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Performance Analysis for Linear Discrete-time Systems Subject to
Actuator Saturation

Yong-Mei Ma

Abstract—This paper investigates performance analysis
problem under a given feedback law for discrete-time linear
systems subject to actuator saturation. Two performance mea-
sures, the estimation of domain of attraction and L, perfor-
mance, are considered by combining the saturation-dependent
Lyapunov function method with Finsler’s Lemma. New and
less conservative conditions in the enlarged space containing
both the state and its time difference, allowing extra degree
of freedom for various performance analysis, are proposed.
Furthermore, based on these results, two important lemmas
and two iterative LMI-based optimization algorithms are also
developed to optimize the performance indexes respectively. Nu-
merical examples illustrate that the proposed methods improve
recent results on the same problems.

Key words: Actuator saturation; estimation of domain of
attraction; L, performance; LMIs.

I. INTRODUCTION

Saturation is probably the most commonly encountered
nonlinearity in control engineering because of the physical
impossibility of applying unlimited control signals. It is well
known that the input saturation is source of performance
degeneration, limit cycles, different equilibrium points, and
even instability. Hence, the attraction is great in the analysis
and design of saturating control laws. See, for instance [7],
[10], [17], and references therein.

With the absolute stability analysis tools, such as the circle
and Popov criteria, various methods have been developed on
controller synthesis, stability analysis and other performance
analysis: the estimation of the domain of attraction, distur-
bance tolerance , L, gain analysis, etc. ( see, for example,
[21, [3], [51, [6], [8], [11], [13] and references therein). One
of the most relevant approaches to the analysis of saturated
systems is based on a novel polytopic model of the saturation
nonlinearity which was proposed in [7]. Based on that,
several interesting results were reported by developing vari-
ous Lyapunov functions, for example, quadratic Lyapunov
function [4], [7], [8]; Piecewise-affine Lyapunov function

This work was supported in part by Program for New Century Excellent
Talents in University (NCET-04-0283), the Funds for Creative Research
Groups of China (No. 60521003), Program for Changjiang Scholars and
Innovative Research Team in University (No. IRT0421), the State Key
Program of National Natural Science of China (Grant No. 60534010), the
Funds of National Science of China (Grant No. 60674021) and the Funds
of PhD program of MOE, China (Grant No. 20060145019).

Yong-Mei Ma is with the College of Information Science and Engi-
neering, Northeastern University, Shenyang, China; she is also with the
College of Science, Yanshan University, Qinhuangdao, China. Email:
mym@ysu.edu.cn

Guang-Hong Yang is with the College of Information Science
and Engineering, Northeastern University, Shenyang, China. Email:
yangguanghong@ise.neu.edu.cn

978-1-4244-2079-7/08/$25.00 ©2008 AACC.

and Guang-Hong Yang

[12]; saturation-dependent Lyapunov function (parameter-
dependent Lyapunov function) [3], [18],(for linear discrete-
time system); convex hull quadratic Lyapunov function and
max quadratic Lyapunov function [9](for linear continuous-
time system). The advantages of using the polytopic model
have been shown in [16], etc. However, all the existing
results were obtained only in the state space by using
Lyapunov function approach solely. Obviously, in this case,
the degree of freedom for various analysis is restricted within
narrow limits. This paper is inspired to complete the above
conservativeness.

The objective of this paper is to reinvestigate performance
analysis problem under a given feedback law for discrete-
time linear systems subject to actuator saturation, which is
motivated by Finsler’s Lemma [14], [15]. Two performance
measures, the estimation of domain of attraction and L,
performance, are considered by combining the saturation-
dependent Lyapunov function method with Finsler’s Lemma.
The method is conceptually simple. Here, difference equa-
tions are considered as constraints and these dynamical con-
straints are incorporated into the stability analysis conditions
through the use of matrix Lagrange multipliers. New and
less conservative conditions in the enlarged space containing
both the state and its time difference, allowing extra degrees
of freedom for various performance analysis, are proposed.
Furthermore, based on these results, two important lemmas
and two iterative LMI-based optimization algorithms are also
developed to optimize the performance indexes respectively.
Numerical examples illustrate that the proposed methods
improve recent results on the same problems.

