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Abstract— We study the adaptive control problems of a class
of discrete-time partially observed Markov decision processes
whose transition Kkernels are parameterized by a unknown
vector. Given a sequence of parameter estimates converging
to the true value with probability 1, we propose an adaptive
control policy and show that under some conditions this policy
is self-optimizing in the long-run average sense.

[. INTRODUCTION

During the past decade considerable effort has been in-
vested in the study of stochastic adaptive control. Special
attentions have been paid to the system with incomplete
or noisy state observation, in particular, the discrete-time
partially observable Markov decision processes (POMDPs)
with the transition probability matrix depending on some
unknown parameter vector § € © where © € R™¢ is the
parameter space with cardinality Ng. The purpose of the
adaptive control of POMDPs is to optimally regulate the
modelled system in the presence of parameter uncertainty.
To achieve this, a control strategy widely used in the
linear filtering was proposed in [1], where the parameter
uncertainty in the partially observed system was handled
by deriving the filter for the conditional probabilities and
estimating the parameters at the same time, then plugging
into the filter with the most updated parameter estimates.
This adaptive estimation algorithm can be analyzed by the
ordinary differential equation method and the existence of a
convergent sequence {ét}fio — 6 in appropriate probability
measure can be shown (see [21]). Along with this result, a
methodology involving a set of assumptions was proposed
n [14] to show the self-optimality (defined later) of the
adaptive policy. The major assumptions mentioned there
included that a. for each 6 € © the optimal policy exists, and
b. the sequence of estimation errors between the true and the
estimated information states converges to 0. For the long-run
average cost model, positive transition matrices in [11] and
renewability condition in [16] are assumed to guarantee a.
Recently (see [19]) we propose several sufficient conditions
for the same topic and show that our results solve a wider
class of practical problems. In this paper we present one of
the condition (which leads to a.) from [19] on the structure
of the transition matrices and show that a little modification
of this condition leads to b., if the convergence {f,}°, — 0
is fast enough. Hence, the self-optimizing property of the
adaptive policy is obtained according to the methodology
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in [14]. We note that our conditions are either weaker or
more justifiable than those of other work in the literature.

This paper is organized as follows. Section 2 reviews
the technical preliminaries, including the ergodic and adap-
tive control problem of discrete-time POMDPs. Section 3
presents the main result of the paper. Several structural
properties of the product of non-negative matrices are proved
and applied to derive the self-optimization, in the long-run
average sense, of the proposed adaptive policy.

II. PRELIMINARIES
A. Partially Observed Markov Decision Process

A discrete-time partially observable Markov decision pro-
cess is governed by a five-tuple (S,U,U,Q,c) with the
following meanings: § = X X Y is the process’s state space
where X = {1,2,---,N,} is the finite system space and
Y = {1,2,---,N,} is the finite observable space. U is
the finite action space. Let B(V) denote the o-algebra for
a given topological space V, then U: X— B(U) means a set-
valued map with compact non-empty value and U(z) is the
set of feasible actions when the system is in state x € X.
Q is the transition matrix of the process and c is the cost
function. Specifically, when the system state at time ¢ is X;
and a control U, is taken, a cost ¢(X;,U;) is incurred and
the system moves to next state X;,; with observation Y;
according to the transition matrix @) defined by

Qy,Up) x,j = Prob(X; 41 = j, Yip1 = y|X¢, Up)
=Prob(X;11 = j, Yiy1 = y| Xy, Ya, Up, k < 1)

for all t € Ny (the set of nonnegative integers), j €X, and
y €Y. Note that by definition the element of () is nonnegative

and satisfies
Z Z Q(yv U)ij =1

yeY jeX

for each ¢ € X and u € U. Denote ¥ := P(X), the proba-
bility (row) vector space on X. To transform the partially
observed process into its completely observed equivalent,
we apply the Bayes rule (see [20, p84]) and construct the
information state sequence {t;} by recursively calculating

Z Ve Q(y, Ur)

¢t+1 =
yeyY th y» Ut

{Yep1=y} >
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for each ¢, € ¥, Uy € U, and t € Ng, where 1{,} is the
indicator function and 1 is a column vector of 1’s with size
N,. Write V(¢,y,u) = ¢ - Q(y,u) - 1 as the conditional

probability and
_ V- Qy,u)
T(Y,y,u) = Vg for V(¢,y,u) #0,

as the posteriori conditional distribution, then the transition
kernel for the information state is given by

’C(B|¢7U) = PrOb{¢t+1 € B|wt = T% Ut = u}a (1)

Z V(9 Yir1,u) - L, viy u)eBy
Yii1€Y

for each B € B(W), ¢ € ¥, and u € U. So we have the
transformed five-tuple (&, U, U, K, &) where U: ¥ — B(U)
and ¢(¢,u) := Yy c(x,u)y(zx) for all ¢ € ¥ and u € U.
For the original history space H; of the partially observed
process up to time ¢ where Hy := ¥, H; := H;_1 x U X
Y for all £ € N (the set of positive integers), we obtain a
corresponding completely observed history space: Hy:=w,
Hy:==H, 1 xUx W forall t €N.

