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Robust adaptive fuzzy tracking control for a class of MIMO
systems: a minimal-learning-parameters algorithm

LI Tieshan*,** , FENG Gang *** |, ZOU Zaojian** and LIU Yanjun***%* .

Abstract— A robust adaptive fuzzy tracking control problem
is discussed for a class of uncertain MIMO nonlinear systems
with strongly coupled interconnections. T-S fuzzy systems
are used to approximate the unknown system uncertainties.
Combining “dynamic surface control(DSC)’approach with
“minimal learning parameters(MLP)” algorithm, a systematic
procedure for controller design is developed. The key fea-
tures of the proposed scheme are that, firstly, the problem
of “explosion of complexity” inherent in the conventional
backstepping method is circumvented, secondly, the number
of parameters updated on line for each subsystem is reduced
dramatically to 2, one for T-S fuzzy system and the other for
the bound of disturbances, and, thirdly, the possible controller
singularity problem in some of the existing adaptive control
schemes with feedback linearization techniques is removed.
These features result in a much simpler algorithm, which is
easy to be implemented in application. It is shown that all
the closed-loop signals are semi-globally uniformly ultimately
bounded(SGUUB) based on Lyapunov theory. Finally, simula-
tion results via a numerical example validate the effectiveness
and performance of the proposed scheme.

I. INTRODUCTION

In the past decades, there has been a rapid growth of
research efforts aiming at the development of systematic
design methods for adaptive control of MIMO nonlinear
systems with unstructured uncertainty. Many remarkable re-
sults have been obtained with the help of backstepping tech-
nique combined with fuzzy systemsor neuralnetworks(NN)
as approximators, refer to [1]-[5] and the references therein.
Nevertheless, there exists a well-known “dimension curse”
drawback in the aforementioned works, which imposes that
there are many parameters need to be tuned in the fuzzy
or NN approximator-based adaptive control schemes, so
that the learning times tend to become unacceptably large.
Fortunately, this problem was first solved recently by intro-
ducing a “minimal learning parameters(MLP)” algorithm
for a class of strict feedback SISO nonlinear systems by
Yang et al in their pioneering works [6][7], and [8]. But
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these results are only for nonlinear uncertain SISO systems.
More recently, the idea of MLP algorithms was extended to
adaptive fuzzy control scheme via backstepping technique
for MIMO systems in [9][10] and [11].

However, there is another substantial drawback of “explo-
sion of complexity” within the conventional backstepping
technique in all aforementioned works, which is caused by
the repeated differentiations of certain nonlinear functions
as the order of the system increases. Recently, dynamic
surface control (DSC) technique has been proposed to
avoid this problem by introducing a first order low-pass
filter at each step of the conventional backstepping design
procedure[12][13]. More recently, the DSC approach was
extended to an NN-based adaptive tracking control for a
class of strict-feedback SISO systems with arbitrary un-
certain nonlinearities in [14]. Then, the adaptive NN DSC
method in [14] was extended to a class of MIMO nonlinear
systems with both unknown system functions and virtual
control gain functions in [15], but the proposed controller
suffers from the problem of “dimension curse”.

In this paper, motivated by aforementioned works in
literature, a novel robust adaptive fuzzy tracking control
scheme is developed for a class of nonlinear MIMO sys-
tems. By incorporating the “MLP” algorithm in [8] into
the DSC technique, a systematic procedure is developed
for the synthesis of stable robust adaptive fuzzy tracking
controller. In our algorithm, the T-S fuzzy systems are only
used to approximate those unstructured system functions,
whereas the unknown virtual control gain functions do
not require to be approximated. Consequently, the possible
controller singularity problem can be removed. The out-
standing feature is that both problems of “dimension curse”
and “explosion of complexity” are avoided simultaneously.
Hence, our algorithm drastically reduces the burdensome
computation and is easy to be implemented in applications.

II. PRELIMINARIES
A. PROBLEM FORMULATION

Consider a class of uncertain MIMO nonlinear systems
in the following form

Kjiy = Fiiy (%ji;) + &y (%jiy) Xjipen + A7 (1,%)

* Navigation College, Dalian Maritime University, Dalian, .

