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Coherent H°° Control for a Class of Linear
Complex Quantum Systems.

Aline 1. Maalouf and Ian R. Petersen

Abstract—This paper considers a coherent H° control prob-
lem for a class of linear quantum systems which can be defined
by complex quantum stochastic differential equations in terms of
annihilation operators only. For this class of quantum systems,
a solution to the H° control problem can be obtained in
terms of a pair of complex Riccati equations. The paper also
considers complex versions of the Bounded Real Lemma, the
Strict Bounded Real Lemma and the Lossless Bounded Real
Lemma. For the class of quantum systems under consideration,
the question of physical realizability is related to the Bounded
Real and Lossless Bounded Real properties.

Index Terms—Quantum Feedback Control, H°° control, dis-
sipativity, complex strict bounded real lemma, quantum optics,
complex Riccati equations, quantum controller realization.

I. INTRODUCTION

Robustness is an important issue in the control of quantum
feedback systems; e.g. see [4], [5], [15], [13], [14] and [9].
In the recent paper [9], the problem of systematic robust
control system design for quantum systems is tackled via
an H°° approach. In [9], this problem was addressed by
considering real and imaginary quadratures of the quantum
system variables. This made the derivations quite complicated
as the equations involving the complex annihilation operator
were converted to a form involving the real quadratures. In
this paper, to simplify the work of [9], we consider a class of
linear quantum systems, which can be modeled purely in terms
of the annihilation operator and not the creation operator. The
class of quantum systems considered in this paper includes
important ‘passive’ systems from the field of quantum optics
such as interconnections of cavities, phase shifters and beam
splitters; see [1]. For this class of quantum systems, the
system can be described by complex linear quantum stochastic
differential equations in terms of the annihilation operator.
The dimension of this set of equations is half that which
would be obtained by considering real quantum stochastic
differential equations defined in terms of quadratures which
was the case in [9]. Moreover, a solution to the quantum H*°
control problem is obtained in terms of a pair of complex
Riccati equations. The dimension of these Riccati equations is
half that of the real Riccati equations obtained in [9].

In the quantum H°° control problem considered in this pa-
per, we wish to construct a coherent quantum controller which
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is also in the class of quantum systems being considered. A
connection is derived between the linear complex quantum
stochastic differential equations (QSDEs) under consideration
and a corresponding real QSDE defined in terms of quadrature
variables. This connection is used in most of the proofs. In
addition to simplifying the formulas, our derivation leads to
more physical insight and better understanding of the underly-
ing quantum systems. The paper presents complex versions of
the Bounded Real, Strict Bounded Real and Lossless Bounded
Real Lemmas. While the Strict Bounded Real Lemma plays
an important role in the solution to the H°° control problem,
the Bounded Real Lemma and the Lossless Bounded Real
Lemma are found to be connected to the issue of physical
realizability for the class of complex linear quantum systems
under consideration. Also, this paper makes a contribution in
considering a classical problem of complex H>° control which
has not been investigated previously. Such a complex H*°
control problem may have applications in other areas. This
conference version of the paper only presents the results. All
proofs will be presented in the full version of the paper.

II. A CLASS OF LINEAR COMPLEX QUANTUM SYSTEMS

The class of complex linear quantum systems under con-
sideration can be described by using non-commutative or
quantum probability theory [3]. In particular, the systems are
described in terms of the complex annihilation operator by the
quantum stochastic differential equations (QSDEs)

da(t) =
dy(t)

where F' €¢ C"*", G ¢ C"*"w, H € C™*" and J €
Crv>mw (p, Mag, My are positive integers). Here a(t) =
[a1(t) - -an(t)]” is a vector of (linear combinations of) anni-
hilation operators. The vector w represents the input signals
and is assumed to admit the decomposition:

Fa(t)dt + Gdw(t); a(0) = ag
Ha(t)dt + Jdw(t) (1)

dw(t) = Bo(t)dt + dis(t)

where w(t) is the noise part of w(t) and 3,,(t) is a self-adjoint
adapted process (see [3], [11] and [8]). The noise w(t) is a
vector of quantum noises with Ito table

diw(t)dw' (t) = Fydt

(see [2] and [11]) where F), is a non-negative definite Hermi-
tian matrix. Here the notation T represents the adjoint transpose
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of a vector of operators. Also, we assume the following
commutation relations hold for the noise components:

[dw(t), dw' (t)] £ dw(t)dw' (t) — (dw* (t)dw™ (t))T = Tydt.