The paper is organized as follows. Section 2 gives
the problem under consideration. Two performance mea-
sures, the estimation of domain of attraction and the
L, performance, are addressed in Section 3 by using
the saturation-dependent Lyapunov method combined with
Finsler’s Lemma. Furthermore, two important lemmas and
two iterative LMI-based optimization algorithms are also
developed to optimize the performance indexes respectively
in this Section. Numerical examples are given to show
the effectiveness of the proposed methods in Section 4,
conclusions are made in Section 5.

Notation: For a vector v € R", we denote
the standard multivariable saturation function as
o(v) = [o(v) o(v)--o(v))7. where o(v) =
sign(v;)min{1,|v;|}, denote its Euclidean norm as
[vll2 = (vT)/2. For a signal v(k) defined on [0,c0),
we define its L norm as ||v, = (X ov(k) v (k)2
* denotes the transpose of the off diagonal element of

3608



a matrix. I(0) represents the identity(null) matrix of
appropriate dimension. Denote Ly (1) = {x e R" | V(x) < 1}
as the level set of a Lyapunov function V(x). For a
matrix F € R™" denote the ith row as f; and define
S(F)={xeR| |fxl <1, 1<i<m).

II. PROBLEM STATEMENT

Consider a discrete-time linear system subject to input
saturation

x(k+1) = Ax(k) +Bo(u(k)) (1)

where x € R" denotes the state vector and u € R" is the
control input vector.

This paper considers two performance measures of system
(1) under a given linear state feedback law

u(k) = Fx(k) 2

Two performance measures are the estimation of domain of
attraction and the L, performance respectively. Designing op-
timal control strategies to obtain the optimized performance
indexes is the objective of this paper.

Now, let = be the set of m x m diagonal matrices whose
diagonal elements are either 1 or 0. There are 2" elements
in E. Suppose that each element of X is labeled as Dy, s =
1,2,---,2™, and denote Dy =1— D;. Clearly, D; is also an
element of & if D, € E.

By means of the following well-known Lemma [8]: Let
F,H € R™*" be given. For x € R", if x € Z(H), then there
exist Ny >0, s € [1,2"] satisfying Y2, 0y = 1 such that

2m
o (Fx) =} ns(DsF + Dy H)x. (3)
s=1

the closed-loop system (1-2) can be rewritten as
x(k+1)=A(n)x(k), Vxe.L(H) (4)

where

A o

Am) =} nAs =} n(A+B(DF + Dy H)) — (5)

s=1 s=1

and 1 =[n; M2 --- Non] is a function of x that satisfies (3).
Here and later in this paper, we use 7;(k) to denote 1, (x).
It is easy to see that the parameters 1 (k) reflect the severity
of actuator saturation (see details in [3]).

III. PERFORMANCE ANALYSIS

In this section, two performance measures are considered:
the estimation of domain of attraction and the L, perfor-
mance.

To check asymptotical stability of system (4), a saturation-
dependent Lyapunov function was used [3]:

V(kox(k) =" (0)P( (x(K)))x(k) ©
=T (k) (L3, Ms(x(k)R)x(k), P >0
if such a positive-definite Lyapunov function exists and
AV (k,x(k)) =xT(k+1)P(n(k+1))x(k+1) o

—x(k)" P(n (k))x(k)

is negative definite along the solutions of (4), then the origin
of the saturated system (4) is asymptotically stable for Vxg €
Z(H).

In what follows, new performance test criterion are ob-
tained by combining saturation-dependent Lyapunov func-
tion method with Finsler’s Lemma [14], [15]. These condi-
tions are more general than ones in existing references and no
matrix inversion is involved in the construction of saturation-
dependent Lyapunov function.

Before the main results are given, the following Finsler’s
lemma is needed.

