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Fuzzy Model-based Servo Control for Discrete-time Nonlinear Systems

Hiroshi Ohtake, Kazuo Tanaka and Hua O. Wang

Abstract— This paper presents servo control for discrete-
time nonlinear systems using the switching fuzzy model-based
control approach. We propose the construction method of
augmented switching fuzzy servo control system for discrete-
time nonlinear systems. Then we introduce the switching fuzzy
servo controller which can make outputs of the nonlinear
systems converge to target points, and derive the controller
design conditions in terms of LMIs. A design example illustrates
the utility of this approach.

I. INTRODUCTION

Recently, fuzzy model-based control has been discussed
in a huge number of literatures [2]-[5]. Most of them
deal with Takagi-Sugeno (T-S) fuzzy model [1] and LMI-
based designs[6]. By employing the T-S fuzzy model, which
utilizes local linear system description for each rule, we can
devise a control methodology to fully take advantages of
linear control theory. However, most of the literatures have
mainly dealt with the regulation problem to discuss stabil-
ity or convergence to the origin. Unfortunately, theoretical
controllability of servo control for discrete-time nonlinear
systems was not discussed in the literature.

In this paper, we deal with servo control for a class of
discrete-time nonlinear systems using the switching fuzzy
model-based control approach [11], [12]. We propose the
construction method of augmented switching fuzzy servo
control system for discrete-time nonlinear systems. More-
over, we introduce the switching fuzzy servo controller which
can make outputs of the nonlinear systems converge to target
points, and derive the controller design conditions in terms
of LMIs. A design example illustrates the utility of this
approach.

II. PRELIMINARY RESULTS

In this section, we explain the basic procedures of fuzzy
model-based control approach for discrete-time nonlinear
systems, servo control for linear discrete systems and the
switching fuzzy model construction method.

A. Fuzzy Model-based Control [7]

Consider the following discrete-time nonlinear system.

z(t+1) = fi(z)) + fo(z(t))u(t) )]
y(t) = g(=(1)) )
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where x(t) = [21(t) 22(t) --- x,(t)]T is the state vector,
w(t) = [ug(t) ua(t) -+ um(t)]T is the input vector, y(t) =
[y1(t) y2(t)--- yp(t)] is the output vector. For the above
nonlinear system, by applying sector nonlinearity concept
[7], we can obtain the following T-S fuzzy model.

Rule i : IF z1(t) is M;; and ---and z(t) is My
xz(t+1) = A;x(t) + Biu(t)
y(t) = Cix(t)

where, ¢ = 1,2,--- ,r and r is the number of fuzzy model

rules. M;; is the fuzzy set. z;(t) is the known premise
variable. The fuzzy reasoning process is defined as

THEN { 3)

Z w;(2(t)) (Aiz(t) + Biu(t))

x(t+1)

= ) hi(z(t)Cix(t) )

i=1

M;;(z;(t)) is the grade of membership of z;(t) in M;;.
w;(2(t)) and h;(z(t)) have the following properties.

T

> wi(z(t) >0, wi(z(t) >0, Vi
i=1

D hi(z(t) =1, hi(z(t) >0, Vi
i=1
To stabilize the T-S fuzzy model (4), we employ the
so-called parallel distributed compensation (PDC) control
approach [2], [3]. The PDC fuzzy controller is represented
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as
u(t) = — > hi(z(t) Kxz(t) (6)
i=1
where K; is a feedback gain. The PDC fuzzy controller
design is to determine the feedback gain K ;. By substituting
(6) into (4), the overall fuzzy control system is represented
as follows:

x(t+1) ZZh

=1 j=1

z(t)) (Ai — BiKj) (t) (7)

The feedback gain K; is determined by solving Theorem 1.

Theorem 1: [7] If there exist positive definite matrix X
and M ; satisfying (8), (9) and (10), then the fuzzy model
(4) can be stabilized by the fuzzy controller (6).

X >0, (8)
[ X XA - MTBT .
AX — B;M, x } >0, vi, O
[ 1 T T T
N L {xaT - M]B]

XA} —MfB;‘-F} > 0, (10)
L{A;X — B:M;

A;X — B;M;} X

Vi, i < j,
where K; = M; X %

B. Servo Control for Discrete-time Linear Systems

In this section, we explain the servo control for discrete-
time linear systems [8]. Consider the following linear system.