2
Here T, is a Hermitian matrix. The noise processes can be
represented as operators on an appropriate Fock space (for
more details see [2] and [11]).

The process [, (t) represents variables of other systems
which may be passed to the system (1) via an interaction.
Therefore, it is required that 3,,(0) be an operator on a Hilbert
space distinct from that of ag and the noise processes. We
also assume that (3, (t) commutes with a(t) for all ¢ > 0.
Moreover, since (3, (t) is an adapted process, we note that
Buw(t) also commutes with dw(t) for all ¢ > 0.

For simplicity, we make the following assumption on system
(1): ny = ny. Equation (1) is a linear quantum stochastic
differential equation in terms of the annihilation operator. In
(1) the integral with respect to dw(t) is considered to be a
quantum stochastic integral. The solution a(t) is adapted, and
di(t) commutes with a(t). The relation between our system
defined in (1) in terms of annihilation operators and the system
considered in [9] defined in terms of real quadrature states is
described in the following section.

ITI. A RELATION BETWEEN REAL AND COMPLEX LINEAR
QUANTUM SYSTEMS

It is straightforward to verify that any quantum system of
the form (1) is equivalent to a real linear quantum system of
the form considered in [9] defined as follows:

dx(t) =
dy(t) = ©)

where A € R?"*2n B ¢ R2nX2nw (0 ¢ RZWwX2n gpd
D € R*v*2nw Here z(t) = [z1(t) - - - 2o (t)]T is a vector of
self-adjoint possibly non-commutative system variables. Also
dw(t) is given by:

dw(t) = Be(t)dt + di(t).

Az(t)dt + Bdw(t);
Cx(t)dt + Ddw(t)

z(0) = xo

The variables defining the system (3) can be constructed
from the variables defining the system (1) as follows where *
denotes the adjoint in the case of operators.

_ a+a* o w+ w* )
r= —i(a—a*) |’ w= —i(w—w*) |’
. Buw + By,
[ y+y Ca | s
Yy= |: —ily —y*) ]7 Ba i (Bw — Bry)

Also, the matrices in this corresponding real linear quantum
system can be constructed as follows where * denotes the
complex conjugate in the case of complex matrices.

A L[ F+F i(F-F) ]
T2 —i(F—-F* F+4+F* |’

p_Ll[ G+a iG-G"]
2| —iG-G6Y) G+aG* |’

c_M[ H+m" iH-H)]
~ 9| —i(H-H*) H+H" |’
p_ L[ J+T (-
o —iT=T) T+ |

“)

From this, it follows that any linear quantum system with
real quadratures of the form (3) (i.e., a system of the form
considered in [9]) with

A { A A ] _ { By Bio }
A21 A22 ’ BZI BZ? ’
Cll 012 Dll D12
C — D =
[ Co1 C2 } ' [ Dy Doy }

will be equivalent to a complex linear quantum system of the
form (1) if and Ol’lly if A11 = AQQ, A12 = —Agl, Bll = BQQ,
Bis = =By, C11 = Cog, Ci12 = —Ch1, D11 = Dao and
Di5 = —Dy;. In this case, the complex matrices defining the
system (1) are given by F' = A1y —iA15, G = By — iBio,
H = Cll - i012 and J = D11 - iD12.

IV. COMMUTATION RELATIONS

The initial system variables a(0) = a( consist of operators
satisfying the commutation relations

[2;(0), a5.(0)] = O, &)
Here the commutator is defined by [a;,a}] = ajaf — afa; =
O; with [aj,aﬂ = aja; — aja; = 1 where * denotes the
adjoint and © is a complex matrix with elements O ;. With
a® = (a1, ,ay), the relations (5) can be written as

(a*a™)T = 0.

Jk=1,...,n.

