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Abstract— Among of important results herein is the perfor-
mance information analysis of forecasting higher-order charac-
teristics of a general criterion of performance associated with
a stochastic tracking system which is closely supervised by
a reference command input and a desired trajectory. Both
compactness from logic of state-space model description and
quantitativity from probabilistic knowledge of stochastic dis-
turbances are exploited to therefore allow accurate prediction
of the effects of Chi-squared randomness on performance
distribution of the optimal tracking problem. Information
about performance-measure statistics is further utilized in the
synthesis of optimal cumulant-based controllers which are thus
capable of shaping the distribution of tracking performance
without reliance on computationally intensive Monte Carlo
analysis as needed in post-design performance assessment. As
a by-product, the recent results can potentially be applicable to
another substantially larger class of optimal tracking systems
whereby local representations with only first two statistics for
non-Gaussian random distributions of exogenous disturbances
and uncertain environments may be sufficient.

I. INTRODUCTION

A class of overtaking tracking problems is central to the
study of physical systems as it is to the synthesis of feedback
systems that are able to track a-priori scheduling signals
and target control references. For example, interested readers
may consult [1], [5] and [7] to appreciate the scope of the
concepts involved in designing feedback controls for deter-
ministic systems that optimize quadratic performance indices
of reference signals. The motivation in writing the present
paper is to use performance information to affect achievable
performance in risk-averse decision making and feedback
design. The recent work proposed by the author has begun to
address some key and unique aspects as follows. First, there
is a recognition process that comprehends the significance of
linear-quadratic structure of the stochastic tracking dynamics
and incorporates this special property in the criterion of
performance. Hence, the measure of performance is, in fact
a random variable with Chi-squared type and thus, all ran-
dom sample path realizations from the underlying stochastic
process will lead to riskier and uncertain performance. The
second aspect involves the linkage of a priori knowledge of
probabilistic distribution of the underlying stochastic process
with system performance distribution and thus describes
how higher-order statistics associated with the performance-
measure are exploited to project future status of performance
uncertainty. The third aspect, which is distinct from the
traditional average performance optimization, is a general
measure of performance riskiness as being a finite linear
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combination of performance-measure statistics of choice that
the feedback controller uses for its adaptive control decisions.
Since the account [6] by the author has initially dealt with
the issue of performance robustness in stochastic tracking
problems, it is therefore natural to further extend the existing
tracking results with additional command input references.

Notional advantages offered by the proposed paradigm
are especially effective for uncertainty analysis. That is,
qualitative assessment of the impact of uncertainty caused by
stochastic disturbances on system performance has long been
recognized as an important and indispensable consideration
in reliability-based design [2] and [4]. The paper is organized
as follows. In Section II the tracking system description
together with the definition of performance-measure statistics
and their supporting equations associated with the Chi-
squared random measure of performance is presented. Prob-
lem statements for the resulting Mayer problem in dynamic
programming are given in Section III. Construction of a can-
didate function for the value function and the calculation of
optimal feedback control accounting for multiple internalized
goals of performance robustness are included in Section IV,
while conclusions are drawn in Section V.

II. PRELIMINARIES

Consider a general class of stochastic tracking systems,
modeled on [to,¢s] and governed by

da(t) = (A(D)z(t) + BO)u(t))dt + G()dw(t) (1)
I(to) = X0

where time-continuous coefficients A € C([to, t]; R™*"™),
B € C([to,ty;R™™), and G € C([to,ts];R"*P) are
deterministic, bounded matrix-valued functions. Uncertain
environments and exogenous disturbances, w(t) € RP are
characterized by an p-dimensional stationary Wiener process
starting from %, independent of the known initial condition
xo, and defined with {F;};>¢,>0 being its filtration on a
complete filtered probability space (Q, F,{F:}i>ty>0,P)
over [to,tf] with the correlation of independent incre-
ments 2 {[w(7) — w(©)][w(r) ~ w(€)]"} = Wir - & for
all 7,& € [to,ty] and W > 0. The set of admissi-
ble controls L%, (€%;C([to, ts]; R™)) belongs to the Hilbert
space of R™-valued square-integrable processes on [to, %]
that are adapted to the o-field F; generated by w(t)

with E{ftzf UT(T)U(T)dT} < o0. Associated with ad-
missible 2-tuple (z(-);u(-)) € L% (Q;C([to,ts];R™)) x
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L%, (5 C([to, tf]; R™)) is a closely guided performance-
measure J : R™ x L% (Q;C([to, tf]; R™)) — Ry