116026, China. ** School of Naval Architecture, Ocean and . - _ _ A

Civil Engineering, Shanghai Jiao Tong University, Shanghai, Xjpj = fjan (xj-,Pj) +8jp; (xj-,Pj) ujtAjp; (t,x),
200030, China;*** Department of MEEM, City University of yi=xj,ij=1,...,0;—1,j=1,....m

Hong Kong, Hong Kong(e-mail: megfeng@cityu.edu.hk). *#*#%* (D)
Department of Mathematics and Physics, Liaoning University of where  x; is  states of ith  sub-svstem. x —
Technology, Jinzhou, 121001, China. Corresponding Author T Jikj T N o 1 J y > B
E-mail:tieshanli@126.com [xllpl,--- 7)cm,pm] € RV indicates the states vector of the
978-1-4244-4524-0/09/$25.00 ©2009 AACC 3106



Whole system, N = py + -+ P, Xj;; = X1, ,xj,,'j]T €
R'i.uj € R,y; € Rrepresents the input and output of jth sub-
system, respectively. f;;, and g;; represent unstructured
nonlinear smooth functions, respectively. j,i;,p;,m are all
positive integers. The uncertain disturbances A;;; < d;;;
with d;;; being an unknown constant.

Assumption 1: The uncertain virtual control gain func-
tions g, are confined within a certain range such that

0< bmin < |gj7ij| < bmax (2)

where by, and by, are the lower and upper bound
parameters, respectively. It implies g;;; is strictly either
positive or negative. Without loss of generality, we assume
0 < bpmin < 8jij-

Assumption 2: The reference signal yj,(t) is a suffi-
ciently smooth function of t and y;4, yj4, ¥4 are bounded,
that is, there exists a positive constant B o, such that IT;y :=
{Gja>yiasYia) - via* +Yja* +¥ia* < Bjo}-

The control objective is to find an adaptive fuzzy tracking
controller for (1) such that all the solutions of the resulting
closed-loop system are SGUUB, and the tracking error
2j1 =Y;j(t) —yja(t) can be rendered small.

B. Takagi-Sugeno type fuzzy systems

Generally, the Takagi-Sugeno(T-S) type fuzzy system[16]
can be constructed by the following K(K > 1) fuzzy rules

R If x; is ‘PZIAND Xy is ‘PZQAND ... AND x, is‘P};’1
THEN y; is aji1xy+aj2xp+ ...+ inkn,i = 1,2,...,.K

where a;5, i=1,2,...,K, j=1,2,...,n are unknown con-
stants. The product fuzzy inference is employed to evaluate
the ANDs in the fuzzy rules. After being defuzzified by a

typical center average defuzzifier, the output of T-S fuzzy
system 1is in the vector form

FxA) =& (x)Ax A3)

S0 = 80,800, b] and &) =
I_ i, () /S [T, ()] i = 1.2 K, called
as fuzzy basis function.

where

an  app o A

a axp o axy
Ay = .

agi ak2 - dkn

T-S fuzzy models are shown by Lemma 1 to be universal
function approximators in the sense that they are able to
approximate any smooth nonlinear functions to any degree
of accuracy in any convex compact region[17].

Lemma 1: For any given real continuous function f(x)
on the compact set U € R" and Ve > 0, there exists a fuzzy

system f(x,A,) in the form of (3) such that
supl|f (x) = f(x.A)[| <& @)
xeU

where € is called the approximating error.

C. A useful lemma

Lemma 2: For any scalar variables a and b, the following
inequality holds
ab < — +7*b? 5
< 4% +7 (5)
where 7 is a positive coefficient.

III. CONTROLLER DESIGN AND STABILITY
ANALYSIS

A. Controller Design

Now we will incorporate the DSC technique and the
MLP algorithm into a robust adaptive tracking design
scheme for (1). Similar to the traditional backstepping
method, the recursive design procedure contains p; steps.
Atijthstep, ij=1,...,p;—1), the virtual controller Ojij+1s
ij=1,...,p; — 1 shall be developed. The control law u;
is constructed at step p;. We give the procedure of the
controller design as follows.

