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Robust H, Filtering for Continuous Time-Varying Uncertain Systems
with Adaptive Mechanism

Guang-Hong Yang and Dan Ye

Abstract— This paper studies the problem of designing robust
H filters for linear uncertain systems. The uncertainty param-
eters are assumed to be time-varying, unknown, but bounded,
which appear affinely in the matrices of system models. An
adaptive mechanism is introduced to construct novel filters
with variable gains, which can reduce the conservativeness
of traditional robust H, filters. The proposed adaptive filter
design conditions are given in terms of linear matrix inequalities
(LMIs) to guarantee the asymptotically stability and optimize
Ho, performances of the resulting closed-loop systems. A
numerical example is presented to illustrate the effectiveness
of the proposed strategy.

Key words: Robust filtering; H, filtering; time-varying
uncertainty; linear matrix inequalities (LMlIs); indirect adap-
tive method.

I. INTRODUCTION

It is well-known that the Kalman filter is no longer appli-
cable when a priori information on the external noise is not
precise known. In such cases, H, filtering was introduced
in [3], which is to make the worse case H,, norm from the
process noise to the estimation error minimized. Comparing
with Hs filtering, the advantages of H, filtering approach
are twofold. First, the assumption of boundness of the noise
variance is loosen. Second, the H, filter tends to be more
robust when there exist additional uncertainties in systems,
such as quantization errors, delays and unmodeled dynamics
[14]. Since modelling error and system uncertainties often
exist in the plant model, much works has been done to the
design of robust H, filters [4], [6], [9], [11]-[13], [15]-[20].

Norm bounded uncertainty is a particular uncertainty rep-
resentation where the mathematical model of the uncertain
system explicitly exhibits a nominal model located at the
center of the hyper ellipsoid of uncertainty in the parameter
space. Some of the above-mentioned results deal with the
so-called norm-bounded uncertainty by means of the Riccati-
like approaches [4], [11], [13], [17] and [18]. The norm-
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bounded uncertainty is converted into some scaling param-
eters, which significantly simplify the robust H., filtering
problems and make it possible to use the standard H,
filtering results. However, the introduction of the scaling
parameters make the resulting conditions difficult to solve.
Further, the norm-bounded uncertainty assumptions is some-
what conservative in many applications [7] and [10].

Another uncertain representation is convex polytopic un-
certainty [7], which represents an uncertain domain more
precisely than the norm-bounded uncertainty and causes
no conservatism for a particular structure. In the past
few years, robust H,, filtering problem for systems with
polytopic-type parameter uncertainty has been treated based
on parameter-independent Lyapunov function [9], [20] or
parameter-dependent Lyapunov function [6], [12], [19] us-
ing LMI methodologies, which are computationally sim-
ple and numerically reliable for solving convex optimiza-
tion problems [1] and [2]. In fact, parameter-dependent
Lyapunov method can reduce conservativeness compared
with parameter-independent one when the uncertain parame-
ters are time-invariant. Also parameter-dependent Lyapunov
method can include the traditional quadratic stability ap-
proach as a special case if the time-varying parameters
and their rate of variation are assumed to belong to a
given convex-bounded polyhedral domain. However, while
the uncertain parameters is time-varying and the bound of
its derivative is unknown, only the parameter-independent
Lyapunov function method can be applied.

This paper develops a new robust H, filter design method
for linear uncertain continuous-time systems. The uncertainty
parameters are assumed to be time-varying, unknown, but
bounded, which appear affinely in the matrices of system
models. Apart from using traditional filters with fixed filter
parameters, the proposed filter parameters are adjustable
based on the introduced indirect adaptive mechanism [8].
The derived filter design conditions are given in terms of
LMIs, which can reduce conservativeness compared with
the corresponding conditions of traditional robust H, filters.
The potential of the method is demonstrated by a numerical
example that illustrates the H., performance improvement.