T(zo:u(-)) = [(ts) = ()] Qg lw(ts) = 7(t)]

+ [ {0 =207 @) lntr) = 5(7)

+ [u(r) = ()" R(O)ulr) = p(r) fdr - @)

where the desired trajectory ~(-) and reference control in-
put p(-) are given, deterministic, bounded and piecewise-
continuous functions on [to,ts]. Design parameters Qf €
R™",  Q € C([to,tf];R™™™), and invertible R €
C([to, t¢]; R™*™) are deterministic, bounded, matrix-valued
and positive semidefinite relative weightings of the terminal
state, state trajectory, and control input.

Furthermore, as shown in [6], under linear, state-feedback
control together with the fact of the linear-quadratic sys-
tem, all higher-order statistics of the integral-quadratic
performance-measure have the quadratic-affine functional
form. This common form of these higher-order statistics fa-
cilitates the definition of a risk-averse performance index and
the associated optimization formulation herein. Therefore,
the information pattern considered in this research is a linear
time-varying feedback law generated from the tracking state
z(t) and reference command input p(t) by

u(t) = K (t)e(t) + (1) + p(1) 3

where both admissible vector-valued affine input [y €
C([to,tf];R™) and matrix-valued feedback gain K €
C([to, t¢]; R™*™) are yet to be determined. Hence, for the
given initial condition (to,z0) € [to,tf] x R™ and subject
to the control decision policy (3), the dynamics of the
generalized tracking problem are governed by the stochastic
differential equation

dx(t) = (A(t) + B(t)K(t))z(t)dt
+ B(t)(Lf(t) + p(t))dt + G(t)dw(t), x(to) =z0 (4)

together with the realized performance-measure for a given
random realization w € (2

K(),17() = [(ty) = v(t0)]" Qg [a(ts) —4(tp)]

+ [ ) =200 Q) fatr) ()

+ K (F)2(r) + L ()] R(7) K (7)a(r) + zf(T)]} dr. (5)

Clearly then, the performance-measure (5) is now a random
variable with Chi-squared type. Hence, the uncertainty of
performance distribution must be addressed via a complete
set of higher-order statistics beyond the statistical averaging.
It is necessary to generate some higher-order statistics asso-
ciated with (5). Such performance-measure statistics are now
called cumulants for short and thus are utilized to directly
target the uncertainty of tracking performance.

In general, it is suggested that the initial condition (¢¢, )
should be replaced by any arbitrary pair («, z,). Then, for

J(xo;

the given, admissible affine input /¢ and feedback gain K,
(5) is considered as the “performance-to-come”, J (o, ).

Tavza) £ [alty) = 2(t0)] Qs lalty) = 2(21)
+ [ {2 @) ln(r) = 5(7)
HK()a(r) + O REOIK (Falr) + ()] dr. ©

The moment-generating function of the
come” of (6) is defined by

“performance-to-

@ (e, 14:0) 2 E{exp (0] (o, 24))} 7

for all small parameters 6 in an open interval about 0. Thus,
the cumulant-generating function immediately follows

¥ (,ma;0) £ In{p(a,z4:60)} (8)

for all # in some (possibly smaller) open interval about O
while In{-} denotes the natural logarithmic transformation.
Theorem 1: Cumulant-Generating Function.

Suppose that o € [to,ts] is some running variable and
6 is a small positive parameter. When ¢ (a,z4;0) =
0(c;0) exp {zT Y (;0)z0 + 22Tn(e;0)} and v (o 0) £
In{o (a; 0)}, the cumulant-generating function that contains
all the higher-order characteristics of the performance distri-
bution, is then given by the expression

Y (a,20;0) = 2L (0 0)z0 + 22 (0 0) + v (a3 60) (9)

where the cumulant-supporting variables Y(«;6), n(«;0),
and v (a; 0) solve the time-backward differential equations

d

2o X(;0) = ~[A(e) + B() K (a)]" T (a;0)

— T(a;0)[A(@) + B(a) K (a)]

—2Y(a; 0)G(a)WGT ()Y (e )

—0[Q(a) + KT (q)R(@)K ()], (10)
Zon(;0) = —[A(a) + B(a) K ()] " n(e;0)

— Y(a;0)B(a) [l () + p()]

— 0 [K" () R(a)lf(@) = Q(a)y(a)] , (11)
%U(a 0) = ~Tr {Y(:0)G () WG (o)} (12)