Step 1: Define 1st error variable z; 1 = x;1 —jq4, then

2 =&a(E )2+ fin (1) + A1 =Yg (6)

According to Lemma 1, the T-S fuzzy system
fj (x iLA ) with A; | a matrix containing unknown con-
stants and 1nput vector x| € ijl, where ij.~1 is some
compact set, is proposed here to approximate uncertain
function f;; (x;,1). Then fj1 (x;,1) can be expressed as

fia (xjn) = & (xj0) Ajaxja + €
=& (1) Ajazya+ &5 (xin) Ajayja + €
= co1&j1 (xj1) @1+ &1 (x71) Ajayja +€:47)
where €; denotes approximating error. Let cg; = HA il H
being an unknown constant, such that A;; = cg1A]' and
[AT] < 1. so @1 = AT, z;1.
Substituting (7) into (6) yields
Zja = 8ja (% 0)x2+ o (xjn) @1 +vii—Yja (8
where v;1 = &1 (xj1)Aj1yja + €1+ Aj1. Note that v,

can be expressed as follows

[viall <18 (1) Ajryja+ €1 +dja|| < bminbj1 )i
m

(€)
in Jji1 H) and
Vit (1) = L+ &)
Now we choose a virtual controller ¢, for x;» in the
subsystem (8) as

where 6;; = b, max(HA-ﬂ

A
0o =—kj1zj1 +Yja— ﬁé’,l (i) &/ (xjn) zjn
i

—éj)ly/j,l(xjﬂl)tanh <%ﬁbl)z]l> (10)
Js

where k;i,7;1 and 51 1 are positive demgn constants.
Aj 1,611 are the estimates of 4;; = bmmc@1 and 6], re-
spectively. The update laws of A j,1 and 9“ will be designed
later.
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Introduce a new variable s;, and let ;> pass through a
first-order filter with time constant 717;> as follows:

(1)

Step i; (2<ij<pj—1): A similar procedure is em-
ployed recursively for each step i; . Define the i th error
variable Zji; =Xjij — Sjij and we have

Nj28j2+58j2=Qj2, 5j2(0) = ;2 (0).

2y = &y (B Wi + fii; (%jiy) +Aji; =i (12)

We also use a T-S fuzzy system to approximate the
unknown function fj,,-j ()Ej,,'j) and obtain

Siiy F1iy) = iy (%1a;) Aji T, + €4
T
Zj1+Yjd
Zj2tSj2
= &jiiAjij + &
2jij +Sji;
!
=ce:i8ji;0ji; +dj, (13)
— 5. e 1T 41
where @ ;; _A’;"i,z, ij» Coi = H Jij km (A. A.), such
1
that A}, = co:A” . and LAm ’<<1 = AL Yia+
i
. J . .
Siiij .ZzAj,ijsJ t &
=
Then (12) can be converted as follows
Zji; = 8 (%) W)Xix1 +C(9i'§j7ijwj7ij +vji; =S (14)
where Vjij = Aj ij —|—de s
1 Lo
[vii] < 51,tjAj,i,-yjd+ S ZAj,ijsj + €0, +dji;
=2
< bmin0j,i; Wi, (15)

where

Hgllfj
) ngaij +d/’/”

Vi 0ji;

i .
J
L AjiS)
i=2

Similarly, choose a virtual controller ;1 as follows

1
bmm max HAj,ijyj‘d} ,

/\

5] ij ( /’/) 5] ij (x/ l/)zl ij
7 ;

Js

Qji+1=—kKjizji;, +Sji;—

0,4, Wi, (%j.i;) tanh 20 "’J’J’g (%) %4
Joij

(16)

where k;;;,;i; and 6;;, are positive design constants.
A,,j,e,,j are the estimates of A/’AJ = bmllncal and 6;;;,
respectively. The update laws of 4;;, and 6,,,]. will be
designed later.