This paper is organized as follows. Section 2 introduces
the problem and some preliminaries. It is followed by the
adaptive robust H, filter design method in Section 3. An
illustrative example is given in Section 4 to demonstrate the
proposed method. Finally, Section 5 concludes the paper.
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II. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem Statement
Consider a linear uncertain model described by
z(t) = A(6(t))x(t) + Bow(t)
z(t) = Cra(t)
y(t) = Caoz(t) + Dayw(t) (1)

where x(t) € R" is the state, y(t) € RP is the measured
output and z(t) € R? is the output signal vector to be esti-
mated, respectively. w(t) € RY is the exogenous disturbance
in Ly[0,00). And

A(5(t)) = Ao + Z 5;(t) A

Ag, A;, B,,,C1,Cy and Do are known constant matrices of
appropriate dimensions. J;(t)(¢ = 1---Np) are unknown
time-varying uncertainty, which satisfy §, < 6&;(t) < 4.
Here 6, and ; are known lower and upper bounds of
i(t), respectively. Since Cy € RP*™ and rank(Cs) =
p1 < p, then there exists a matrix 7, € RP**P such
that rank(7.C2) = p;. Furthermore, there exists a matrix
TCC2 TCCZ -
CC’II CCTI
Throughout this paper, we make the following assumption.
Assumption 1: System (1) is asymptotically stable.

For traditional robust filtering, the following form filter is
usually used.

C¢,, such that rank = n. Denote T, =

G(t) = Aps&i(t) + Brsy(t)
zr1(t) = Cpg&i(t) 2
where Apy € R™™", Bpy € R™P and Cpy € RT*"™ are
the filter parameter matrices to be designed. Here, we assume

that the filter is of the same order as the system model.
Then combing (2) with (1), it follows

ef(t) = Acjwes(t) + Bepw(t)
zef(t) = Cepres(t) (3)
where x.¢(t) = [z7(t) €7 (¢)]7 is the state estimation error,

)€
= z(t) — zp1(t) is the estimated error and

AG) 0 B,
Ae = ’ Be = ’
d [BFfC2 AFJ |:BFfD21:|
Cey =[C1 = Cryl.

In this paper, the following adaptive robust filter with variable
gains is considered.

&) = Ap(B(0)E®) + Br(6(1))y(t)
zr(t) = Cr(0())§®) )
where 6;(t)(i = 1---Np) are the estimations of 0, (),
which are obtained according to the introduced adaptive
mechanism. Ap(0) € R"*™, Br(d) € R"*P and Cr(9) €
R™*™ have the following forms, that is

zef(t)

No NO
=Apo+ Z5¢AF¢, Bp(d) = Brpo + Z(SiBFia

i=1 i=1

Ap(9)

No

Cro+ Y 0iCr;

i=1

Cp(d) =

where Apg, Ap;, Bro, Bri, Crg, Cp; are fixed parameter
matrices to be designed. Here, the designed filter is of the
same order as the system model.

Applying the robust filter (4) to the system (1), it follows

Te(t) Acwe(t) + Bew(t)
ze(t) = Cexe(t) &)
where z.(t) = [2T(t) £€7(t)]T is the state estimation error,
ze(t) = 2(t) — zp(t) is the estimated output error. and
A(S 0 B,
e = BF((S))CE AF(S)] - P [BF(S)DM] 7
Co=1[C1 —Cp(d)]

The adaptive robust H, filtering problem associated with
the system (1) is as follows: Given v > 0, find a filter of
the form (4) such the corresponding error dynamics (5) is
asymptotically stable and satisfies

HTZeWHOO <, 33'@(0) =0. (6)
B. Preliminaries

The following lemma presents a condition for the system
(3) to have robust H,, performance bound.
Lemma 1: Consider the system described by (3), and let
~ > 0 be given constant. Then the following two statements
are equivalent:
(i) there exist a symmetric matrix X > 0 and a robust filter
described by (2) such that

AefX+XAef+ XBefB X +ChLCy <0 (D

holds for §; € [3;, ;]

(ii) there exist symmetric matrices 0 < N < Y, and a robust
filter described by (2) with Apy = Ape1, Bry = Bpe1 and
Crf = Cpe1 such that

Vit Vi YB, — NBpe1 Doy ct
Vv, = * Voo —NB,+ ]\;BFelDﬂ -CTL,, <0
* * —v4T 0
* * * -7
~ ®)
holds for §; € [d;, 0;] where
Vi1 = YA(S) — NBpe1Co + (YA(S) = NBpe1 Co)7

Vig=—=NAper — AT(6)N + C B N
Voo = NAper + (NAper)"
Proof:(7) <= (8). (7) holds for X > 0 is equivalent to that
there exists Xy XT
X= {Xu X;j ©)
with X1; € R™™*™ and X5 nonsingular such that