— 20" (a; 0) B(a) [If () + p(e)]
= 0[If () R(a)lf(a) + 7" (a)Q()y(a)]
with the terminal-value conditions Y(t;;0) = 6Qy,

1 (ty;0) = —0Qs(ty), and v (t5;0) = Oy" (t)Qsy(ts).
Proof: For notational simplicity, it is convenient to have

@ (a,14;0) = exp{0J (a,74)} ,
0 (a,14;0) 2 E{w (o, 24;0)}

together with the time derivative of
o (020:0) = ~0{71Q(0) + KT (@) R()K (0)]za
+ 224 [KT (@) R(e)l () — Q(a)y(a)] + IF (a) R(a)lf ()
+77(@)Qa)(@) fo (anzai) . (13)
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Using the standard Ito’s formula, it yields

do (a,z4;0) = E{dw (a,x4;0)} ,
= pu., (@, 24;0) [A(a) + B(a) K (a)] xqda
+ P (@, 0;0) da + g, (0,243 0) B(o)[lf(a) + p(a)]da

T {fur, (0,70;0) G (0) WGT ()} do,

which under the aforementioned definition ¢ (o, z4;6) =
0(;0)exp {2l Y (a;0)zq + 225n(c;0)} and its partial
derivatives, leads to the total derivative with respect to time

d Lo(a;0) L d
w .0) — o Yl
daap (o, 245 0) { [g(a, ) + x, o (a;0)xy

207 D00 | + a7 [A(0) + Ba)K(0)]” T (s 0)z

+ 22X (;0) [A(a

+ 22T [A(e) + B

+ 221 (a; 0

+20" (e ) B(a) [l (a)+p

+ 222 (0;0) G () WG (a) Y (e Q)xa}ap(a, 23 0). (14)

Replacing (13) into (14) and having both linear and quadratic
terms independent of x,, it requires that

L1 (050) = ~[A(a) + B(0) K ()] (03 6)
~T(a;0)[A(a) + B(a)K(a)]
— 27 (; 0)G(a)WGT () Y (c; 0)
~0[Q() + K" (@)R(0) K(a)]
%nm;m:%(a) Ble)K(@)] (0 0)
T (03 0)B(0) [i7(0) + ple)]
0 (KT (@) R(e)ls(a) - Qa)y(a)]
%U(a;ﬂ)——Tr{Ta 0)G (o) WGT (a)}
— 29" (230 B() l17(0) + p(c)]
0 [1F(0) Ry (o) + 7 (@)Q(a)(a)]

At the final time o = ty, it follows that o(ts, z(tr);0) =
o(ty;0) exp {a™ ()Y (tg;0)a(ty) + 207 (tr)n(t )} =
E{exp{0[z(ty) — v(t))TQslx(ts) —v(ty)]}} which in
turn yields the terminal-value conditions as Y(ty; 0) = 0Qy,
n(tp;0) = —0Qy(ts), o(ts;0) = exp {0y (t5)Qsy(ts)},
and v(ts;0) = 07" (t7)Qp(ty). L]

Remark 1: The expression for cumulant-generating func-
tion (9) for the generalized performance-measure (5) in-
dicates that additional affine and trailing terms take into
account of dynamics mismatched in the transient responses.
By definition, higher-order statistics that encapsulate the un-
certain nature of tracking performance can now be generated

via a MacLaurin series of (9)

= 0’
023 ki v 1
w(a)xave) Pt K‘Z(aama) Z' ) ( 5)
=~ oW 0
= —1)(t, To; 0) -
; 20 g—o U

from which k;(c,z,) is denoted as the ith-performance-
measure statistics or the ¢th-cumulant. Moreover, the se-
ries expansion coefficients are thus obtained by using the
cumulant-generating function (9)

o T o
)qp(a ma,e)'azo =z, WT(Q,Q) o T
o o)
T Z . I .
+ 2z, ae(i)n(aﬁ)‘e—o + a9(1.)11(04,67) o (16)

In view of the results (15) and (16), the ¢th-cumulant for the
generalized tracking problem therefore follows

)
ki(a,zq) = gaH(Z)T(a;G) To
6=0
9@ 3(2’)
+2:17§ — 77(04;9) v(a; 0) )
900 * 900 o

for any finite 1 <7 < oo.
For notational convenience, the following definitions

9@

o 9@
Di(a) £ 200"

o
900

T(a;0)