[a, aT] = aal —
A. Preservation of the commutation relations

The following theorem provides an algebraic character-
ization of when the complex linear system (1) preserves
the commutation relations as time evolves. A corresponding
condition was derived for the systems considered in [9].

Theorem 4.1: For system (1), we have that [a;(0), a%(0)] =
©jr implies [a;(t),af(t)] = Oji for all ¢ > 0 with j, k =
1...n if and only if

FO +OF" +GT,G' = 0. (6)

Here the notation ' refers to the complex conjugate trans-
pose of a complex matrix. We consider two special cases of the
commutation relations and the quantum Wiener process Ito and
commutation matrices defined in the following subsections.

B. Canonical case
In the canonical case, © = I, F, = I, T,, = I and the

commutation relations are preserved if and only if

F+ Fl+ GGt =o. 7
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C. Generalized canonical case

In the generalized canonical case, © is a positive definite

Hermitian matrix, F,, = I, T,, = I and the commutation
relations are preserved if and only if
FO+OF +GGT =0. )

Theorem 4.2: Suppose the system (1) satisfies (8) with © =
©f > 0. Then there exists a state transformation @ = Sa such
that the corresponding transformed system satisfies (7) with
©=Jand T, = 1.

V. OPEN QUANTUM HARMONIC OSCILLATORS AND
PHYSICAL REALIZABILITY

In this section, we consider conditions under which a
complex linear quantum system of the form (1) corresponds
to a complex open quantum harmonic oscillator. The class of
complex open harmonic oscillators under consideration (see
[7]1, [11], [3], [9] and [6]) are defined by n,, measurement
channels coupled via the operator L = Aa (A is a complex
N X n matrix) and a Hamiltonian H = afMa where M is
a n X n complex Hermitian matrix. To derive a system of
the form (1) from a complex open harmonic oscillator defined
by L and ‘H, first note that as in [6], the Lindblad generator
corresponding to the coupling operator L and the Hamiltonian
'H is given by:

Cla=i[H, a+ % (Li[a, L) + [LT,a] L)

where LT[a,L] = 0 and [LT,a] L = —©ATAa. Hence,
2 (LV[a, L]+ [LT,a] L) = —1OATAa. Also, i[H,a] =
—3i©Ma. Thus,

1
Lla) = -0 <iM+ 5ATA) a.

Now, as in [6], the quantum Langevin equation corresponding
to the coupling operator L and the Hamiltonian H is given by:
da=La] @ dt+ [a, L] @ dw* — [a,Lw ® dw
where [a, L] = 0 and [a, LT] = ©AT.

Hence, we can write:

1
da = -0 (iM + 5ATA) adt — OAT (dw) . )
Thus, by comparing (9) to (1), we can write:
; 1y
F=-0[(iM+ §A A
and
G = —OA'
Extending the approach of [6] to consider both quadratures
of the measurement channel, the output equation is given by:
dy(t) = L®dt+1® dw
where L = Aa. From this it follows that

dy(t) = Aadt + dw. (10)

Thus, by comparing (10) and (1) we can write:

H=A

and

J =1,

In this case, we say that the complex linear quantum system
defined by these matrices F, G, H, J is a representation of
the open quantum harmonic oscillator defined by the coupling
operator matrix A and the Hamiltonian matrix M with the
commutation matrix ©. The above calculations lead us to the
following definitions.

A. Physical Realizability

Definition 5.1: A complex linear quantum system of the
form (1) is said to be canonically physically realizable if it
satisfies the canonical commutation relations and is a repre-
sentation of a complex open harmonic oscillator with © = I.

Definition 5.2: A complex linear quantum system of the
form (1) is said to be physically realizable if it satisfies the
generalized commutation relations with © = @ >0, T, = I
and is a representation of a complex harmonic oscillator with
commutation matrix © > 0.

These definitions represent a special class of open quantum
harmonic oscillators (i.e., ‘canonical’). The following theorem
provides necessary and sufficient conditions for being physi-
cally realizable.