An admissible strategy or admissible policy m is a se-
quence {;};2, of Borel measurable stochastic kernels
on U given H, satisfying (U (1y)|hy) = 1 for all ¢, € W,
hy € H;, and t € Ny. An admissible policy is called
deterministic if there exists a function f : ¥ — U such
that 7, (f(;)|h) = 1 for all ¢, € ¥, hy € H, and ¢ € No.

It is shown in [7] that for an initial distribution ¢g € ¥
and admissible strategy m, there exists an unique probability
measure [P, induced on the sample path (¥ x U)>. We use
[E7, to represent the corresponding expectation operator.

B. Ergodic Control

The objective of ergodic control is to decide the optimal
strategy m € II (the set of all admissible strategies) to
minimize the incurred long-run average cost:

T—1
. R .
J (o, ) = h;n sup wao Z &, Uy) (2)
> t=0

The classical vanishing discount limit method approaches
this problem by extending the result from the (-discounted
cost model:

T—-1
Js(¥o, ) := limsup E [Z BLe(vy, Uy) 3)

T—oo t=0

where (3 is in (0,1). If w3 is the minimizing policy in the
following sense and results in a value function hg(v) where

hs(¥) = Js(,mp) = Inf Jg(,m), pew, (4

then the following assumption and its implication are well
known.

Assumption 2.1: ¢ : X x U — RT is the one-stage cost
function that is nonnegative, bounded and continuous. Also,
U — Q(y,U) is continuous for each y € Y.

Lemma 2.1: [17, Chapter 2] Suppose Assumption 2.1
holds. The value function hg(¢) in (4) corresponding to

the [-discounted cost model in (3) can be characterized by
Bellman’s §-discounted optimality equation:

ha(w) = mm{ o)+ [ halw! Ko, )} )

for all ¢ € ¥ where K is defined in (1). Any admissible
policy resulting in the value function hg(-) is S-discounted
optimal.

It is well known that hg(y) is the unique solution in
C(¥) (the space of continuous functions on ¥) for Bellman’s
[-discounted optimality equation. Also, it can be shown
(see [22]) that hg(-) is concave. Suppose (3 is in (0,1) and
{Bn}, C [Bo,1) is a sequence with 8, — 1. ¥, :=
argmingew hg(¢), and hg(y) := hg(y) — hg(¥.). A well-
known major condition (see [15]) that implies the existence
of the long-run average optimal policy characterized by
Bellman’s ergodic optimality equation follows.

Assumption 2.2: {hg, (-)}5, is uniformly bounded on
v.

Theorem 2.2: Suppose Assumption 2.1 and Assump-
tion 2.2 hold. Then there exist a constant p, which is the
optimal ergodic cost, and a bounded, concave and continuous
function h: ¥ — R, such that (p, h(-)) is a solution of the
following dynamic programming equation:

P+ h() = mm{ o+ [ h(zp’)m(dw'w,u)}. ©)

Also, the following is equivalent.
1) 7* is an optimal optimal.
2) m*(v) assigns a minimizer u for {-} in (6) for each

Y eWw.
3)
T-1

Jim - ZE’TO{D% ()} = 0

where the discrepancy function D : ¥ x U — R is
defined by

D, u) := &(ih,u)+ [ h(")K(dY' [, u) —p—h(y).
Proof: The results follgw from [15], and [18, Propo-
sition 5.5.5]. |

C. Adaptive Control

When the transition matrix () is parameterized by a
unknown vector § € O, where © C RN is a compact
space, an stochastic approximation-type estimation algorithm
can be designed to form a sequence {ét}fio such that
6, — 6 w.p. 1 as ¢ — oo. For simplicity we denote the pa-
rameterized transition matrix Q(yt, ur—1) = Q(yt, up—1, ét)
and sometimes Q(v;,us—1) = Q(ys,us—1,0). Suppose for
each parameter § € ©, there exists an associated optimal
deterministic policy written as 7*(-,#). Define the adaptive
policy 7 that generates a sequence of actions {u; }$2, where
U = 71'*(1;75, ét) and