9

6=0

(;0)

)

6=0

Di(a) = v(a;0)

0=0

are introduced so that the next theorem illustrates a tractable
procedure of generating cumulants or performance-measure
statistics in time domain. This calculation is preferred to that
of (17) for the reason that the resulting cumulant-generating
equations now allow the incorporation of classes of linear
feedback controllers in risk-averse tracking design synthesis.
Theorem 2: Generalized Performance-Measure Statistics.
The tracking dynamics governed by (4)-(5) attempt to follow
the set-point signals ~y(t) and p(t) with the generalized
performance-measure (5). For k € Z™T, the kth-cumulant is
given by the closed-form
ko = o3 Hy(to)zo + 228 Dy (to) + Di(to)  (18)
wherein the cumulant- generating components {H;(a)}F_,,
{Di(a)}r_,, and {D;(a)}~_, evaluated at a = t; satisfy the
time-backward differential equations (with the dependence of
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Hi(e), Di(a), and D;(c) upon I and K suppressed)

Ly (0) =~ [A(0) + B(a)K(0))" H (o)

- (o) Ale) + D))

~Q(a) ~ K™ (@) R(a)K(0) (19)
L Hi(a) =~ [Ala) + B(a)K ()] Hi(a)

" Bl o) + Do) o)

(@)G()WGT(a)H;j(a),

—Z ey

%f)l(a)=—[ (0) + B(0) K (a)]" Di(a)
— Hi(0)B(a) [I5(@) + p(e)]
— K" (@)R()lf(a) + Q(a)y(e), (21)
L Difa) = ~[A(a) + B(a)K(0)]" Di(a)
— Hi(e)B(a) [l (a) + p(a)] , (22)
%Dl(a) = —Tr {H,(a)G(a)WG" () }
—2D7(@)B(a) [Iy(a) + pla)]
—If (@) R(a)lf(e) =T (@)Q()v(a), (23)
L Difa) = T {Hi(@)G() W (a)}
—2D] (a)B() [ly(@) + p(a)] (24)
where terminal-value conditions Hi(ty) = Q, Hi(ty) =

0 for 2 < i < k; f?l(tf) = —Q(ty), ﬁi(tf) = 0 for
2 <i<k;and Di(ty) = vT(t;)Qsy(ty), Di(ty) = 0 for
2<i<k.

III. PROBLEM STATEMENTS

Within the structure of cumulants (18), all the cumulant
values depend in part of the known initial condition z(tp).
Although the different states x(¢) will result in different
values for the “performance-to-come” (5), the cumulant
values are however, functions of time-backward evolutions
of the cumulant-generating components H;(c), D;(c) and
D;(«) and thus do not take into account of all the in-
termediate values x(t). Consequently, this fact makes the
new optimization problem particularly unique as compared
with the more traditional dynamic programming class of
investigations. In other words, the time-backward trajectories
(19)-(24) are therefore considered as the “new” dynamical
equations from which the resulting Mayer optimization [3]
and associated value function in dynamic programming now
depend on these “new” states H;(c), D;(c) and D;(c), not
the states x(¢) as traditionally expected. Furthermore, it is
important to see that this mathematical representation (19)-
(24) underlies the conceptual structure to extract the knowl-
edge of intrinsic performance variability introduced by the
process noise stochasticity in definite terms of performance-
measure statistics (18).

Next, it is convenient to introduce k-tuple variables H,
D, and D as follows H(-) £ (Hi(-),..., Hx("), D(-) 2

(ﬁl() ﬁk()) and D(-) 2 (Dy("), ..., Dx(-)) for each

element H; € Cl([to,tf] R™ ") of H, D; € C'([to, 4];R™)
of D, and D € C([to,tf];R) of D having the representa-
tions H;(-) 2 H;(-), Di(-) 2 D;(-), and D;(-) £ Dy(-) with
the right members satisfying the dynamic equations (19)-(24)
on the horizon [tg,t¢].

