2009 American Control Conference
Hyatt Regency Riverfront, St. Louis, MO, USA
June 10-12, 2009

WeA16.2

Gradient-based iterative solutions for general matrix equations

Li Xie, Huizhong Yang, Jie Ding, Feng Ding

Abstract— In this paper, we study solutions of general matrix
equations by using the iterative method and present gradient-
based iterative algorithms by applying the hierarchical iden-
tification principle. Convergence analysis indicates that the
iterative solutions always converge fast to the exact solutions for
any initial values and small condition numbers of the associated
matrices. Several numerical examples are included.

I. INTRODUCTION

N systems and control, we often encounter the matrix
equations of the form,

AX+X'B=F, (D

where X € R™" is an unknown matrix and A, B and F
are constant (coefficient) matrices of appropriate sizes. Such
matrix equations play an important role in automatic control.

Just pointed out in [1] that the traditional method of
solving such matrix equations using the Kronecker product
involves the inversion of associated large matrix (mn) x (mn)
and results in increasing computation and excessive computer
memory. The gradient-based iterative method in [1] can be
used to solve the matrix equations of the forms,

AX+XB=F,

and »

Y AxBi=F.

i=1
But the method there is not suitable for solving the general
matrix equations of the form,

p q
AXBi+Y CX'Di=F )
i=1 i=1

which including the Lyapunov equations, Sylvester equations
as the special cases, e.g., [2]. Recently, iterative approaches
for matrix equations have received much attention, e.g., [3].
For example, Dehghan and Hajarian studied the iterative
algorithm for the reflexive solutions of the generalized cou-
pled Sylvester matrix equations [4]; Mukaidani et al gave
a numerical algorithm for finding solution of cross-coupled

[7]. Also, Kilicman et al presented the vector least-squares
solutions for coupled singular matrix equations; Ding and
Chen presented a gradient-based and a least-squares based
iterative algorithms for generalized Sylvester matrix equa-
tions and general coupled matrix equations by introducing
the star (%) product of matrices [8], [9]. Finally, Zhour et
al discussed some new connections between matrix products
for partitioned and non-partitioned matrices, including the
star product [10] and the solutions of other matrix equations
can be found in [11], [12].

This paper decomposes the system in (2) into several
subsystems by applying the hierarchical identification prin-
ciple [8], [13], regards the unknown matrix X as the system
parameter matrix, and presents a gradient-based iterative
algorithm for solving the matrix equation in (2).

The rest of the paper is organized as follows. Section II
and III derive iterative algorithms for solving the matrix
equations in (1) and (2) and study convergence properties
of the algorithms. Section IV provides several examples
to illustrate the effectiveness of the proposed algorithms.
Finally, we offer some concluding remarks in Section V.

II. THE EQUATION AX +X"B=F

In this section, we apply the hierarchical identification
principle to solve matrix equations:

AX+X'B=F, 3)

where A € R™"™, B = [by,by,--,by] € R™" and F =
[f1:S2, s fn) € R™" are given constant matrices, X € R"*"
is the unknown matrix to be solved.

Let us introduce some notations first. The symbol 7, stands
for an identity matrix of size n x n. For two matrices M and
N, M®N is their Kronecker product (called direct product);
for an m X n matrix

X = [x1,x2,+,x) ER™" x; € R™,

col[X] is an mn-dimensional vector formed by the columns
of X, ie.,

X1
algebraic Riccati equations [5]; Wang et al proposed the X
iterative solutions of coupled discrete Markovian jump Lya- col[X] = eR™.
punov equations; and some related contributions include the
generalized Sylvester mapping and matrix equations [6] and Xn
the condition numbers of the generalized Sylvester equations  Define
I, ®bj
This work was supported by the National Natural Science Foundation of I, Qb
China (60674092). S=1, @A~ T2 c R xmn
The authors are with the School of Communication and Control Engineer- o : ’
ing, Jiangnan University, Wuxi, P. R. China 214122. xieli2412@126.com : .
(L. Xie); yhz@jiangnan.edu.cn (H.Z. Yang); djvsqxb@163.com (J. Ding); I, ®bn
fding@jiangnan.edu.cn (F. Ding).
978-1-4244-4524-0/09/$25.00 ©2009 AACC 500



Lemma 1: Equation (3) has a unique solution if and only
if rank{S,col[F|} = rank[S] = mn; in this case, the unique
solution is given by

col[X] = (87S)~1STcol[F] “)

and the corresponding homogeneous equation AX +X"'B =0
has a unique solution X = 0.

Lemma 1 is a special case of Lemma 2 and the proof of
which can be done in a similar way.