7/%@ Z/7Ut
¢t+1 = Ay, =y N
2 ot 0
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for each 1[& € W, u € U, and t € Ny. According to the
methodology in [14], for 7 to be a self-optimizing policy in
the sense that Jy (v, 7*) = infzemr Jo(¢0o, ), one important
condition is to construct a sequence {zﬁt}fio of information
state estimates such that under ]P’g; we have [|iy — 1|l — 0
as t — oo where |[|-||; is the {; norm. In the following we
study the sufficient conditions for the convergence to hold.
Specifically, we would like to show

b [Hwt—wllh]—m as t—oo Vi eW. (8)

D. Stochastic Matrix

Our main assumption to imply (8) is based on the ideas
of the weak ergodicity in product of nonnegative matrices
(see [24]). We now review some definitions, notations and
concepts to be used later. A nonnegative matrix is a square
matrix with all of its elements nonnegative. A row-allowable
matrix iS a nonnegative matrix with all of its row sums
positive. A substochastic matrix is a nonnegative matrix with
all of its row sums no greater than 1. If every row sum
of a substochastic matrix equals 1, it is called a stochastic
matrix. It is shown in [1] that if A is a nonnegative matrix,
1,19 € ¥, and define

Tl(A) = 1

then we have

(1 — ¥2)All; < 71(A) |91 — o], -

Apparently if A is a stochastic matrix, then 7(A4) € [0, 1].
If 71(A) € (0,1), then A has the property of contraction
mapping. Finally, we use the following definitions through-
out this paper: {By}72, is a sequence of N, x N, matrices;
B := By Bmi1-- Bpin, and B¥ := BBy - By.
B;., B.; represent the i'" row and j* column of B,
respectively. e’ is the ith row vector of the identity matrix
with size N, X Ng.

IIT. MAIN RESULT

In this section we first present a major condition, a weaker
version than that in [23, Assumption A.6], to guarantee
the existence of long-run average optimal policy for the
POMDP. For details on the proof and other weaker sufficient
conditions readers are referred to [19].

Assumption 3.1: There exist constants € > 0, N, € N and
Bo < 1 such that for each (§ € [y, 1) we have

P LQ(YFR U, . > QYR UF Y, ) >
1%%%}1(% et {Q( 7U )11] = 5Q( 7U )sz} Z &,

where i,71,72,7 all in X and k-step transition matrix
Q" uF1) == Qy1,u0) - - QY ur—1).

Lemma 3.1: [19] Assumption 3.1 is a sufficient condition
for Assumption 2.2.

Next we present several properties concerning the prod-
uct of row-allowable matrices. These results can be easily
obtained from the definition of the row-allowable matrix
mentioned in the previous section.

Lemma 3.2: For a row-allowable matrix B,, and a positive
number ¢, if (B,)i,; > € - (Bp)i,; for each n € N and
i1,12,7 € X, then we have

1 1
m-rr Z € m-r7r
(BmJr )iz.l (Ber )il.]-

where m,r € N.
Corollary 3.3: Under the assumption of Lemma 3.2 we
have
(Bm)i2j (B:ZI?)Jl
(Bl
and for each 1,1, € ¥
P1B™1 > e
o B"1
Lemma 3.4: For a row-allowable matrix B,, and a positive
number ¢, if (B,);;.1 > ¢ (B,);,.1 for each n € N and
i1,19 € X, then we have
E
B 1 &

>er.
BF 1~

o (Bm)inj (Biit);1
(BIt),.1 ’

where k£ € N.

The next lemma is an improved version of Lemma 2.1

in [1], though it can be similarly derived.

Lemma 3.5: Under the assumption of Lemma 3.2 we have
(B$+n)i1j o (B:rrzH_n)’bj
(B (B™)ip 1

for each m,n € N.
Lemma 3.6: 1If 11,19 € W,
1) under the assumption of Lemma 3.4 we have

‘ 1 B" Yo B™

< (1 _ 82)n

Q2.

1Bl hyB"1

2) under the assumption of Lemma 3.2 we have

2
< — Y1 —all; ;
-

i B™ P B™ N, 1
— < —(1—-&7)" - ;
1B B, T e (1—¢%) 141 z/J2||1 ;
Proof: See Appendix. [ ]

Now we propose the main assumptions based on
Lemma 3.6.

Assumption 3.2: For each parameter 6 € ©, Q(y, u,0) is
row-allowable for each y € Y and u € U. Also, there exist
constants € > 0, N € N such that for each 1, is, j € X
1%22%}1(\[}7 ]P)ZO{Q(ka Ukila H)ilj Z eQ(Yka U}C71> 9)i2j} =1
for all 1y € ¥, where 7 is the adaptive strategy described
in (7).