Similarly, introduce a variable s; ;1 and let ;11 pass
through the filter with time constant 1;;,+1 as follows

&jij+1 (0) :
a7

Njit18ji4+1 T Sjit1 = Qiit1, Sji+1(0) =

Step p;: Define error variable zjp, =xjp; —5jp;, then

Zjp; = &jpj (x)u; + fip; (XLP]') +Ajp; —5jp; (18)
Similarly, the unknown function f; . ()Ej,pj) can be ex-
pressed as

- _ . = . =T .
fipj (xj,p,-) =Sjp; ('xJ7Pj)AJ7Pj'xj-,Pj +€jp;
!
where @5, = A", Zip., con = AL, || = Amix (AN AL)
ipj = AjpLipg = Amax \A, Ap),

1 r
such that Aj’p and HA’” H < 1. dj’pj =

i CG”A./',PJ"
n

) 1 ) . J . .
5J,ijj7ij./d + & EZAijS./ +E&jp;-

Zjp; = &jp; (X W)t +c0n&jp, @jp; +Vjp; —Sjp;  (20)
where vjp, =Ajp, +d;, . and

n .
[vio, | < ||Ei0AT pyvia+ S, 22 AjpiSitEip; Tdip;
A

< bminejpj lIjj,Pj
2D

where

I + ngypj s
A
jngj’pfsj ’

Now, we choose the control input u; as follows

Yip; and jp, =

1 . .
bmm max HA]',pjyjd 8J7Pj +dJ7PjH

/\

il P, (Fipy) &, (i) 2ips
/pj

uj=—kjpzjp; +Sjp;—

60, Wip; (Bip;) 2ip;
6j7Pj

- éjypj Yip; (X.iapj) tanh
(22)

where kjp;,%j,p; and 0, p; are positive des1gn constants.
A, pj,G,p are the estimates of A;, P = =b !

mmCGn
respectively. The update laws of /'L j,p; and 9 p; will be
designed later.

Remark 1: The algorithms proposed in this paper can
solve both the problem of “dimension curse” and the prob-
lem of “explosion of complexity” simultaneously, which re-
sult in a minimal learning parameterizations algorithm with
a much simpler structure. Consequently, the burdensome
computation of the algorithm can be reduced dramatically
and it is easy to be implemented in applications.

and 0; pj

B. Stability Analysis

Define new error variables

Vi1 = Sjij+1 = 01,0 =1,2,...,p;—1 (23)
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Note that §;i; = = (sj.i; + @ji;) /Nji; = —¥ji; /M then

Yiz=5j2— %2
— Y2
nj2
.. aa~2 . aOt 2 da; 2 3
9% _ o9
+ Vi Teja ST 3x1 1 26, ;. BQL

= _i;jjzz +Bj2 ZjlaZJZayj27ejlaA‘jlayjdvy]dayjd)
(24)

Obviously, B, (-) is a continuous function with respect

to variables Zj,lazj,za)’jg,9;,1,}»;,1,371‘[1,)?711,)"}[1)-
Similarly, we have

. . a Yj,ij+1 B
Vil =S8jii+1 — Qi L1y = — o jij+1
’ ’ Jjii+1 Nji:+1 Jitj
( J; ) = Jidjt (25)
(Zj,ij+17yj,27 s 7)’,/',1',-7 Gj,ij7)Lj,ij7yjd7yjd7yjd)
where i; =2,...,p; — 1.
Consider xj ;41 = zji;+1+Sji+1 and 8,41 = Yji+1+

Qi +1, the overall error systems can be expressed as

1 =8j12j218j,1Vj2+8j1%j2
+eo181 (xj1) @1+ Vi1 —Yja

iy = 8ji;%jii+1 T 81V jij+1+ 8 %ij+1
+eoibji; (%)) Oy +via; = Sl = 2,---,p5 = 1,
Zjp; = &j.pHj+ Cengj,pj (x) Ojp; +Vjp; —Sjp;

(26)

Now we propose our main result as follows.

Theorem 1: Consider the closed-loop system composed
of (24)~(26), the virtual controllers (10),(16), the
controller (22), and the updated laws for A;; and
éj,l-j in the following equation (27), given any positive
number p;, for all initial conditions satisfying II;

{):”’ (z + 67 binl'; 16 +ATbmmF]27L)+): 2y1<2p,}

there exist kj,,j, Yiij» 5],,]., Njij» Ojij and FNJ., such that
the solution of the closed-loop is uniformly ultimately
bounded. Furthermore, given any p;; > 0, we can tune
our controller parameters such that the output error