Although (4) can be used to solve (3), it requires excessive
computer memory because of computing the inversion of the
large matrix S™S of size (mn) x (mn) as the dimension of X
increases. This motivates us to study the iterative algorithm
to solve (3).

According to the hierarchical identification principle, the
unknown matrix X is regarded as the parameter matrix, the
system in (3) is decomposed into two subsystems and then
the parameter matrix of each subsystem is identified by using
the gradient search method.

Define two matrices:

0,:=F-X'B, 5)
0,:=F — AX. (6)

Then, from (3), we obtain two fictitious subsystems:

Subl: AX =0y,
Sub2: X'B=0,.

Let X (k) and X»(k) be the estimates or iterative solutions of
X at iteration k, associated with subsystems Subl and Sub2.
Then applying the gradient search method [1] or Corollary 3
in [9] to Subl and Sub2 leads to the following iterative
equations:

X1 (k) =X1(k—1)+pA'[Q) — AX  (k—1)], @)
Xa(k) = X (k— 1)+ pBIOs — BXa(k—1)],  (8)
where 1 > 0 is the iterative step size or convergence factor
to be given later. Substituting (5) into (7) and (6) into (8)
gives
X1 (k) =X (k— 1)+ uA"[F ~X'B—AX;(k—1)], (9)
X5 (k) =Xo(k—1)+ uB[F —AX —X}(k—1)B]". (10)
Because the expressions on the right-hand sides of (9) and
(10) contain the unknown matrix X, it is impossible to realize
the algorithm in (9) and (10). Our solution is based on
the hierarchical identification principle [1], [8], [13]: the

unknown variable X in (9) and (10) is replaced with their
estimates X (k— 1) and X,(k—1) at time (k— 1), i.e.,

X1 (K) =X (k— 1) + BAT[F — AX (k— 1)

—X(k—1)B], (1)
Xo(k)=Xp(k—1)+ uB[F —AX(k—1)
—X5(k—1)B]". (12)

In fact, we need only an iterative solution X (k) rather than
two solutions X | (k) and X (k). Taking the average of X (k)

and X, (k) as the iterative solution X (k), we obtain a gradient-
based iterative (GI) algorithm for the solution of system (3):

Xi1(k)=X(k—1)4+pA"[F —AX(k—1)
—X"(k—1)B], (14)
Xo(k)=X(k—1)+uB[F —AX(k—1)
—X"(k—1)B]". (15)
The convergence factor i can be simply taken to satisfy
2
O<u<pug:= . 16
e R 7Y Eay W

To initialize the algorithm, we take X (0) = 0 or some small
real matrix, e.g., X (0) = 107°1,,,,, with 1,,».,, being an m x n
matrix whose elements are all 1.

Theorem 1: If the equation in (3) has a unique solution
X, then for any initial value X (0), the iterative solution X (k)
given by the algorithm in (13)-(16) converges to the solution
X, i.e., lim X (k) = X; or, the error X(k) — X converges to
zero. 7

The proof of Theorem 1 is omitted here but can be given
later with the proof of Theorem 2 in the next section.

The convergence rate of the gradient-based iterative al-
gorithm depends on the condition number of the associated
system, like the iterative algorithm of the equation Ax = b
[1], [14]. Define the error matrix,

X(k):=Xk) —X.
Using (13)-(15), we have

X)=K(k—1)— %AT[AX(kf 1)+ X"(k—1)B]

—%B[Af((k— 1) +X"(k—1)B]",

which can be equivalently expressed as

Col[X ()] = [Ln — %Cb]col[f((k— 1], 17)
where ® := §'S.

From (17), the closer the eigenvalues of %q) are to 1,
the closer the eigenvalues of 1,,, — %fb tend to be zero, and
hence, the faster the error col[X (k)] or X (k) converges to
zero. In other words, the gradient-based iterative algorithm
in (13)-(16) has a fast convergence rate for small condition
numbers of ® — see the examples later.

III. THE GENERAL MATRIX EQUATION

In this section, we will extend the iterative method to
solution of a general matrix equation:

(18)

L

P q
Y AiXB;+) CX'D;=F,
i=1 =1

where A; € R™*™, B; ¢ R™S, C; e R"™", D; € R™*S and F =
[f1:S2, . fs) € R™ are given constant matrices, X € R"*"
is the unknown matrix to be solved.
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Let B; = [bi(j, k)] e R™, D = [dj1,dp,- -+ ,dis), dij € R™,

X = [x1,x2,- -+, %) and
Ci®d;
p 9 |C;d;
Si:=Y BloA+Y TR erODXOm (19
i=1 i=1 :
Ci®dzTS

Lemma 2: The equation in (18) has a unique solution if
and only if rank{S;,col[F]} = rank[S;] = mn; in this case,
the unique solution is given by

col[X] = (87S1) 'S col[F],

and the corresponding homogeneous matrix equation in (18)
with F =0 has a unique solution X = 0.