Y
12)

z(t+1) = Ax(t) + Bu(t)
y(t) = Cx(t)

For the above linear system, we consider the servo control
problem, that is, the control problem to make the output y(t)
converge to the certain target point r, where r is the constant
vector. We assume that all states are measurable.

Firstly, we define the difference Ax(t) between x(¢) and
x(t + 1) and the error vector e(t) as follows:

Az(t) = z(t + 1) —x(t) (13)
e(t) =y(t) — (14)
e(t+1)= (t +1) -

=y(t+1)— y(t) +y(t)—r
= CAz(t) +e(t) (15)

Then, the next state of the difference can be obtained as
follows:

Ax(t+1) = xz(t+2)—x(t+1)
= Ax(t+ 1)+ Bu(t+ 1) — Ax(t) — Bu(t)
= AAxz(t) + BAu(t) (16)

where Au(t) = u(t + 1) — u(t).

Next, we construct the following augmented system by
adding (15) and (16).

{Am(H—l)]_{é 2]{%;&(;)}4_[3}Au(t)
[ 2

e(t+1)
} + BAu(t) (17)

Finally, we design the followmg dynamic controller to sta-
bilize the augmented system (17).

_ Az(t)
Au(t) = -K [ e(t) ]
where K is a feedback gain. The controller design is to

determine the feedback gain K. By substituting (18) into
(17), we can obtain the following linear control system.

{ Ax(t+1) } _ (A—BK) [ Az(t) ] (19)

(18)

e(t+1) e(t)
The feedback gain K is determined by solving Theorem 2.
Theorem 2: If there exist positive definite matrix X and

M satistying (20) and (21), then the augmented system (17)
can be stabilized by the dynamic controller (18).

X >0, (20)

X xA - MTB"
AX — BM X
where K = MX ' and u(t + 1) = u(t) + Au(t).

By using the designed controller, we can make the output
y(t) of the linear system (11) converge to the target point 7.

>0, (D

C. Switching Fuzzy Model Construction

In this section, we show the switching fuzzy model
construction method [11], [12].

1) Switching Planes and Continuity Matrix: To begin
with, determine the dividing planes. We assume that the
dividing planes contain the origin. Dividing planes are rep-
resented by the following linear equations.

/\711171 + /\721172 + -+ )\»ynZCn = A,Y:B =0

where v = 1,2,--- ,T" and T" is the number of dividing
planes. We define Region I?; constructed by dividing planes
as follows.

Definition 1: One dividing plane divides the input space
into the following two regions.

Sy ={z|A x>0}, S, ={x|Ax <0}

The input space is divided into ) regions by I' dividing
planes. Note that Q = 2T is not necessarily satisfied. One
region constructed by dividing planes is defined as follows:
R, = {z|A1xz > 0,Asx < 0,A32 <0,
A4$ZO,"' ,AriL‘ZO}

We represent the region as follows:

Rq(Sl, 52,583,584, 7SF)

S1 :17847"' 7SF:11827S3:O
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or
R,(1,0,0,1,---,1)
where
1 Az >0
v = { 0 Ae<0
Next we define the continuity matrix K, € RET+n)xn,
Definition 2:

K, = [nqllA,{ Ng12A3 -+ Ngir AL

—Ng21 AT — Ng2a AT — ngarAL T,

where
. _{1 R, €S, . _{1 R, €8,
m 0 R, ¢S, '™ 0 Ry¢ S,
S, = {z|A,z > 0}, S, = {z[Ayz < 0}.
The continuity matrix K, satisfies the following condition
on region boundaries.
K,x=Kg,x, =Ry NR,y,.