Lemma 3.1(Finsler's Lemma): Let x € R", symmetric
matrix P € R™", and ® € R™" such that rank(®) =r < n.
Then the following statements are equivalent:

i) xTPx<0,V &x=0,x#0.

i) IX R P+XP+d'XT <0.

A. Estimation of Domain of Attraction

Theorem 3.1.1: Consider the closed-loop system (4) under
a given state feedback control matrix F. If there exist
matrices H,M,G and P; > 0,s=1,2,---,2™, such that Vs,[ €
[1,2"]

0+0"—P, —M" +AG+B(DsFG+D; HG) <0 (8)
i ~-G-G'+P
1L hj
|:* Pv:| ZO (9)
where

® =AM +B(D;FM +D; HM)

then the closed-loop system is asymptotically stable at the
origin with the level set Ly (1) contained in the domain of
attraction.

Proof: Obviously, inequality (9) is equivalent to
P RT <1, it follows [hix| < 1, Vx € Ly (1),i € [1,m], that
is, Ly (1) € Z(H). So system (1-2) can be written as (4).

Recall that the requirement AV (k,x(k)) < O for any x(k) €
Ly (1)\ {0} can be stated as

[XT(k) xT(k+l)] [_P(n(k)) 0

0 an+w»]L@%AJ<°

(10)

A x(k x(k
v [An@) 1] Lc(k(+)1)} =0, {x(k(ﬁl)} 70
Apply Lemma 3.1 with

L()ii(f-)n} o {_P(g ) P(n(l(c) + 1)>} -7

Ay -1 o, || -x

Then system (4) is asymptotically stable if the following

inequality holds:

[ MTA(n (k) +AT (n(k))M — P(n (k))
G'A(n(k) —M
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~MT + AT (n(k)G

—GT—G+P((k+1) ] <0 b

by transposing A(1(k)), (11) can also be written as

—MT +AG
- 0
~-GT-G+p,
(12)

2m m TAT ~
MTAT £ A,M—P,
Taw L mteen [N

obviously, the above inequality holds if

TAT | A T2
M ?;T}{‘i% F _é‘f_“LGAfI’;J <0, Vs,le[l1,2"]
13)
via (5), (13) is nothing more than (8). then the closed-loop
system (4) is asymptotically stable at the origin with the level
set Ly (1) contained in the domain of attraction. So the proof
is complete. 0

Remark 3.1.2: The key idea behind Theorem 3.1.1 is to
increase the dimension of the inequalities and to introduce
new matrix variables M and G, here identified as Lagrange
multipliers, allowing some degree of freedom. With special
choice M =0, it is not difficult to see that Theorem 3.1.1 is
essentially equivalent to Theorem 1 in [3] while the proof
here is more straightforward.

Theorem 3.1.1 provides conditions under which the level
set Ly (1) is inside the domain of attraction. In general, the
size of Ly (1) can be measured with respect to a given shape
reference set 2k which is a polyhedron defined as 2 =
co{xi,x2, -+ ,xg}, where x1,x2, --- ,x, are given points in
R" a priori. we can optimize a scalar ¢« > 0 such that

o Zr CLy(1)|y, % €R, t€{1,2,-- ,q}

it is
a2

Gx, t

xtT GT

GP'GT (14)

Oczx,TPsxtglﬁ{ }ZO

noting that
GP7'GT > G+GT P,
then (14) is satisfied if the the following inequality holds
a2 KIGT
Gx, G+G'—P
Thus, the estimation of domain of attraction can be reduced
to the following optimization problem:

} >0 15)

maximizep>0 HM,Ga>0 O
(8),(9),(15)

It is noted that the condition (8) in above optimization
problem is not convex and cannot be solved directly. To
facilitate solving this non-convex problem, the following
useful lemma will be presented.