Suppose Assumption 3.2 holds, then there exists an in-
creasing sequence of integers {m;};, C N satisfying
mo=0, myy1 —my < N, forl =0,1,--- . n—1,m, <t
such that

ZZ{[Q(szfﬁ-l’ Umzq) o 'Q(sz ) Umz—l)]i1j >

elQYm,_ 141:Umy_y) - QYo Uny=1)}ini } =1 (9)

for each i,i1,42,,j1,j2 € X. Let {6;}%,, 6, € ©, be a
sequence of estimates of the 6 and satisty 6; = 6,,,11 for
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m;+ 1 <t < myyq. That is, ét is updated only at time
t =m;+1, 1 € No. The assumption on the properties of the
sequence {f;}5°, is made in the following.

Assumption 3.3: The parameter space © is compact and
the transition matrix Q(y, u, -) is continuously differentiable
on © for every y € Y and u € U.

Assumption 3.4: The sequence {0,}52, of estimates of 0
satisfies

1) Ht is o(Yo, - -+, Y;)—measurable.

2) Htﬂeastﬂoomﬁ”

3) There exists a constant M such that

M

0ml+1||1 S l+1

H9ml+1+1 -

for every [ € Np.
We are thus ready for the following theorem.
Theorem 3.7: Suppose Assumption 2.1, 3.2, 3.3 and 3.4
are satisfied, then for each ¢y € ¥

By, [l =il — 0 as
Proof Let {m;}; L, be the sequence used in (9) and

define the following: B” = I is the identity matrix with
size¢ N, X N,. For 1 < ¢ < n the multi-step transition

t— 0.

matrix: Bzy = Q( m;—1+1> Umifl) o @(YMN Umifl)- FOr
t=n+1 By = Q( mi— 1+17Um1 1)' @(Y—tvUt 1) /
is similarly defined with Q(Y U) replaced by QYU ) for
=1, n+1andBy—IForl --n + 1, new
information states are denoted by
At Aot A At A t
o %By Bl a By = B
Y= —— =, = e, Y= =
YoBY --- B} |1 Y B)'1 Y BY'1
Then, by triangular inequality we have with probability 1
[ - @H
n+1 Ayt Ayt
Z ¢0By 'Bly—1Bzy BZH
A ot
qpoBy Bly_lBy ByHl
YoBY - BY'BY,,--- BV,
Q/JOB? By Blerl "Bgtﬂl 1

= yt yt, N yt
wlBH-l T Bn+1 o 1/’lBZ-H T Bn+1

gt ¢
”BnJrll

2 t
wlBly+1”'B'z+1l
+ wal - w"+1H1

If Assumption 3.2 is satisfied, then by Lemma 3.4 and
Lemma 3.6-(2) we have

1
(10)

(10) <

n=1ll 2oy ... gy W BY ... By

2 Z d)l l+1 n_ wl I+1 n

ENb yt N + 2t
- BY'1 ¢lBly+1-~-B;{ 1,

n+1
i)

WH

=1 1/% l+1

IN

E2)n 1-1

n—1
2 N,
" {Z ity

n+1l .
+ - }
1
l=n

n—1 o R
+3 - }

- e {i(l =)=

=1

o=l

(11)
Due to the continuous differentiability of Q(y,u,-) on ©
onr eacp ye€Yand u €U, also, for k=m;+1,--- ,my4q

0r = Om,+1, we apply the mean value theorem and write
that there exists a finite positive constant M such that

_ . my
iy —ullh < M Z Hek - 9H1
k=m;_1+1
v T—
1

for [ =1,---,n. With the same reason

o . t
R Sl )

308 i ],

Therefore, following (11) there exist positive and finite
numbers M7, Ms and « € (0, 1) such that

[+ =,

S R T
=1

n—1
=M Zan_l_l Hém’+1 - 0“1 + M Hém"H B 9H1
—0

12)
Applying the triangular inequality again we obtain
[ =],
< Héanrl - 9H1 + Hémn,ﬁl - éanrlHl
S T
n—1
SRS »
n—1 ==
O, =0 13
H +1 + Z i1 (13)
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for I = 0,1,--- ,n — 1, where the last inequality follows
from Assumption 3.4-(3). On the other hand,

nlnl 1 n—1
R

=0 i=l

n—1
1 ot

T 11—« 4

n—1

n—1 .
1 14+ 1
< E t <L
Tl-a& n a*n(l—a)i’”
(14)

where the second inequality follows from the fact that for
0 <i<n-—1 we have
n

1 <14
n—i n—1i
Finally, we obtain from (12) ~ (14) that there exist positive
and finite numbers M3 and M, such that
7o (I = bulh] < M, (18,1 — 011 ] + 0

(15)
Ast — oo, n > t/N, — o0, we conclude that for each
Py €W

t— o

By, [l =il ) —0 s
by Assumption 3.4-(2), the compactness of ©, and inequal-
ity (15). ]

In the following, we show the self-optimizing property for
the adaptive policy 7.