2) Switching Fuzzy Model Construction: Consider the

following nonlinear function.

y=flz)=
where f(0) = 0. By solving the following conditions, we
can construct the tight sector which can cover the nonlinear
function (22) and satisfies the continuity on region bound-
aries.

f(xlax27"' 7xn) (22)

Q
minimize » |1 (a1) — Yoo (az))| (23)
ai, a2 g¢=1
subject to
yql(alvm)_f( )205 mERQa VQ
f(®) = yg2(az,@) 20, @€ Ry, Vg
where
a; = [a;1 a2 -+ Qiorin)]

Yyi(a;) =a,K,D,

D, / // x dxidxs - - -dx,

yqz(aza ) = C’fz-[<qm
lo1| < di,|zo] < do,- -+ |2n| < dn
The sector in qth region is represented by the following two
linear models.
ygi(x) = a1 K (24)

(25)

By using (24) and (25), the switching fuzzy model can be
constructed as follows:

Y2 (x) = as K g

Region ¢ :
Rule 1: IF (%1, -+ ,2y) is hqr
THEN yy1 = a1 K,
Rule 2: IF (z1,--- ,xy) is he

THEN yg = a2 K,

The membership function can be represented by the follow-
ing equations.

_ f(@®) — yg2(zx)
han(@) = T (@)
_ Yq (:B) — f(w)
he(®) = @) (@)

where hg1(z) > 0, hga(x) > 0 and hgi(x) + hge(xz) = 1.
The fuzzy reasoning process is defined as

Q
qu z)a; K ,x
qg=1i=1
where
1, z€R,,
ve(®) = { 0, =¢ RZ.

Remark 1: We show the important property of the
switching fuzzy model construction. Consider the following
nonlinear functions.

Y1 = f(¢)
2/12 = f(¢2)

where ¢ = [p11 -+ d1n] and Py = [p21 -+ Po2n]. U1
and v are scalar outputs. We construct difference function
which consists of above two functions.

= f(¢1a¢2) = f(¢1) - f(¢2)

By using the switching fuzzy model construction method,
the difference function can be converted into the switching
fuzzy model which is linear with respect to ¢; — ¢s.

We define the following n dividing planes.

¢11 — ¢21 =0
P12 — P22 =0
(bln _¢2n =0

By solving the switching fuzzy model construction condition
(23) with a; = [a;1 a2 -+ as, 0 -+ 0], then we can obtain
the following sector.

yq1(¢1v¢2) = aqu[qsriF ¢2T]T
Yg2 (1, ) = ax K [p] ¢3]"

where dql = [aq11 Aq12 aqln] and dqg =
[@q21 aq22 - Gg2n). This means that we can obtain the
following switching fuzzy model.

f(d1) = (o)

Q 2
= Ll
XGqi(P — ¢2)

The switching fuzzy model is linear with respect to ¢; — ¢.
We utilize the above switching fuzzy model in Section III-A.

= CA'fql((rzsl - ¢2)
= CA'qu((»Zsl - ¢2)

y =

qZ (¢1’ ¢2)

4883



10 -10

7X XZ_X4
Fig. 1. Sectors Whiclh éover the nonlinear function (27).
[Example]
We consider the following difference function.
y = [f(é1)— f() (26)
= sin(¢11 — 0.5¢12) — sin(g21 — 0.5¢22)
where ¢, = [p11 ¢12]7 and ¢y = [P21 P22]T. By solving
the condition (23) with the following dividing planes
11— 21 =0, P12 — 22 =0,
we can obtain the following switching fuzzy model.
4 2
y = Z Vg(@1 — Ba)hgi(P1, &)
q=1i=1
qui (d)l - ¢)2)
where
dll = [1 0 5], alp = [—1 — 0.5],
dgl = [—1 05], a9 = [1 — 05],
as1 =[-1 —0.5], as2 =1[1 0.5],
asq =[1 —0.5], a2 =[-1 0.5],
Yy — dq2(¢1 — &)
hqi(P1, ¢2) = -
P02 = G =) — anal — 82)
aq1 (P — @) —
h d) 7d) = = ! ~ :
2P ) = 60— agal( — 82)

Fig. 1 shows sectors (linear planes) and values of the
nonlinear function (dots). X-axis represents x; — x3. Y-axis
represents o — x4. All dots are covered by linear planes.

III. FuzzYy MODEL-BASED SERVO CONTROL FOR
NONLINEAR SYSTEMS

In this section, we propose the servo control to make the
output y(t) converge to the target point r for discrete-time
nonlinear systems using the switching fuzzy model-based
nonlinear control approach.