Theorem 5.1: A complex linear quantum system of the
form (1) is physically realizable if and only if there exists
© = O > 0 such that

FO+OF +GG' = 0;
G = -OH
J = I, an
In this case, the Hamiltonian matrix M is given by:
M = % (0'F—Fle™) (12)
and the corresponding coupling matrix A is given by:
A=H. (13)

Note that M is a complex Hermitian matrix. Furthermore, the
system (1) is canonically physically realizable if and only if
the condition (11) is satisfied with © = I. In this case, the
corresponding Hamiltonian matrix and coupling matrix are
given as in (12) and (13) with © = 1.

Theorem 5.2: If the system (1) is physically realizable then
there exists a state space transformation @ = Sa such that
the resulting transformed system is canonically physically
realizable with © = 1.
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VI. BOUNDED REAL LEMMAS FOR LINEAR COMPLEX
QUANTUM SYSTEMS

In this section, we consider complex quantum systems of the
form (1) and we give a complex version of the Strict Bounded
Real Lemma which will be used later for our quantum H*°
controller synthesis result. Also, we give complex versions of
the Bounded Real Lemma and the Lossless Bounded Real
Lemma which are found to be connected to the issue of
physical realizability for the class of complex linear quantum
systems considered in this paper.

Definition 6.1: Given an operator-valued quadratic form

1

*

res)=glat oL lr| 4 |4 la” o IR| &
where R R
_ 11 Rz
R_{RZI R22]

is a given complex Hermitian matrix, we say that the system
(1) is dissipative with supply rate r(a,[3,,) if there exists a
positive operator-valued quadratic form V' (a) sa'Xa +
%aTX a® (where X is a positive definite Hermitian matrix)
and a constant A > 0 such that

t
(V(a (t))>+/ (r(a(s),Bu(s)))ds < (V (a(0)))+At, vt >0
’ (14)

for all Gaussian states p for the initial variables a(0). Note
that we use the shorthand notation (.) for expectation over
all initial variables and noises. We say that the system (1) is
strictly dissipative if there exists a constant e > 0 such that
inequality (14) holds with the matrix R replaced by the matrix
R+ el.

Definition 6.2: The complex quantum stochastic system (1)
is said to be Bounded Real with disturbance attenuation g if
the system (1) is dissipative with supply rate

Paf) = (00— gBLBu) + S (5T 5 — 2BE0%)
1 H'H  HYJ a
= 5l ﬁL}[JU? ﬂJ—fI}[ﬂw]

1 HYH HYJ *
+ gl A ][ T JTT — g1 }{ E; }

5)

where (3,(t) = Ha(t) + J B (t). Also, the complex quantum
stochastic system (1) is said to be Strictly Bounded Real
with disturbance attenuation g if the system (1) is strictly
dissipative with this supply rate.

These definitions generalize the corresponding definitions
given in [9] to the class of complex quantum systems con-
sidered here. Note, in the case that the disturbance attenuation
parameter g is equal to one, the system is said to be Bounded
Real or Strictly Bounded Real respectively. Also, note that the
above definitions relate to the dissipativity properties of the
quantum system. However, the following definition of Lossless
Bounded Real relates to the transfer function of the system. In
the sequel, we will see that all of these notions are connected.

Definition 6.3: The complex quantum stochastic system (1)
is said to be lossless bounded real if

i) F is a Hurwitz matrix; i.e., all of its eigenvalues have

strictly negative real parts.

ii) The transfer function matrix Q(s) = H(s[—F)~'G+J

satisfies Q(iw)TQ(iw) =1 Yw € R
The following definition extends the standard linear systems
notion of minimal realization to linear complex quantum
systems of the form (1).

Definition 6.4: A complex quantum system of the form (1)
is said to be minimal if the following conditions hold:

i) Controllability. ' F = \a' for some A € C and a'G =

0 implies a = 0;
ii) Observability. Fa = Aa for some A € C and Ha =0
implies a = 0.

Theorem 6.1: (Complex Bounded Real Lemma, Part I). The
complex quantum system (1) is bounded real with disturbance
attenuation g if and only if there exists a complex positive
definite Hermitian matrix X such that the following inequality

is satisfied:
T i
< FIX4+XF+HH )SQ
(16)

H'J+XG
Theorem 6.2: (Complex Bounded Real Lemma, Part II.)
Suppose the system (1) is minimal and satisfies g2 —J7.J > 0.
Then the following statements are equivalent:

|

G'X +J'H
JJ— gQInw

i) The system is bounded real with disturbance attenuation
g.
ﬁ)FﬁHmMummHH@I—FYiG+JH <y
iii) The Riccati equation OO

FIX+XF+H'H
+HXG+H )T - TN NG X+JH) =0

has a Hermitian solution X = Xt > 0.