The problem formulation is considerably simplified if the
following mappings are introduced accordingly

]:i . [t07tf] % (Rnxn)k % R™MXnN ., RX7
gvi . [t0>tf] « (Rnxn)k % (Rn>k « R™MX7 5 R™ s R™
Gi : [to,ts] x (R™™)F x (R™)* x R™ — R

where the actions are given by

Fila, M, K) £ — [A() + B(a)K ()] Ha(a)
— Hi(a) [A(e) + B(a) K ()] = Q(a) — K™(e) R(e) K (av)

¢ (a M, D, K, zf) 2

— Hi(a)B(a) [l (a )+P
— K" (a)R(a)lf(a) +Q
G (a,H,T) K, lf) 2
— Hi(e)B(a) [l (a) + p(a)]
G1 (a1, D1y) & ~Tr {Ha(a
—2D7 (a)B() [I(e) + p(a)]
—lF (@) R(a)lf(@) = 7" (@)Q(a)y(a)

G: (a,H,ﬁ,zf) 2 Tr {Hi(a)G(a)WGT ()}
— 2D (a)B() [I(e) + p(a)] -

For even more compactness of notations, the next product
mappings are further needed

)G(a)WGT ()}

Fix- X Fy :[to, tg] X (R™ )P R™ e (R
gle X gk . [to,tﬂ (Rnxn)kx (Rn)kXRmxn « R™—s (Rn)k
Gi XX G :[to, t5] x (R™™)F x (R")F xR™ s RF
along with the correspondmg notations F 2 Fy x --- x Fy,

g gl X+ X gk, and G2 Gy x---x Gr.. Thus, the dynamic
equations of motion (19)-(24) can be rewritten as follows

L H(a) = Flo,H(0), K@), Hilty) =Hy

ddaD( ) = G(a, H(a), Bla), K(a), y(a), D(ty)=Dy
L D(a) = G(a, H(0), Bl0) Iy(a), Dlts) =D
where the k-tuple final values H; £ (Qy,0,...,0), Dy £

(—va(tf)ﬂ, ... 70), and Df £ ('yT(tf)Qf'y(tf), ceey 0).
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Note that the product system uniquely determines H, D
and D once the admissible affine input Iy and feedback gain
K are specified. Hence, they are considered as H = H(-, K),
D = D(- K, l¢) and D = D(-,K,ly). The risk-averse
performance index is defined by these control parameters
ly and K.

Definition 1: Performance Index.

Fix k € Z* and the sequence p1 = {y; > 0}%_, with py > 0.
Then, for the given (¢, zo), the performance index in risk-
aversion, i.e., ¢ ¢ {to} x (R™™")*F x (R")F x R¥ s R,
for the generalized tracking problem is defined as follows

(btk (th H(t()v K)7 ﬁ(t(): Kv lf)v D(tO» K7 lf)) é

Z i .130 th

The real constant scalars p; represent different degrees of
freedom to shape the distribution of closed-loop tracking per-
formance wherever they matter the most by a means of plac-
ing particular weights on any specific performance-measure
statistics (i.e., mean, variance, skewness, flatness, etc.) as-
sociated with (5). The unique solutions {H;(to, K )}le,

. k
{Di(tO,K, lf)} , and {D;(to, K,l;)}F_, evaluated at
a =ty satisfy the time-backward equations of motion

d

7o (@)

K(a),
im> G (o (0). Dl0). K(0). 1y (@)

1o =G (a @) D).l () . D). (8)
For given terminal data (t;, My, Dy, Dy), the classes of
admissible affine inputs and feedback gains are then defined.

Definition 2: Admissible Inputs and Feedback Gains.
Let compact subsets L C R™ and K C R™*™ be the sets
of allowable linear control inputs and gain values. For the
given k € ZT and the sequence p = {u; > 0}F_, with
p1 > 0, the set of admissible affine inputs Lt . Dr Dy
and feedback gains Ith My Dy Dy A€ respectlvely assumed
to be the classes of C([to,ty]; Rm) and C([to,ts]; R™*™)
with values /;(-) € L and K(-) € K for which solutions
to the dynamic equations (26)-(28) exist on the interval of
optimization [to, ¢ s].

Definition 3: Optimization Problem.

Suppose that k& € Z* and the sequence p = {u; > 0}%_;
with 3 > 0 are fixed. Then, the risk-averse control opti-
mization problem over [ty,ty] is given by the minimization
of 25) over l(-) € Ly, 3/, 5, 0y KC) €Ky, 3, B, Dyin
and subject to the dynamic equations of motion (26) (28).
The subsequent results will then illustrate a construction of
potential candidates for the value function.

Definition 4: Reachable Set.

Let reachable set @ £ { (2,9, 2, Z) € [to, t] x (R™")* x

(R™)k x R¥  such that Loyzz,70adK_y 5. #0.
By adapting to the initial cost problem and the terminolo-
gies present in the risk-averse control, the Hamilton-Jacobi-

(25)

)JJO + QZ‘gﬁi(to, K, Zf) =+ Di(to, K, lf)} .