(20)

Proof Equation (18) can be written as

bl(lvl) b,(1,2) bl(lvs)
P bl(27]) bl(zvz) bl(27s)
ZAi[x17x27'“7xn] : : :
bi(n7l) bl(nvz) bi(}’l,S)
X
q x) ‘
+ZC1 : [dilvdl'27"'7di5]:[,fl?fZa"'an]'
i=1 .
X
Or
bt(lal) b,(l,Z) o bi(lvs)
P bl(zvl) bl(2>2) o bi(zas)
ZAi[xth:"':xn] : : :
) biln1) bi(n,2) -+ biln.s)
xidin xjdpp -+ x(dis
q xgdil x;dl‘z xgd,-s i
+ch : . [f17f27 7f]
i=1 . . .
xf,d“ x;dg X.,r,dis
Since xjdy = djxj, we have
bi(1,1) bi(1,2) bi(1,s)
14 b,»(2, 1) bi(2, 2) i(27 S)
Y Ailxixa,- e x) : : :
i=1 . . .
bi(nal) bl(nz) b[(n,s)
lelx] le2x1 d{Y)q
q d}-lx2 d}zxz d}sxz
+).Gi . . :[f17f27"'7fs]'
i=1 . . .
A diys -+ i,

Expanding gives

P

Y [Aibi(1,k)x1 + Aibi(2,k)x2 + - + Aibi(n, k) x,)

T

ik X1
q - X
ik 2
+ZC,‘
i=1
i Xn
:fkv k= 1327"'»S

According to the definition of S;, we have

Sicol[X] = col[F].

Since rank{S7,col[F|} =rank[S;] = mn, this proves Lemma 2
according to the theory of linear equations. ]

Equation (20) can give the solution of (18) but also
requires excessive computer memory as the dimension of X
increases. So we seek for an iterative algorithm to solve (18)
by means of the hierarchical identification principle, similar

to the last section. The details are as follows.
Define following matrices:

p q
Qi:=F— Y AXB—Y CX'Di, j=12,---,p. (1)
i=1,i£] i=1
p q
0, :=F—Y AXBi— Y CX'Di, 1=12,---.q. (22)
i=1 i=1,i#l
Then from (18), we obtain p + ¢ fictitious subsystems
Subsystem j AXB; = Q;, j=1,2,---,p
Subsystem p+1: CX'D;j=Qpyy, [=1,2,--,q

Let X;(k) be the estimate or iterative solution of X at iteration
k, associated with ith subsystem. Applying the gradient
search method [1] or Corollary 3 in [9] to Subsystem i,

i=1,2,---,p+¢q, we can obtain the iterative algorithms:
Xik)=Xj(k—1) +,uA;[Qj —A;X j(k—1)B;]Bj,
j=1,2,-- (23)
Xpi(k) =X pri(k— 1) +HD1[QP+1

_D;XI"H(k_l)C—IF]Cl? 1_1727aq (24)

The convergence factor i > 0 will be given later. Substituting
(21) and (22) into (23) and (24), then replacing the unknown
variable X with its estimate X;(k—1) and X, ;(k—1)
respectively by means of the hierarchical identification prin-
ciple [8], [9], [13] gives

Xj(k)=X

ZA X (
q

T T

- X;Cixj(k— 1)0,}31
=

Xpri(k) =X p (k= 1)"‘#01{
q

Z p+l

In fact, we need only an iterative solution X (k) rather than

p+q solutions X;(k): i=1,2,---,p+gq. Taking the average

of the p+ ¢ solutions as the iterative solution X (k) of X, we

obtain a gradient-based iterative (GI) algorithm for the the
general matrix equation in (18):

k—1) +uAT[

(26)

p+q{ZX +ZX,,+1] 27)
P
Xj(k):X(k—l—i—uAT[ Z
Y Cx(k - 1)Di) B}, (28)
i=1
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AX(k—1)B;

Mw

Xpii(k) =X (k—1)+uD, [F
1

[ERS
Il

—ZCXT et (29)
A conservative choice of the convergence factor u is

)4

O<u < 2{ Y Amax[AjA}) Amax [B}B,]
=1

-1

q
+ Y A CIC A DIDI] ) =20 (30)
=1

To initialize the algorithm, we take X (0) = 0 or some small
real matrix, e.g., X (0) = 107°1,,,,, with 1,,»,, being an m x n
matrix whose elements are all 1.