Theorem 6.3: (Complex Strict Bounded Real Lemma, Part
I.) The complex quantum system (1) is strictly bounded real
with disturbance attenuation g if and only if g1 — JTJ > 0
and there exists a complex positive definite Hermitian matrix
X such that the following inequality is satisfied:

) <o

( 7)

Definition 6.5: A Hermitian matrix X = X is said to be
a stabilizing solution to a complex algebraic Riccati equation
(with N > 0)

G'X+J'H
JiJ - QQInw

FIX+XF+H'H
H'J+ XG

FIX+XF+XMX+N=0

if it satisfies the Riccati equation and the matrix F + M X is
Hurwitz.
Now combining Theorem 6.3 with the standard Strict Bounded
Real Lemma (e.g., refer to [12], [16]), we obtain the following
corollary.
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Corollary 6.1: (Complex Strict Bounded Real Lemma, Part
II.) The following statements are equivalent for the linear
complex quantum system (1) :

i) The complex quantum stochastic system (1) is strictly
bounded real with disturbance attenuation g.
ii) F is Hurwitz and | H (sI, — F)"'G+ J|__ < g.
iii) ¢*I,, — J'J > 0 and there exists a Hermitian positive
definite matrix X > 0 such that

(FIX+XF+HH)+ (X6+HT)
(6%, = J70) " (GTX + JTH) <.
iv) ¢%I,, — J'J > 0 and the complex algebraic Riccati
equation
(FIX+XF+H'H)+ (XG+ H'J) x
(¢, —JJ) " (GIX +JTH) =0

has a stabilizing solution X > 0.

Furthermore if these statements hold then X < X.

Theorem 6.4: (Complex Lossless Bounded Real Lemma.)
Suppose the system (1) is minimal. Then the system (1) is
lossless bounded real if and only if there exists a complex
Hermitian matrix X > 0 such that

XF+FIX+HH = 0;
H'J = —-XG;
Jtg = 1. (18)

Combining this result with Theorem 5.1, we obtain the follow-
ing theorem on the physical realizability of the linear complex
quantum systems under consideration.

Theorem 6.5: A minimal quantum system of the form (1)
is physically realizable if and only if J = I and the system is
lossless bounded real.

VII. COHERENT H° CONTROLLER SYNTHESIS

In this section, we consider the problem of H°° controller
design for complex linear quantum systems of the form
(1). The closed-loop plant-controller system is defined in
Subsection VII-A, and then in Subsection VII-C, we apply
the complex Strict Bounded Real Lemma to the closed-loop
system to obtain our main results. Subsection VII-D provides
conditions under which the controller is physically realizable.

A. The Closed-Loop Plant-Controller System

We now introduce our plant and controller models, and the
resulting closed-loop system.

1) The Plant Model: We consider plants described by
non-commutative stochastic models in terms of the complex
annihilation operator of the following form defined in an

analogous way to the quantum system (1):

da(t) = Fa(t)dt—F[Go Gl GQ}

[ do ()" dw ()" du(t)” }T;a(o) = ap;
dz (t) Hya (t) dt + Jiadu (t);
dy(t) = Hea(t)dt+[ Joo Jor Opyxn, |

L av®” dw®” du(t)” ]T (19)

where F' € C"*", Gg € C"*"™, G € C"*"w Gy € C"* ",
veCw*l we Cwxl ye Cm*l Hy € C"=*", Jip €
anXnu, Hs € (Cnyxn, Jog € Cnv ™ and Jo1 € Cryxnw

Here, the input dw(t) = f,(t)dt + dw(t) represents a
disturbance signal. The signal u(t) is a control input of the
form du(t) = £, (t)dt + du(t) where @(t) is the noise part of
u(t) and B, (¢) is the adapted, self-adjoint finite variation part
of u(t). The quantity dv(t) represents any additional quantum
noise in the plant. The vectors v(t), w(t) and @(¢) are quantum
noises with Ito matrices F,, Fy; and Fj; and commutation
matrices 7}, T, and T}, respectively. We assume in this paper
that F, = Fg=F;=land T, =T, =T, = 1.

