = 1,...,4,’)/1 ==
Yo = 2,79 = 13 = 0.01,T';y = diag(0.0001), and T'y =
diag(0.2,0.2,0.2,0.2,0.00001,0.00001). The reference lin-
ear and angular velocity is given by v, = 1 m/s and w, =
0.2 m/s. The initial postures for the reference robot and
the actual robot are (z,,y,,0,) = (2,2,0) and (z,y,0) =
(2.5,1,7/2), respectively. The simulation results are shown
in Figs. 1 and 2. Fig. 1 shows the tracking result. In Fig. 2(a),
the control is started at £ = 0 and all state errors converge to
zero quickly in less than a few seconds. Fig. 2(b) shows the
boundedness of the control input. The estimates of unknown
parameters in the closed-loop system are shown in Figs. 2(c)-

(d).

V. CONCLUSIONS

In this paper, a simple adaptive controller for nonholo-
nomic electrically driven mobile robots with parametric un-
certainties has been proposed. The dynamics, the kinematics,
and the motor dynamics of mobile robots with parametric
uncertainties have been considered. The DSC technique has
been extended to design the controller for path tracking of
mobile robots including actuator dynamics, and the adaptive
control technique has been applied to deal with parametric
uncertainties. From the Lyapunov stability theory, we have
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Fig. 2.

tracking errors
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(solid : ||WW1]]. dotted : ||Wal|)

proved that all signals in the closed-loop system are semi-
globally uniformly ultimately bounded. Finally, from the
simulation results, it has been shown that the proposed
controller has good tracking performance and the robustness
against the parametric uncertainties.
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