Consider the following discrete-time nonlinear system.

o(t+1) = f(x(t), u(t)) 27
y(t) = g(x(t)) (28)
We assume that f and g are known. Note that (27) is a

more general form than (1). We define the error vector e(t)

as follows:
(29)

A. Construction of Augmented Fuzzy System

Firstly, we construct the following time-difference system.
Ax(t+1) = F(x(t), u(t), u(t +1))
= fle(t+1), f((t),u(t)) (30)

Then, by time-shifting error vector (29), we can obtain the
following equation.

xz(t+1),
u(t+1)) —

et+1)=ylt+1)—
=g(z(t+1) —g(xt) +g(z(t) —r
=g(z(t+1)) —g(=(t) + e(t) 3D

Next, by adding (30) and (31), the augmented system is
constructed as follows:

Ax(t+1)
[ e(t+1) }
[Fl Dates )= 50000
g(z(t+1)) — g(x(t)) + e(t)

By applying switching fuzzy model construction method,
which is described in Remark 1, to each nonlinear function
in the augmented system (32), we can obtain the following
augmented switching T-S fuzzy model.

[ ] = LS et s
Xhgi(x(t), (:+1), (t),u(t +1))
(& 2150 ]+ o) o

where dividing planes for the switching fuzzy model con-
struction are defined as follows:

z(t)—z(t+1)=0
u(t) —u(t+1)=0

The number of dividing planes are I' = n + m.

B. Dynamic Fuzzy Servo Controller Design

In this section, we design the dynamic switching fuzzy
controller for the augmented switching T-S fuzzy model (33).
Consider the following stable linear system.

Aiit(t + 1) = aIgrit(t) (34)

where |a| < 1, Iop is an identity matrix, &(t) =
[£1(t) #2(t) --- Zor(t)]T is a state vector for the linear
system (34).

To stabilize the augmented switching T-S fuzzy model
(33), we propose the following dynamic switching fuzzy
servo controller.

Q r
u(t+1) =Y Y vg(Ax(t), Au(t))

qg=1i=1
xhi(z(t), z(t + 1), u(t), u(t + 1))
X (F1giAz(t) + Fagie(t)

+F3in’u(t) =+ F4qi£i3(t)) 35)
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where F14, Fag, Fg3q, Fa4 are feedback gains. By
utilizing the dynamic controller, note that the membership
function h;(z(t), z(t + 1), u(t), u(t + 1)) can be calculated
although the membership function includes the time-shifted
control input w(¢t+1). By adding the dynamic state feedback
controller (35) and stable linear system (34) to the augmented
switching T-S fuzzy model (33), we define the following
augmented control system.

#(t+1) ZZUq (Z(t
g=1i=1
Xhgi(x(t), (t + 1), w(t), w(t + 1)) Ay&(t) (36)

where z(t) = [AzT(t) eT(t) AuT(t) & ()T
Ay 0 By 0
a4 _|Ca I 0 0

| Figi Fogi Fsgi Fag

0 0 0 CYIQI‘

Fuzzy dynamic system (36) can be rewritten as follows:

z(t+1) Z vg(Z(t)

g=1i=1
Xhgi(x(t), z(t + 1), u(t), u(t + 1))
x (Aqi + BFqiEq) at) (37
where
Ai 0 By 0
- |cy I 0 0
A46=1"9" 0 o 0
0 0 0 alsr
0 0 0 0
B_| 0o 0o 0o o
Tl W Wy, W3 Wy
0 0 0 0

where F,; € RTHn+mtp)x(2ltntmip) jg 5 feedback gain
and

E,=[K, K] (38)

K ql is the orthogonal complement of K ,. Note that E,
becomes a nonsingular matrix because of the property of
the orthogonal complement. W, € R™*", Wy € R™*P,
W3 € R™™ and W, € R™*(?T) are arbitrary full row
rank matrices, that is,

rank(Wy) = rank(Ws) = rank(Ws) = rank(Wy) =m

(W1 Wy W3 WY F,E, = [F1, Fayi Fagi Fagil

The feedback gain Fqi can be determined by solving con-
troller design conditions (39) and (40) in Theorem 3. Note
that (39) and (40) are represented in terms of LMIs. Hence
we can effectively determine the feedback gains by computer
software like MATLAB.

Theorem 3: If there exist positive definite matrix
X e REUnimip)x@ntmip) and M, €

RETHntmip)x@l+n+m+p) gatisfying (39) and (40) and
the initial state is &(0) = [Az”(0) e”(0) Au”(0) 07|,
then the augmented system (33) can be stabilized by the
switching fuzzy dynamic controller (35).