Lemma 3.1.3: For matrix variables Py >
0,H,M,G,Hy,My, Gy, Vs, € [1,2™], the following statements
hold: (8) holds if and only if the following inequality holds

A —MT+AG+BD,FG U U+MT

s.t. (16)

x —-G-G'+P+0, GT 0
* * -1 0 <0 an
* * * —1I

where
U =BD;'H, A=AM+BDFM

A =A+AT —P 420,403

®, =-U(BD;'Hy)" —BD;'HyUT + BD;'Hy(BD; 'Hy)"
0 =-GoG' — GGl +GoGY
03 =—MM" — MM} +MoM{
Proof: Denote
w— |AtAT =P —M"+AG+BDFG
- * -G-G'+P

then, inequality (8) can be rewritten as

UM+ (UM)T 0} {0 UG

W+|: 0 0 N 0}<O (18)

Obviously, for any two matrices X and Y, the following
equality always holds
XY +Y"xT =(x+yDy(x+v")T —xxT —vTy (19)

Using equality (19), we have

[UMJr(UM)T 0] _ m oo+ m 0] HT

0 o~ |o 0

[U+MT) [U+MT T+ ~vu” 0] [-M"M 0

= o 0 0 0 0 0
(20)

and

W [e o e i]

(v UT+—UUTO+0 0 o
~|GT) |G 0 0 |0 -G'G
As is known to all that for any matrix V , there always exists
a matrix Vp such that the following inequality holds

(V=Vo)(V-Vp)" >0 (22)

So, there exist matrices Hy; My and Gy such that (18) holds
if the following inequality holds

W [2®1+®3 0} [U] {U}T
0 @ |GT||GT
U+MT| [U+MT
L
On the other hand, when Hy = H;My =M and Gy = G, then
(23) holds if (18) holds. Now, by the Schur complement,
(23) is equivalent to (17). So the proof is complete. O
Now, we can solve problem (16) involving the inequalities
(9), (15) and (17). But the inequality (17) is not convex with
respect to the matrix variables Hp; Go and My, it is difficult
to solve them directly. However, when Hy; Gy and M, are
given, the inequalities (9), (15) and (17) are convex with
respect to P; > 0,H,M,G,Hy,My,Go, i, Vs,l € [1,2™] where
U = a2, and can be solved by using MATLAB via the LMI
Control Toolbox [1]. So, based on this property, we give an
iterative LMI-based optimization algorithm in the following
to optimize o:

T
] <0 (23)

3610



Let u = o2, the following algorithm is presented to
minimize .

Algorithm 3.1.4: Let € > 0 be a given small constant
specifying a convergence criterion.

Step 1: By the result in [3], we can obtain an initial
value Hj,;. Let H = H;;,; be a given value, optimization
problem (16) is converted to a convex problem, then the
corresponding feasible solution G,M can be chosen as the
initial values Gj;, M;,;. Let o =1, go to Step 2.

Step 2: Let Hy = H;,;, Mo = Mj;, Go = Ginj, minimize U
subject to the LMIs (9), (15) and (17), Hopt,Mopt, Gopr and
Uopr denote the optimized solutions, then go to Step 3.

Step 3: If |Hops — Ho| < €, stop, then let u = i, Else, let
Hiyi = Hopta My = opts Gini = Gopt and o = Hopt, TEtUrn
to Step 2.

The above algorithm gives a suboptimal estimation ¢ of
domain of attraction. Later, in Section 4, we shall illustrate
via a numerical example that the above algorithm can provide
quite satisfactory result.

B. L2 Performance Analysis

Consider systems

{ x(k+1) =Ax(k)+Bo(u(k))+Ew(k)
z(k) = Cx(k) +Do(k)

where z(k) € RP is an output vector, w(k) € R? is the
disturbance and assume that @ € # = {0 € R?: ||(1)H122 <
B}, B >0is a given constant. Firstly, for a given y > 0, the
L, performance index is defined as follows:

Definition 3.2.1: Consider the saturated system (24), let
Y > 0 be a given constant, then the system (24) is said to
be with a L, performance index less than 7, if there exists a
saturation-dependent Lyapunov function (6) such that:

i) when @(k) =0, x(k) #0 , dV/dt <0,

ii) when initial condition x(0) = 0, the performance index

(24)