= F(a, H(a), H(ty) (26)

D(ts) (27)

Bellman (HJB) equation satisfied by the value function
% (5, v, 2, z)
Theorem 3: HJB Equation-Mayer Problem.

is given as follows.

Let (5, Y, Z, Z ) be any interior point of the reachable set Q

at which the value function V (¢, ), Z , 2
If there exigt optimal affine signal I3 € E;,y, 2.z apd
feedback gain K™ € KC_ v.23.20 then the partial differential
equation of dynamic programming

) is differentiable.

0= min

) 0
leL,KEK{aE (E Vs z Z)

1% (s,y,é,Z) vec (F (g, Y, K))

(29)

L0
dvec(Y)
0

dvec (Z)

+ awj(z)v (a,y,Z,Z) vec (g (E,y,é,lf)) }

is satisfied together with the terminal-value condition
V (to,HmDoﬂ)o = Gtk (to,Ho,Do,Do)

Theorem 4: Verification Theorem.
Fix k € Z* and let W (g,y,é, Z) be a continuously dif-
ferentiable solution of the HIB equation (29) which satisfies
the boundary condition

w (t07H077507@0> = Puk (to,Ho,ﬁo,Do) .

+ v(g,y,é,z) vec (é (6,37,2,Kvlf))

(30)
Let (t7,Hy, Dy, Df) be in Q; (If, K) in Ly, By Dy X
Ith7Hf7ﬁf;Df§M; H, D and D the coruresponding solu-
tions of (26)-(28). Then, W(a, H(a),D(a),D()) is a
time-backward increasing function of a. If (I}, K*) is in
Ly v, 0,00m X K, D, D,y defined on [to,tf] with
corresponding solutions, H*, D*, and D* of (26)-(28) such
that for a € [to, tf]

0= %w (a,H*(a),ﬁ*(a),D*(a))

LAY (a,H*(a),ﬁ*(a)aD*(Q)) '

" vec()
-vee (F (a, H* (o), K*(a)))

D). 5(@)) . 6D

then both Z;Z and K™ are optimal. Moreover, it follows that

w (5, v, 2, z) —V (57 A Z) 32)

where V (5, Y, Z , Z) is the value function.
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IV. OPTIMAL RISK-AVERSE TRACKING SOLUTION

Because the optimization problem considered herein is
in “Mayer form”, it is therefore solved by applying an
adaptation of the Mayer form verification theorem of dy-
namic programming given in [3]. Consequently, it requires
to parameterize all starting times and states of a family of
optimization problems as s,y,Z,Z . For instance, the
states of the system (26)-(28) defined on [tg,c] with the
terminal values are now denoted by H(c) = Y, D(e) =
Z, and D(e) = Z. Furthermore, with the observation of
performance index (25) being quadratic affine in terms of the
arbitrarily fixed x, a candidate solution to the HIB equation
(29) may be sought in the form of

W(ey,2,2) =2 Ek: Vi +&(e) @

+2$OZM1(Z+T )+Zuz i+ T(E) G3)

where the parametric functions & € C!([to,ts]; R™*™),
T, € C'(to,t;];R") and T; € C'([to,ts];R) are yet
to be determined. One can then obtain the derivative of
w (5,)2,2, Z) with respect to ¢ as

%W(e,y,é,Z)_ x Z”l( (e, ), K)—&—;E&-(s))xo
+ 247 ZM (g7 (e v, 2K, zf) n (iﬁ(e))

+Z”Z <gz (2.3.2.15) +di7( )) (34)

provided that [y € L and K € K. Trying this candidate for
the value function (33) into the HJB equation (29) yields

0= min{xozm< (e, V,K) + dS())xo

l;eL, KeK

+ 227 Z“z (gl (5 v, 2K, lf) jgiz(s))

+ Zm (gz- (s,y, Z, lf) + jgz-(s)) } (35)
i=1

Since the initial condition zo is an arbitrary vector, the
necessary condition for an extremum of (25) on [tg,¢] is
obtained by differentiating the expression within the bracket
of (35) with respect to the control parameters [y and K as
follows

k
(e, 2) = —R7Y(e)BT () Y fir 2, , (36)
7’?1
K(,9) = =R ()B"(e) Y iirdr (37)
r=1

where the weightings /i, £ f1; /411 are normalized by p; > 0.
Replacing (36) and (37) into the HIB equation (35) leads to
the value of the minimum

k k k
d
zd Zﬂijggi(f) — AT (e) Zuiyi - ZM%A €
=1 i i=1
2
— Qe +Zu7yr Ye)B (e) Y il
i=1
k
+ Z pii(€)BE) R (e)B (€)Y fisVs
i= s=1
' k k
—m Z e Be)R™H ()BT () ) iV
s=1