2j1 =j1(t) —yja(t) satisfies lim; e ‘z“ (t)‘ < Ui

Dgiy =Tt @iy (51) 20, = 011 (A, =20,
05y =Tja | Wi (F14)) 12y || = 02 (9./',:/ o) ,)]
27)
2 gjlj( /l/)gjlj (x/l/) )L g 6?1 > Jl’
I'j»2, 051 and 0; “are design parameters.
Proof: Choosing the Lyapunov candidate function as

where @; i =

ij=

(28)

th.ere .6]",']. = 6]",']. — Oj,,-j, /’L]",'j = ).Lj,ij —.lj’{j. The time
derivative of V; along the system trajectories is
Pj LA LA
; . 5T —14 3T —14
Vi= Y (220, — 0 buinl 52655, = A buinl 51 Az
ij=1
n—1
+) Vjii+1Y)ij+1
i=1
(29)

By using Lemma 2, and mentioning that

]lj
Caléll/wjljzllj > mm é/z/ jisij j,]
J’j

jl
Wllﬂ — gjljglljzllj—*—Y]le jljwj1§30)
]lj

VjijZii; < 850,050, Vii; (F)) |zl +
bmme/ ij vj, ij (x/ ’/) ||Z/ ’/ ’ 8Jiij G-f!ij lll-i!ij ||Zj!"jH
/1 th Zji;
gj,ijej,ijllfj,ijzj',ijtanh 75”1 L) < g)i0j; < bmax5j,ij,
AT (A 0
and 67, (85— 6) = 318" - |67, — 60, [ one
has
, P U bnax \ 2, biax o
Vi< Y | =\ bminkji; —2——— | Zj;, + 7 Syt
ij=2 Njii
byax+1 14+ by
= (bminkj1 =2 = =5=—=)2)1 = (bminkjp; = ——)Tjp,
i
o
_ Zj: Gj72 eT 6
—1 ]lj /ll
171\ 22man (i)
O ~
1 T -1
- Z A/ i i,I)“JViJ
’j:1 2Amax bmmr 1
Js
Pt 3—b
max 7 max 7
+ Z 4 4 Vi1 T an.. y,,]+1+‘yj,ij+13j,ij+1
ijil nj7lf

o8 (0l 31)

€19

2L A%, 0"+

J’j .}l_[

where 5’- 0= (bimax + 1)B3 + byax S, i+

* _ n0
6]’] ejlj
Since Bjj+1, ij = 1,2,...,pj —

Mj7,~j+1(see [14] for details), let

22
2

1 has a maximum

3=bmax \—1 ( bmax
= (7)) 1(T+

Njij+1
M2, y2. . B%

_[l +1 FEFES e RFES |
+ o), and note that ’Bj i1V, ,jﬂ, < =

Where 0 and o are positive constants. Then it yields
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bax 2 (3 bmax)
4 yj7ij+l 4nj’lj yj t]+l+ BH—lyj l]+1}
(04
< -0yt (32)

Let Gj,l/zpbmax (bminr;%) = 0j, Z/Z;Lmzlx (bmm ;%) = 0,
By (3 22555 00), Ky = by (3 + 52 +
buer 4 o) (ij=2,...,p;— 1), kjp, = b;m(b’"“"H + 050+ 1),
then (31) can be expressed as

and kj,l

Pj B B
Vi<—a Z (Q,-T,,'jbmmrﬁ 0j; + A«]'T:[jbminr;ikj,ij)

ij=1
pi—1
(O(o—|—1 szzj aozyjlj-‘rl
ij=1 ij=1

Z ( Joij Jljw/’/)+p

s—2aovj—Hz.,-H2+y2||wH2+p

£ (/)

(33)

v= R+t t

B

where p = i]%_j;l (5;’1-1.) +

T
7’/zpj)l/z 0= [0;1,0,2,...0jp,]" -
Note that @;;; =AY "J, and ||A;",]H <1, it gives
@2 Aj,z Aj72 e 0 Zj2
= . =
o 1 2 4
wj’pj A;nPj Ajnpj o AT’I;] Zj’pj
:AZ]
and
o 1< Az I<[lz | (34)
Now, if choosing y < 1, then (33) becomes
Vj < =200Vi+p=—cj1Vi+p (35)

where ¢; | = (20p) .
From (35), we obtain

Vs L (v - L)t
Cjl Cj1
It follows that the solutions of the closed-loop control
system are uniformly ultimately bounded, which implies
that, for any ;i > (p /c 1)/2, there exists a constant
T >0 such that ||zj,; (¢)|| < pj1 for all £ > 19+ T. The
last statement holds readily since (p/c;.1)"/? can be made
arbitrarily small if the design parameters ¥; 1, 0;.1, Nj.2, Oj.1
and I'; | are chosen appropriately.
|