Theorem 2: If the equation in (18) has a unique solution
X, then the iterative solution X (k) given by the algorithm
in (27)-(30) converges to X, i.e., ]}imX (k) = X; or, the error

X (k) —X converges to zero for any initial value X (0).

Proof Define the estimation error matrices:

__r f;z,(knfxﬁ,(k) . 6D

and
E.(k) =AX(k—1)B;, n,(k):=DX(k—1)C. (32)
Using (18), (28)-(29) and (32), it is easy to get
Xj(k)=X;(k) - X

AX(k—1)B;

-

— X(k—1)—X + A’ [F—

i=1

q
— Y CX"(k— l)D,-] B!
i=1
=X(k—1)— pAj {fAi(X(k— 1) —X)B;

i=1

=X(k—1)—pAj {i E(k)+ Z n,T(k)}B}. (33)
Similarly,

Kyt =R (k— 1) —uDy| Y &+ Y mi0] ¢ G
i=1

i=1

Taking the norm of both sides of the above equations and

using formula: tr[AB] = tr[BA| and tr[A"] = tr[A] give

I1X (k)% =

- Jr--na[

=X (k—1)|?

—utr{XT(k— 1)AT[

+u A411ax [A AT armax

Similarly,

X s ()2

<R (k=1 - Zutr{[g

+I~1221max[clc—1r])‘amax[D—1rDl} H Z éi(k) + Z n?(k)
i=1 =1

X (k)X (k)]

+Zn ]BT

] Ko+

OWICILICY

Hz. (36)

Hence, using (35) and (36) and from (31), we have

X (k)1 =

IN

<
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1
(p+4)2 j=1
P

—— (L Ix0IP+

1

bS]

J’_

S

J=1

{ IX (k= 1))

q

=

[EICES el

%)

—un{ [ &0+ 3miw][ £ £50]

i=

P
+IJ2< Z Amax [A_jA}-‘Mrmax [B}Bj]
=

N / \H‘

q
+u? ( Y Amax [C1C} ] Amax [D} D]
=1

H jZléi(kHin?(k)Hz}
~ % 1)

1 < T T
_m{zﬂ_lﬂ( Z )Vmax[AjAjM«max[Bij]

+Z)Lmax[ClC1M'maX (D D] )}HZ§ +Z71 H



—L{z—u(fam [AJA A (B8]
Ptq = ax |AjA j|[Amax [D jD j

q
+ Z Amax [CICJTMmax [D;Dl]) }
=1
k 14 q 2
(x]Lam+xao]).
j=1"i=1 i=1
If the convergence factor u is chosen to satisfy

p
0<p <2{ Y A 44T Amax BB
j=1

q -1
+ Z armax [Clcﬂﬁfmax [D}Dl]} )
=1

then we have

For the necessary condition of the series convergence, when
k — oo, we have

Hiéi(kHin}(k)Hz o,

or
q

o . >
H Y AX(k—1)Bi+ Y. CX'(k—1)D;
i=1 i=1

— 0.

According to Lemma 2, we can get X(k—1) — 0 as k — oo,
This proves Theorem 2. (]

Next, we show that the convergence rate of the gradient-
based iterative algorithm in (27)-(30) depends on the con-
dition number of the associated system. From (31)-(34), we
can get an error equation

(1] — __Kr
col[X(k)}_(Imn i

where @ := §]S;.
From (37), we can see that the closer the eigenvalues of

M i _ K
> +qCIJ are to 1, the closer the eigenvalues of I, - +q<1>

tend to be zero, and hence, the faster the error col[X (k)] or
X (k) converges to zero. In other words, the gradient-based
iterative algorithm in (27)-(30) has a fast convergence rate
for small condition numbers of ®.

cp) olf(k—1)], 37

1V. EXAMPLE

This section gives three examples to illustrate the perfor-
mances of the proposed algorithms.

Example 1 Suppose that AX +X"B=F, where

el ] e[ Y

From (4), we can obtain the solution of this matrix equation,

which is )
| X oxi2 |
e w2l
Take X(0) = 107®1,.,. Applying the GI algorithm in

(13)-(16) to compute X(k), the iterative errors 6 :=
[|IX (k) —=X||/||X|| versus k are shown in Fig. 1.

n=0.20

L L L
0 10 20 30 40 50 60 70 80 90 100

Ho = Z{A’max[ T} +A'max [BTB}}71 = 027)
Fig. 1.