X >0, (39
X XE,;"Al, - M BT
1 1 T >0,
AuE;'X — BM,; XE,
Vi, g, (40)

where Fql- = Minfl.

(Proof) It can be proven from the combination of the proofs

of the continuous-time switching fuzzy controller design

[11], [12] and discrete-time PDC fuzzy controller design [7].
By using the designed controller, we can make the output

y(t) of the nonlinear system (27) converge to the target point

T

Remark 2: Note that we discuss the system trajectory
with the initial state Z(0) = [AzT(0) e”(0) AuT(0) 07]7.
Therefore, the controller (35) reduces to (41), which do not
include the augmented state &(¢), although we employ (35)
in the derivation of the LMIs.

Au(t +1) szq (Az(t), Au(t))
g=1i=1
xhi(z(t), z(t + 1), u(t),u(t + 1))

X (quZAm(t) =+ ngie(t) =+ nglA’U,(t)) (41)

Remark 3: To guarantee the stability of (27), we suppose
that the trajectory of a system can not stay on the region
boundaries. Hence, most kind of sliding modes are excluded
[13].

The switching fuzzy model construction based on sector
nonlinearity requires to consider constraints on control inputs
and outputs. Theorem 4 gives an LMI constraint on the
control inputs and outputs.

Theorem 4: [9] Assume that initial condition Z(0) is
known. The constraints ||Awu;(t)|| < w; and ||Az; ()| <
is enforced at all times if the LMIs

1 z7(0)
>
-1 -T —1 AT
E/'XE, ., E'XEC; | 5 43)
C.E;'XE, piI

hold, where C; is the vector to determ}ne which input or
output is constrained, that is, Au;(t) = C;&(t) or Az;(t) =
C,;2(t) where,

n P m 2"

~ ANASN A

C,=[ 0 0 “e;; 0] for Ault)
n P m 2"

~ AN AN AN

Ci = [ €9; 0 0 0 ] for Al‘l(t)

e1; € RY™™ and es; € RV are vectors whose ith element
is 1 and all the other elements are 0.
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Time Time
Fig. 2. Control result. Fig. 3. Control input.

IV. DESIGN EXAMPLE

To illustrate the utility of this servo control approach, we
show a simulation example.
Consider the following nonlinear system.

2(t+1) = [ wa(t+1) ]
| z1(t) + 0.1za(¢) + 0.1u(t)
 [sin(21 (t) + 0.522(t)) + u(t) “44)
y(t) = x1(t) (45)

For the above nonlinear system, firstly, we construct the aug-
mented switching fuzzy model (33) by applying the switch-
ing fuzzy model construction method which are described
in Section ITI-A and Remark 1. We select the following two
dividing planes.

z1(t+1)—z1(t) =0

The state space is divided into 4 regions by the dividing
planes. Next, we construct the augmented switching control
system (37) with a = 0.5, W1 = [1 1], Wy = W3 = 1,
W, = [1 11 1]. Finally, by solving Theorem 3, we can
design the switching fuzzy servo controller (35).

Figures 2 and 3 show the control result and the control
input, where initial state is x(0) = [3 1], w(0) = 0,
Awu(0) = 0 and target point is » = —2. By using the designed
controller, the output of the nonlinear system (44) converges
to the target point. Figs. 4 and 5 show other simulation results
using the same controller. Both of initial states are [3 1],
[-7 2], [-4 — 2], and [10 — 4]. Target points are r = —2
for Fig. 4 and » = 7 for Fig. 5. All outputs converge to each
target point.

V. CONCLUSIONS

This paper has presented servo control for discrete-time
nonlinear systems using the switching fuzzy model-based
control approach. We have proposed the construction method
of augmented switching fuzzy servo control system for
discrete-time nonlinear systems. Moreover, we have intro-
duced the switching fuzzy servo controller which can make
outputs of the nonlinear systems converge to target points,
and derive the controller design conditions in terms of LMIs.
A design example has illustrated the utility of this approach.

Our future work is to apply this approach to complicated
discrete-time nonlinear systems.
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Fig. 4. Simulation results. » = —2.
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