2! T
- .Uz j' )yj ()WG (E)yi_j Zo

+ 22 1Y, B(e)R™ () B (e) XE piZi
_ Zk;#iyiB(s) —R7Y(e)B”(¢) 2: firZr + p(e)
— ilﬁryrB(s)Rl(e)BT(s) iﬁz}
+§k;ul ZmTr{yl WG (e)}
-2 Zk: wZIB(e) |-R~ ()BT (¢) zk: firZy + p(e)

k
—m > i ZFBER N ()B ()Y fisZs. (38)

r=1 s=1
What remains is to exhibit the time parametric functions for
the candidate function WW (s V.2, Z ) of the value function,

. k
- L& )}Z 1> {Z()}, , and {7;(- )}Z , which yield a
sufﬁ01ent condition to have the left-hand side of (38) being

k
zero for any € € [to,ts], when {);}F , and {Z} are

evaluated along the solutions of the cumulant- generatmg
equations (26)-(28).
With a careful examination of (38), one can infer that

N k
{&( )}7 1> {Z()} and {7;(- )}L ; may be chosen to
satisfy the time-forward differential equations as follows

di‘isl (€) = AT(eYHa (e) + Ha () A(2) + Q&)

k
—Hi(e)B(e)R () B (e) Y AiHol(e)

s=1
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(39)
LE(e) = ATEM() + Hi() Al
9
k
~ Hi(©BERT )BT () Y K (e)
. =1
= S A& BER BT ()
r=1
i—1
+3 - 2 ()GEWET (M, (o) (40)
= 3= )
L 8i(e) = ATOD1(E) - QN(e)
k
= S A EBER B (D)
=1 .
+H1E)B(E) | ~RTHEBT () Y D) + ple)
r=1
k k
+> i (e)B(e)R™(e)BY (e) Y fisDsle) (41)
J =1 . ) s=1
T = ATED,(e)
k
= S BERT )BT (D)
k
+Mi(e)B(e) |[-R(e)B™(e)Y _ inDr(e) + ple) | (42)
LT () = T (HEGEWET ()} +97(Q()
k

r=1
k k
+> DI (e)B(e)R(e)B (e) Y _fisDs(e)  (43)
r=1 s=1
d%’];(s) =Tr{H;(e)G(e)WGT (¢)}
k
+2D](e) B(e) |=RY(e) BT(€))_ i Dr(e) +p(e) | (44)

The affine control input and feedback gain specified in (36)

and (37) are now applied along the solution trajectories of

the time-backward Riccati-type equations (26)-(28)

L 1(e) = — AT (eHa (&)

- ~H1(e)A() - Q(e)

k
)Y fisHa(e)

+Hy(e)B(e)R ()BT (e

(45)
H(E) = —AT(EH(e) — Hi(e)AC)
k
+Hi(e)B(e)R™(€)B" (e) Y fisHal(e)
k
+ Yl He(e)B(e) R () BT (e)Hile)
r=1
i—1 9241 .
_ jzlﬂ(l ])'HJ(E)G(E)WG (e)Hi;(e) (46)
LD1(E) = ~AT(E)Di() + Q)
k
+ Y fiHe(e)B(e)R™' () BT (e)Di (o)
=1 .
— Hi(e)B(e) |[-R ()BT () Y_ firDr(e) + ple)
r=1
k k
- Z//ZTHT(E)B(5>R_1(5)BT(5)ZﬁsﬁS(E) (47)
d =1 ) s=1
2 Di(e) = —AT(e)Di(e)
k
+> i, (e)B(e)R™ () B (e)Di(e)
k
—Hi(e)B(e) [—R™'(e)B" () Y firDr(e) + ple) | (48)
%Dﬂs) = —Tr {H1(e)G(e)WG"(e)} — 7" ()Q(e)V(e)
k
— 2D (e)B(e) |~R™(e)B"(¢) Y i Dr(€) + ple)
r=1
k k
—> Dl (e)B(e)R ' (e)B  (e) Y fisDs(e) (49)
r=1 s=1
d
2 Di(e) = ~Tr {Hi(e)G()W G (e) }
k
—2D](e)B(e) |-k (e)B™(e)D>_ Dy (e) + ple) | (50)

where the terminal-value conditions H1 (tf) = Q, Hi(ty) =
0 for 2 < i < k; ﬁl(tf) = —Qs(ty), ﬁi(tf) = 0 for
2 <i<k;and Di(ty) =" (t;)Qpy(ts), Dilty) = 0 for
2<i1<k.