=)

J)=Y Kk -7 Y o' (Hok) <0  (25)
k=0 k=0
for all nonzero w(k) € # .
Then a sufficient condition under which system (24) has
L, performance 7y can be stated in the following Theorem:
Theorem 3.2.2: Consider the system (24) under a given
state feedback control matrix F. If there exist matrices
H,M,G,N and P; >0, such that Vs,I € [1,2"]

® -M+0, MTE+©®3;+C'D
x* —G—-Gl'+P G'E—-N <0 (26)
* * NTE+ET"N+D"'D—91
1/B hj
{ . PA] >0 (27
where

® =0,+0l-p+(C’C

®; =AM +B(D;FM+ Dy HM)
®, =AG+B(D;FG+D;HG)
®; =AN+B(D;FN+Dj;HN)

then there have J(®) <0, i.e.,

oo

Y T (kzk) <V Y o' (Kok), Ywk) e (28
k=0 k=0

Proof: Similar to the proof of Theorem 3.1.1, we know
the condition (27) guarantees that the considered closed-loop
system can be written as

x(k+1)=A(n)x(k) +Ew(k), Y x€.Z(H) (29)
where
. 2)71 . 2’71
A(m) =Y ndA; =Y n(A+B(D;F +DgH))  (30)
s=1 =1

\) §=

Define the same Lyapunov function (6), then, when the
system (24) has a L, performance index less than ¥, there
have the modified Lyapunov stability conditions

AV (k,x(k)) + 2" (k)z(k) — Yo (K)o (k) <0, Yo(k)e W
V(x(k),x(k+1),0(k)) satisfying (24),
(x(k),x(k+1),0(k)) # 0.
€2y
If (31) is feasible, then it follows

k—1 k—1
V(k,x(k)) =V (0,x(0)) < — ;)ZT(i)Z(i) +7 ;)wT(i)w(i),

Vk >0

since x(0) =0,V (k,x(k)) > 0 if x 0, we can conclude that
the L, performance index J(w) <0, V w(k) € # ,x(k) €
Ly (ﬁ),k > 0.

Then (31) can be formulated

T

x(k) x(k)
x(k+1)| Q|x(k+1)| <0
(k) (k)
R x(k) x(k)
v [Amk) —1 E] |x(k+1)| =0, |x(k+1)| #0
(k) (k)
where
—P(n(k))+CTC 0 c’p
Q= 0 P(n(k+1)) 0
D'c 0 DD — 1
Assign
x(k)
x— |x(k+1)|,
(k)
—P(n(k))+CTcC 0 Cc'Dp
P— 0 P(n(k+1)) 0
D'C 0 D'D—y1
MT
®—[A(nk) -1 E], X< |G"
NT
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applying Lemma 3.1, it follows

ry —M'+AT(n(k)G
x —G'—G+P(nk+1))

* *
MTE +AT (n(k))N+CT'D
G'E—-N <0
NTE+ETN+D'D— 1
(32)

where
Iy =MTA(n(k)) +AT (n(k))M — P(n (k) +C"C
by transposing A(1(k)), (32) can be rewritten as

2m 2m
Y ne(k) Y mk+1)Y <0 (33)
s=1 =1
where
I —-MT+AG MTE+AN+CTD
Y=« —-GI'—-G+P G'E—-N
* * NTE+ETN+D'D -1

[y =MTAT 1AM —P,+CTC

obviously, the above inequality holds if

I —MT+AG MTE+AN+CTD
* —G'—G+Pp G'E—-N <0,
* * NTE+E'N+D'D— 91

(34)

Vs, 1 € [1,2"]

via (30), (34) is nothing more than (26). Then the closed-
loop system (24) has an L, performance index less than 7.
So the proof is complete. 0

Remark 3.2.3: By setting M = 0,N = 0, we can recover
a condition which is equivalent to Theorem 1 in [18] while
the proof here is more straightforward, Moreover, with no
matrix inversion involved in the Lyapunov function.