IV. APPLICATION EXAMPLES

Consider the following MIMO nonlinear system with
strong coupled interconnections:

X1 =g11x12+ fii+A
X12=gi2u1+ fip+Ar2

X1 =g21%2+ 2,1 +A2 (36)
Xop=gour+ fao+Mn
Y1 =X1,1,Yy2 = X2 1,
h _ —0.5x1 1 -1 2 A _
where f11 = xi1e hog = 14y, 1=

0.5x7 1 X2,1%2,28I0(1), f1.2 = X117 5, 812 = 34 c0s(x1,1x12),
Alp = O.ZCOS(X%’I +x%’2)x%71x2,2, H1 = 0.5x1x10,
g21 = 2 +sin(x21x12) +x11, Agg = 0.6sin(xa 1x1,1x12),
fo2 = (x21x%22 + X11X12), &22 = 2+ cos(xz1x1), and
Az)z = OS(X%I +X%72) sin(xlylxl)z) sinz(t).

The reference signals y;; = 0.5 (sin (¢) +sin (0.5¢)), y2q =
sin (¢). The initial conditions for x; 1, xj 2, X1 and x;, are
[0, -0.2, 0, -0.2].

Now, the virtual controller (10), parameters adaptation
laws (36) and the control law (22) are applied to system
(36), where p; =2, j=1,2and i; =1,2.

In simulation, define five fuzzy sets for each variable with
labels A} .(NL), AZ,(NM), A3.(ZE), A},(PM), A3, (PL) which
are characterized by the following membership functions

Hq1 = exp [— (x+ 1)2} sHp2 = exp [— (x—I—O.S)Z]
My =exp [—*], Hps = exp {— (x— 0.5)2}
i —enl- 0]

(37

The controller parameters are chosen as kj; =
20,20,20,20], &;,;;, = 100. Diije=To & = [50,2,20,4],
Olijk = Oijk = [0 02,0.5, 0005 0.1], K= 1,2. The time

constants 1;;; = 0.1. The effectiveness and good per-
formance of the proposed algorithms are illuminated in
Figs.1~3.

0 10 20 30 40 50
(b) Vs

Fig. 1. Simulation results for system output and reference signal: (a)y;
(solid line) and y;4 ( dashed line), (b)y2( dashed line) and y,,4(solid line).
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(a) t/s

Uy
4]
T
I

(o] 10 20 30 40 50
(b) t/s

Fig. 2. Simulation results for proposed controller: (a) uy, (b) us.

0.08 02
0.06 0.15
004 < o1
0.02 0.05
0 0
(] 10 20 30 40 50 ) 10 20 30 40 50
(@ ts () ts
0.05 0.4
004 W 0.3
., 0.03
= o2
0.02
0.01 o1
o 0
(] 10 20 30 40 50 ) 10 20 30 40 50
© vs @ s

Fig. 3. Parameters adaptation: (a)il,l, (b)él,l, (c)il,z, (d)él,z.

V. CONCLUSION

In this paper, the tracking control problem has been
considered for a class of uncertain MIMO nonlinear systems
with strong coupled interconnections. Combining the DSC
technique with the MLP algorithms, a robust adaptive fuzzy
tracking control algorithm is developed, which guarantees
the closed-loop system is SGUUB. The main features of the
proposed algorithms are that the adaptive mechanism with
minimal learning parameters is achieved, and the problem
of “explosion of complexity” existing in the conventional
backstepping method, as well as the possible controller
singularity problem in some of the existing adaptive con-
trol schemes with feedback linearization techniques, are
circumvented, so that the algorithm is in a much simpler
form and its computational load is reduced dramatically.
Thus it is much easier to implement this algorithm for
applications. Simulation results of a numerical example
have been presented to illustrate the effectiveness of the
proposed algorithm.
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