The boundary condition of W(e, ), Z , Z) implies that

k
20+5 tO )$0+2l‘0 ZN'L( ZO+T(tO)>

i=1

HM:r
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k
+ Y i (Dio + Ti(to))
i=1
k k k
=al Z piHiozo + 228 Z 1iDio + Z 1iDio .
i=1 i=1 i—1

The initial conditions for the equations (39)-(44) are given as
follows & (tg) = 0, Z;(to) = 0, and T;(to) = 0. Finally, the
optimal linear input (36) and feedback gain (37) minimizing
the new performance index (25) become optimal

k

lj(e) = —R7(e)B"(e) Y Dy(e),
k

K*(e) = —R™'(e)B"(e) Y mHi(e).

Theorem 5: Optimal Risk-Averse Tracking Solution.
Suppose (A, B) is uniformly stabilizable and (C,A) is
uniformly detectable where CT(t)C(t) = Q(t). Assume
further k € Z* and the sequence pu = {u; > 0}F
with ;7 > 0 fixed. The optimal tracking solution for the
generalized tracking problem whose the state dynamics ()
and control inputs u(t) governed by (1) and (2) will track
closely the desired trajectory ~y(¢) and reference command
inputs p(t), is given by the risk-averse policy

u*(t) = K*(8)2"(t) + [3(t) + p(t) , (51
k
K*(0) = —R Y (@)B () S i), (52)
:1
I} (o) = —R Y(a)BT(a) Z M () (53)

where the normalized weightings i, = 11;/p; emphasize on
different design freedom of shaping the probability density

function of the generalized performance-measure (5).
k

The optimal cumulant-generating solutions {H}(a)},_;,

o k
and {D,*.(a)}
matrix-valued 5i_f%erential equations

respectively satisfy the time-backward

d ~ [A(a) + B(a)K* (o)) H(a)
B

— Hi(a) [A(a) + B(a) K™ ()]

—Q(a) - K*T(@)R(a)K*(a); Hilty) =Qf (54)

and, for 2 <r < k with H}(t;) =0
L34:(0) =~ [A(0) + B() K" (@] 3 )
- Hy(a) [A(e) + B(a) K™ (a)]

‘i%ﬁi(a)G(a)WGT(a)H:_s(a) (55)

finally, the time-backward vector differential equations

do (
—Hi(@)B(@) [1(a) + p(e)]
KT (a)R(a)l7 () + Q(a)y(a) (56)
L 52(0) = - [A(0) + B@)K* ()] D}(0)
—Hy()B(e) [lj(a) +p(@)] , 2<r<k (57

with the terminal-value conditions D} (tf) = —Q~(t;) and
Dx(ty) =0 for 2 < r < k.

Remark 2: Note that the optimal feedback gain (52) and
affine control input (53) operate dynamically on the time-
backward histories of the cumulant-supporting equations
(54)-(55) and (56)-(57) from the final to the current time.
Moreover, it is important to see that these dynamical equa-
tions are functions of the noise process characteristics, i.e.,
second-order statistic 1. Hence, the high confident tracking
paradigm consisting optimal feedback gain (52) and affine
input (53) has traded the certainty equivalence property, as
one may normally obtain from the special case of traditional
linear-quadratic tracking, for the adaptability to deal with
uncertain environments and performance variations.

V. CONCLUSIONS

The present paper proposes an advanced solution concept
and a novel paradigm of designing feedback controls for a
class of stochastic systems to simultaneously track reference
trajectory and command input in accordance of the so-
called, risk-averse performance index that is now composed
of multiple selective performance-measure statistics beyond
the traditional statistical average. A numerical procedure of
calculating higher-order statistics associated with the Chi-
squared performance-measure is also obtained. The robust-
ness and uncertainty of tracking performance is therefore,
maintained compactly and robustly. The complexity of the
feedback controller may however increase considerably, de-
pending on how many performance-measure statistics of the
target probability density function are to be optimized.
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