Theorem 3.8: Suppose Assumption 2.1, 3.2, 3.3 and 3.4
hold. For a given unknown true parameter vector § € © the
adaptive policy 7 described in (7) is self-optimizing in the
long-run average sense.

Proof: By Theorem 2.2, under the assumptions we have
for each 6 € © a bounded solution (pg, hg) for equation (6)
in parameterized form. Furthermore hg (1)) is continuous and
bounded both in ¢y € ¥ and 6 € O. Then the discrepancy
function

Do(th,u) = (b, u)+ /Y o (4K |6, u, 6)— po—ho (4),

is uniformly continuous and bounded in © x ¥ for each
u € U. Assumption 3.4 together with Theorem 3.7 imply
for each u € U

Dét (qﬁhu) - DQ(wtvu)

Due to the finiteness of U we can write as t — 0o

Dét(lzjtvﬂ*(l/}taét))—’De(wtaﬁ*(ﬁ;t,ét))) in P},
(16)

. a
in IP’ZO as t — oo.

Since 7*(+, #) is optimal for § € ©, we have
Dét (&tvﬂ*(iﬁt,ét)) =0
Define for arbitrary € > 0 and ¢t € N,
Qu(e) = {w : | Do(ebr, 7 (41, 0y))
= Dy, (e, 7" (1, 01)) | () > €}
= {w: Do (e, ™ (1, 0,))(w) > €} .

EJ A Dg(ty, (41, 0;))} = Do(e, 7 (s, 04))dPT,

Qt(f)
+ / Do(apr, 7 (P, 01)) AP
Q\Q ()
< KPT(Qu(e)) +<

for some finite K > 0. By (16) and letting ¢ — 0, we have

E;:{DG(Qﬁt;W*(?&uét»} —0 as t— o0.
Therefore,
| -1
T Ego{Do(?ﬁt,W*Wuet))} —0 as t— o0
t=0
and the result follows from Theorem 2.2. |

IV. CONCLUSION

In this paper we address the adaptive control problems
of a class of discrete-time partially observed Markov deci-
sion processes whose transition kernels are parameterized
by a unknown vector. Suppose a sequence of parameter
estimates converging to the true value with probability 1 is
given, we propose an adaptive control policy and follow the
methodology in [14] to show that under some conditions
this policy is self-optimizing in the long-run average sense.
The major conditions, including the property on the structure
of transition matrices and the convergence speed of the
parameter estimates to the true value, are shown to be
the sufficient conditions to justify the self-optimality of the
adaptive policy. We note that our conditions are either weaker
or easily verifiable and thus can be of practical interest.

APPENDIX

Proof: When 1,19 € ¥ and By, is row-allowable for
keN,

H GiB" yB"
1/’13"1 1/}23’”1 1

1/115 n aE ’IZJQSB;‘
Z ¢1Bn1 Z wanl

Z 1/115 1/}28

>

H
M? :

’(& 7&) nlﬁﬁBn)H?ﬁl—zﬁzl
where
Prs = 131538511 o 1= 1:;2:5511 , B = BBgll .
Since
e e B e
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where 1y = [@@01,1/302,~~ ,gﬁon] with s** component
12’2153"1 » 80
¥ H 1/1293"1 e B
0 ¢@B"1 ¢ Bl
_Z Vo) B" 1995 B 1
Y1 B™" 1y B"1
(@1 =) B _ i sBI1  4n,BI1
1 B"1 B pa P11 B"1 P11 B"1
= [ = oo
1
That is,
—1has)BI1
wﬂ’ ¥1B"1
B21
<2Z|¢15 as| - maX{w Bnl}

Since 7(B) < 1 for a stochastic matrix B, if given
(Bk)iy. 1 > - (Byg)i,. 1, then from Lemma 3.4

Hl/AH - 1/32H1 < ;n 11 — all;

and part (1) is proved. If (By);,; > € - (Bg)i,j, then from

Lemma 3.5
N,
n(B") = gmax) |Bf; - B,
j=1
1 Ne | Bn n
1) 2]
= —ma -
2 i £« Br 1 ng‘
N,
S 733(1 _ 82)77,—1

and by Corollary 3.3

2~ 42|, < 2 ln — il

therefore part (2) is proved.
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