The errors & versus k

From Fig. 1, it is clear that the errors 6 are becoming
smaller and go to zero as k increases. The effect of changing
the convergence factor u is illustrated in Fig. 1. We can see
that for u =0.20, 0.27 and 0.38, the larger the convergence
factor u is, the faster the convergence rate is. However, if we
keep enlarging 1, the algorithm will diverge. How to choose
a best convergence factor is still a project to be studied.

Example 2 Suppose that AX +X"B=F, where A, B and F
are 20 x 20 matrices (m = n = 20) and produced randomly in
Matlab functions, with the simulation program given below
(since dimensions of matrices are too large to be given here),

m = 20; n = 20; Im = eye(m); In = eye(n);

rand(’state’,34);

A = triu(rand(m, m), 1) + diag(a + diag(rand(m)));

B = triu(rand(m, m), 1) + 2xdiag(c + diag(rand(m)));

C = rand(m, m);

S1 = kron(eye(m), B(:, 1)");

for i = 2:20

S1 = [S1; kron(eye(m), B(:, i))];

end

S = kron(eye(m), A) + S1;

TX = reshape(S\reshape(C, m * m, 1), m, m);

X = ones(m,m) * 1E-6;

mu = 2/(max(eig(A * A’)) + max(eig(B * B')));

Phi = S * S;

ql = eig(Phi);

g2 = [max(ql), min(ql), max(ql)/min(ql)];

LL = 100;
fm = norm(TX, ’fro’);
for i = 1:LL

Ct = C-A * X-X' % B;

X =X+ mu * (A’ * Ct + B x Ct')/2;

E@) = norm(X-TX, ’fro’)/fm;

end

This program contains a variable . For different o values
(x=1, 2, 3, 6, and so on) and u = o given by (16),
the iterative errors & versus k are shown in Fig. 2 and
the corresponding condition numbers of & are shown in
Table I, where Amax[P] and Api [P] represent the biggest and
smallest eigenvalue of ®, respectively, and cond[®] denotes
the condition number of .

From Fig. 2 and Table I, we see that the bigger the « is,
the faster the convergence rate of the GI algorithm is, i.e.,
the convergence rate becomes faster as the condition number
cond[®] of ® is decreasing. As a = 1, the condition number
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Fig. 2. The errors § versus k

TABLE I
THE CONDITION NUMBERS OF ® WITH DIFFERENT o

[24 Ho Amax [(I)] Amin [(I)] C(md[(I)]
1 0.01470 232.15 0.02  12447.00
2 0.01087 327.50 0.78 418.83
3 0.00824 441.10 3.20 138.11
6 0.00416 890.33 22.02 40.43
50 0.00014 26094.00 2364.30 11.04

cond[®] = 12447, too large a condition number implies an
ill-conditioned equation. However, if we keep on increasing
iterative step k, the algorithm will still converge.

Example 3 Suppose that AXBj +AxXB; +CX"D; +
CoX"Dy, = F, where

(1 0] [0 1 2 —1
Al_-z 71-7A2_-3 1:|7Bl_|:1 l:|7
3 —1 ] 1 2 -1 3
B2__2 1_7C1__71 2:|7C2_|:1 2:|7
2 —1] 11 35 9
D=1y 2 P2=] 0}’F_{20 7]

From (20), the solution is
_ X111  X12 _ 1 2
X_[le xzz]_[3 1]'

Taking X (0) = 1015, we apply the algorithm in (27)-
(30) to compute X (k). the errors & := || X(k)—X||/|IX]|
versus k are shown in Fig. 3.

From Fig. 3, it is clear that the errors 6 are becoming
smaller and converges to zero as k increases. The effect of
changing the convergence factor u is illustrated in Fig. 3

with 4 =1/200, 1/121.2 and 1/50, and a larger u leads to a
faster convergence rate.

V. CONCLUSIONS

The gradient-based iterative algorithms of solving general
matrix equations are studied by using the hierarchical iden-
tification principle. The analysis indicates that the iterative
solutions given by the proposed algorithms converge fast to
their true solutions for any initial values and small condition
numbers.

(1]

(2]

3

=

[4

=

[10]

(1]

[12]

[13]

[14]
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0.9 b

w=1421.2 1

u=1/200 4
0 20 40 60 80 100 120 140 160 180 200
k
2
(ko = 2{ 'Z] Amax [AjA;]AmaX[B;Bj} +

Jj=

2 _
£ s A DID]} = 1/121.2)

Fig. 3. The errors § versus k
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