2) The Controller Model: The controllers to be considered
are assumed to be non-commutative linear complex stochastic
quantum systems of the form (1) defined as follows:

dwe,
d(t) = FLM)dt+[ Goy Gey Ge || dwe |;
dy
£(0) = &o;
du(t) = HE(t)dt + dwe, (20)

where £ (t) = [£1(t)... &, (£)]" is a vector of annihilation
operator controller variables.

The quantum noises dwe,(t) and dw, (t) are vectors of
non-commutative quantum Wiener processes with Ito matrices
Fy., = Fy., = I and commutation matrices T, = Ty, =
I. At time t = 0, we also assume that a(0) commutes with
£(0). Also, £ € CeX1, F, € C"eXne, G, € C"*"v, G, €
C"CX"CU’ = (Cnuxl’ Hc c (Cnuxnc’ Gcl c C"CX"Q, y c
Cw Xt w,, € C™o*! and w,, € Cer*t,

3) The Closed-Loop System Equations: The closed-loop
system is obtained by making the identification (,(t) =
H_.£(t) and interconnecting equations (19) and (20) to give:

F GoH,
i) = | gl G Jawas
_ dv (t)
GGJO g ; GO } dwe, (8) | +
c’20 Cco C1 dwcl (t)
G1 )
| Gy ] dw (t) ;
dz (t) = [ H, J2H,. ]n(t) dt + [ 0 Ji2 O ]
[ dv(t)
dwe, (t) 21
dw,, (t)
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where 7 (t) = [ o™ (t) €7 () }T. That is, we can write:

dn(t) = Fn(t)dt+ Gdw (t) + Ldo (t)
_ 5 71| dw(t) |
= Fp(t)dt+[ G L | [ 4 (1) }
dz(t) = Hn(t)dt+ Ndo(t) = Hn(t)dt +
- dw (t)
] [ di (1) ] 22)
where
v (t)
o - [ F GyH,.
0= wn ) |+ F=| oy G|
Wey (t)
5 G L7 Go Go 0 )
G = |: GcJ21 :| ’ L= |: GcJ20 Gco Gcl :| '
H=[H JipH.|; N=[0 Jiz 0].
Here, 7 € Cmutnuw)xl [ g Cltne)x(nine) G ¢

C(n+nc)><nw’ i c C(n-i—nc)x(nu-l-nwc), H c Cnr=x(n+ne) gnd
N € C=x(nwetm0)) with ny,, = ne, + N, -

B. H®° Control Objective

The objective in our H>° controller problem is to find a
controller of the form (20) such that for a given disturbance
attenuation parameter g > 0, then

/o (# () 2 (s) +eal (s) a (s))ds

< (¢ -¢%) /0 (B, (5) Buw (s))ds + p1 + pat (23)

for some real constants €, w1, e > 0. Thus, the controller
bounds the effect of the ‘energy’ in the disturbance signal
Bw(t) on the ‘energy’ of the signal z(t). In particular, we
require that the closed loop system is strictly bounded real with
disturbance attenuation g. Necessary and sufficient conditions
for the existence of a controller which achieves this goal for
a given g are given in the next section, as well as explicit
formulas for F,., G. and H..

C. Necessary and Sufficient Conditions

In order to establish our results on H° control for the
complex quantum systems under consideration, the plant (19)
is assumed to satisfy the following assumptions.

Assumption 7.1:

) JiJw=FE >0
ii) JoJi, = Ey >0

i) The matrix | © T G2 | ic full rank for all w >
0 H, J12

iv) The matrix [ F—iwl, Gy }is full rank for all w >
. Hs Ja1

The results will be stated in terms of the following pair of
complex algebraic Riccati equations:

(F - GQEl—lJlTQbﬁ)T X+ X (F - GQEl—lJlTQHl)
+X (61G] - ¢*GaBT'G) X

+g2H] (I - J12E;1J1T2) Hy = 0; (24)

(F - GlJ§1E51H2) Y4y (F - GljglEngQ)T
+Y (g—2H1TH1 - H§E;1H2) Y

+Gy (1 - JZTlE;lJﬂ) Gl =o. 25)
The solutions to these Riccati equations will be required to
satisfy the following assumption.