A natural idea is to optimize the L, performance index y
which can be formulated as:

minimizep~0HM,GN,y>0 ¥

s.t. (26),(27) (35)

Noticing that the condition (26) in above optimization prob-
lem is not convex and cannot be solved directly. Similar to
the method of dealing with problem (16), a lemma and an
optimal algorithm will be stated in the following.

Lemma 3.24: For matrix variables Py, >
0,H,M,G,N,Hy,My,Go,Np,Vs,l € [1,2"], the following
statements hold: (26) holds if and only if the following
inequality holds

A —MT + Ay MTE + A3
x —G—-G'+P+0, G'E-N
* * NTE+ETN —y1+0,
* * *
* * *
* * *
L * * *

cr U U U+MT ]
0 GT 0 0
DT 0 NT 0
. | 0 0 0 <0
* -1 0 0
* * | 0
* * * -1
(36)
where
U =BD;'H, A,=AM+BD;FM
Ay =AG+BDFG, Asz=AN-+BDFN
A :A1+A1T*PY+3®1+®3
®, =-U(BD;'Hy)" —BD;'HyUT + BD; 'Hy(BD; 'Hy)"
0 =-GoG' — GGl +GoGY
03 =-MM" — MM} + MM}
©s =-NIN-NTNy+NI'Ny

Algorithm 3.2.5: Let p = 7%, £ >0 be a given small
constant specifying a convergence criterion.

Step 1: Via the result in [18], we can obtain an initial
value H;,;. Let H = H;;; be a given value, optimization
problem (35) is converted to a convex problem, then the
corresponding feasible solution G,M,N can be chosen as
the initial values Gijni, Mini, Nini. Let po =1, go to Step 2.

Step 2: Let Hy = Hppi, My = Mipi, Go = Gini, No =
Nini, minimize p subject to the LMIs (27) and (36),
HoptsMopt, Gopt Nopr and p,p denote the optimized solu-
tions, then go to Step 3.

Step 3: If |popr — po| < €, stop, then let p = p,,,. Else,
let H;y = H()pt’ My, = opt» Gipi = Gopt’ Nini = opt and
Po = Popt» return to Step 2.

The above algorithm gives a suboptimal L, performance
index Y. A numerical example will be provided to show the
above algorithm can provide more improved result than one
on the same problem in Section 4.

Remark 3.2.6: By viewing the feedback gain F as an
additional free parameter, based on Theorem 3.1.1 and The-
orem 3.2.2, both the corresponding Lemmas and algorithms
can be presented easily for controller design.

IV. NUMERICAL EXAMPLE

Several numerical examples borrowed from the literature
are now presented to illustrate the effectiveness of proposed
approaches.

Example 1: Let us consider the same system in [3] to
estimate its domain of attraction

1 1 0.5
a=lo 1] 2=[1)
Design the state feedback control law by the LQR approach
with @ =1 and R = 0.1. For the above system, we obtain
the following controller: F = [—0.6167 —1.2703]. As in
[3], we use the shape reference set of the form 2% =
sin 6

cos O
0.47, by means of the result in [3], the optimized o = 4.5235,

, 6 €[0,2m]. For this example, when 6 =
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Hi,i = [—0.1019 —0.2929], let H = H;; in problem (16), difference, allowing extra degree of freedom for various

we obtain performance analysis, are proposed. Furthermore, based on

036087 1.0489 02291 —0.4405 these results, two important lemmas and two iterative LMI-

Min; = [ 0.3576 —1.2615} v Gini= {—0.6433 1.5335 ] based optimization algorithms are also developed to optimize

the performance indexes respectively. Numerical examples

In contrast, by Algorithm 3.1.4 with Ho = Hini,Go =  jjjustrate that the proposed methods improve recent results
Gini,Moy = Mjp;, € =0.00001 and po =1, after 5 iterations,

. ) ) on the same problems.
the optimized solutions obtained as o, = 363.5185.

H,p =[0.3251 —1.0032];
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