Assumption 7.2:

i) The  matrix F - GoETYJL,H,  +
(GlGI - g2G2E1_1G£) X is Hurwitz.
ii) The matrix F - G E'Hy, +
Y (g 2H[Hy — HYE; ) is Hurwitz.
iii) The matrix XY has a spectral radius strictly less than
one.

Our results will show that if the Riccati equations (24)
and (25) have solutions satisfying Assumption 7.2, then a
controller of the form (20) will solve the H*° control problem
under consideration if its system matrices are constructed from
the Riccati solutions as follows:

F. = F+GyH,—GHy+ (G — GoJn) GI X
G, = (I-vXx)"! (YHQT + Gngl) By
H = —E! (g“‘G;X + J;Hl) . (26)

Theorem 7.1: Necessity: Consider the system (19) and as-
sume that Assumption 7.1 is satisfied. If there exists a con-
troller of the form (20) such that the resulting closed-loop
system is strictly bounded real with disturbance attenuation g,
then the Riccati equations (24) and (25) will have stabilizing
solutions X > 0 and Y > 0 satisfying Assumption 7.2.
Sufficiency: Suppose the Riccati equations (24) and (25) have
stabilizing solutions X > 0 and Y > 0 satisfying Assumption
7.2. If the controller (20) is such that the matrices F,., G., H.
are as defined in (26), then the resulting closed-loop system
(21) will be strictly bounded real with disturbance attenuation

g.

D. Physical Realizability of the H® Controller

The H° controller defined by the matrices F., G. and H.,
will not always be physically realizable within the class of
linear complex quantum systems under consideration. We now
provide conditions under which the H*° controller will be
physically realizable within this class.
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Definition 7.1: The matrices {F,., G., H.} are said to define
a physically realizable controller of the form (20) if there
exists matrices G.,, G.,, H., and H., such that the system

dwe,
dé(t) = FL)dt+[ Goy Gey Ge || duwe,
dy
du H, I 0 O dwe,
duy | = | H, |€@®)dt+|0 I 0 dw,
dus H., 00 I dy
27)

is physically realizable when T}, = JgoTvJ§O+J21TwJ§1 =1.

Theorem 7.2: Suppose the matrices {F.,G., H.} are such
the corresponding system is minimal. Then the matrices
{F.,G., H.} define a physically realizable controller of the
form (20) if and only if F, is Hurwitz and

<L

o0

|51 - F) 7 G (28)

i.e., the corresponding system is bounded real. In this case,
the matrices G, and H., can be taken as zero; i.e., there is
no need for the quantum noise term dw,, in the controller
realization (20).

VIII. AN EXAMPLE FROM QUANTUM OPTICS

In this section, we provide an example of H° controller
design for simple quantum optical plant consisting of an
optical cavity coupled to optical fields; e.g., see [1], [7].

A. H®° controller synthesis

We consider an extension to one of the examples considered
in [9] consisting of an optical cavity resonantly coupled to
three optical channels v, w,u as in Figure 1. A modification
of the example considered in [9] has also been implemented
experimentally as described in [10]. The control objective is
to attenuate the effect of the disturbance w on the output z.

The dynamics of the cavity system is described by the
evolution of the complex annihilation operator (representing
a traveling wave). The quantum noises v, w have Ito matrices
F, = Fyy = 1. This leads to a system of the form (19) with
the following matrices: F' = —%; Go = —Vki; G1 = —Vko;
GQ = —\/E Wlth’}/ = k1+k2—|—l€3. AISO, Hl = \/k_; J12 = 1;
Hy = /ky; Jog = 1. Here ky > 0, ko > 0, k3 > 0, are
parameters of the cavity. In this model, the boson commutation
relation [a,a*] = 1 holds. This means that the commutation

matrix for this plant is © = 1. The Riccati equations (24) and
(25) for this system are the following:

(—%+k3)X+X (—%+k3) + X (k2 — g°k3) X = 0;
(29)

(<2 k)Y +Y (=2 4h2) +Y (97 — ha) Y =0.

(30)
A stabilizing solution for (29) satisfying Assumption 7.2 is
X =0ify—2ks > 0or X = =23 if v — 2k3 < 0.
A stabilizing solution for (30) satisfying Assumption 7.2 is
Y =0if y =2k > 00r Y = 2282 if 5 — 2y < 0. We
note here that the inequalities v — 2k3 < 0 and v — 2ks < 0
cannot both be satisfied because this will result k; < 0 which
is not possible in this example. Thus, the matrix XY is equal
to zero and has a spectral radius strictly less than one for any

combination of the above values of X and Y.

It follows from Theorem 7.1 that if a controller of the form
(20) is applied to this system with matrices F., G., H. defined
as in (26), then the resulting closed-loop system will be strictly
bounded real with disturbance attenuation g. These matrices
are given as follows.

Case 1: X =0and Y =0:

F. = —3+k+hs
Gc = - k?;
Hc = - kS;

This case corresponds to k1 > |ks — k2|. In this case, X =0
and Y = 0 are suitable solutions to the Riccati equations for
all values of the disturbance attenuation g > 0. Also, the H*
controller matrices are independent of g so that this controller
achieves perfect disturbance attenuation.

Case 2: X =0 and Y = 22k

PR
—y ko (v — k2 — g~ 2ks)
F. = —Liyks— :
R
v — ko — g %ks
G. = Vke|—m;
2( g %ks — ko )
H = —k;.

This case corresponds to ko — ks > k1 > 0. In this case, the
condition Y > 0 requires g2 > Z—:

Case 3:X:kZ:§§,3€3 and Y = 0:
2
gl 9% (v — k3) — k2
F, = -1 py(L 8072 g,
5 3( ks — o%ks + K2
Gc = - k2;
2
9° (v = k3) — k2
H. = \k3|*>———"F—"].
3< ko — g%ks

This case corresponds to ks — ko > k1 > 0. In this case, the
condition X > 0 requires g > ’Z—z
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Fig. 2. An optical cavity quantum realization of the controller for the plant
shown in Figure 1

B. Physical Realizability of the H* Controller

We will concentrate on case 1. In this case, the condition F
is Hurwitz is equivalent to £, < 0 which holds if and only if

k1 > ko+ks. Also, the condition HH (sI — F.)” GC‘ <1

is equivalent to —h < 1 which holds if and only if \/— >
ks + k3. If this holds the above condition for F, Hurwitz
will automatically hold.

One possible realization of the controller when k1 >
k2 4+ v/k3 involves a two mirror cavity. Let

key = ki — ko — k3 + \/(kl — ko — k3)? — dkoks;
koks

by = 2 .
ki — ks — ks 4\ (k1 — ko — ks)? — 4ksoks

This defines a two mirror cavity which is a physmal im-
plementation of a controller matrices F.=F, M
Ge = —+/ke, and H. = \/72 provided a 180° phase shlft
is introduced on the output. These matrices are equivalent to
the above controller matrices F., G., H. via a state transfor-
mation and thus provides a physical realization of our H*°
controller. Thus, the H>° controller can be implemented using
a two mirror optical cavity as shown in Figure 2.

Remark 8.1: Even if the condition

HL@(SI-ﬁgyflcc

<1

is not satisfied, the controller could be implemented as a quan-
tum controller using the real ‘quadrature’ realization theory of
[9] but ‘active’ optical components would be required.

Remark 8.2: If the ‘central’ H°® controller defined by the
equations (26) does not satisfy this bounded real condition
for physical realizability, it still may be possible that another
controller solving the H control problem will satisfy the
bounded real condition. Finding such a controller is a topic
for future research.

IX. CONCLUSION

To conclude, this paper has formulated and solved an H*°
control problem for a class of non-commutative complex
stochastic models that arise in quantum technology including
quantum optics. The results obtained were illustrated by an
example from quantum optics.
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