AZfXJrXAef XB.y C’g}
* —'yQI 0
* * -1

<0 (10)
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holds. Let Ape; = (X5 )T Xo9Ap; X5y Xia, Brer =
—(X15 )" Xo9Bpy, Cper = —CppX5y X1y, X11 =Y and
N = X12X5,' X{,. Then

v |7 0 Ty[f o 1" [y =N

T — X9 X5 0 —Xi2X5'| |-N N

(11)

X > 0is equivalent to 0 < N <Y, and (10) is equivalent
to

AZaXa + XaAea XaBea C;?’,;
Vao := * 2T 0| <0 (12)
* * -1
where

AG) 0 B,
Ay = y Bea =
i |:BFeIC2 AFel] |:BF51D21]

Cea = [Cl _CFel]

Furthermore, after some algebraic computation, Vo < 0 can
be written as V, < 0 in (8). Thus, the proof is complete. [
Remark 1: It should be noted that when NAp; and NBpy
are defined as new variables, conditions (8) become LMIs.

Remark 2: In fact ,the affine time-varying uncertainty
considered in this paper is a special form of polytopic
type time-varying uncertainty. From Lemma 1, it is easy to
see the condition (8) for traditional robust filter design is
equivalent to Theorem 2 in [9], where robust H, filtering
for polytopic time-varying uncertain system is investigated
based on parameter-independent Lypunov function.

The following algorithm is given to optimize the robust
H, performance of the closed-loop systems (3).
Algorithm 1: Let v denotes the robust H,, performance
bound of the closed-loop system (3). Let NApy = Ap + and
NB Ff = B Ff-

miny s.t. 0 <N <Y (8)

where n = f. Then the resultant gains of robust filter (2)
are AFf = AFfN_l, BFf = BFf]\/v_1 and CFf.

III. ADAPTIVE ROBUST H, FILTER DESIGN

In this section, the problem of designing an adaptive robust
H, filter for system (1) is studied. An adaptive mechanism
is introduced to reduce the conservativeness compared with
traditional robust filters.

Theorem 1: The closed-loop system (5) is stable and
H,, disturbance attenuation is no large than +, if there
exist matrices 0 < N < Y, AF(), AF'L', Bro, Bri, Cro,
Cpi,i = 1--- Ny such that for §;(t),8;(t) € [9;,0:] the
following matrix inequalities hold:

T+ T Ty Ty cT
* T4 T5 70};(3)
* x  —y2 I +Tp 0 <0 (13)
* * * -1

with

No

Ty =YA(8) = NBp(8)Cy — Y (6; — 8;)Ng NBp:iCy
i=1

Ty = —NAp(8) — AT(5)N + C3 BR(0)N

N(] .
— Y (0 — ;) Ny N Ap;

1=1
No
T3 =YB, — NBrp(0)Da1 + » (8 — 6;)[C3 BE; NNy
=1

+ NBp;Doy — N{ NBp; D]
Ty = NAR(S) + Ap(6)T N

Ts = —NB, + NBp(0) Dy
NO R
+ Y (6i = 6:)[Af; NNy — NBp; Dy
1=1
No

Ts = Z(Sz — 6;)[Ng NBp;iDa + (N3 NBp;Da1)"]

i=1

_ TC _ TCD21 o 0
Nl—Tcn|:O:|:N2—Tcn|: 0 :|7N3—Tcn|:ccnj|a
No NO
Ap(8) = Apo+ Y 6iAri, Brp(d) = Bro+ Y 6:Bri
=1 =1

and also 4; (t) is determined according to the adaptive law

¢ 57;7

5i B { éia

M; =" NApi§ —y" NI NAp& + €' NBpyy
—y"N{ NBry

it M; <0

if A >0 0 PN

(14)

Then the filter gains of the form (4) are given by Apg, Ap;,,
Bro, Bri, Cro, Cri,i = 1--- Np.
Proof: Now we choose the following Lyapunov function

V(t) = zL(t) Pz (t).
Then A, can be written as
Ae = Aea + Aeb

where

Aca = [Bf(%d))cz) AI?((S):| ’

Yo 0 0
Agp = 0; — 0;
b ;( ) [BFiCQ AFz':|
Let P be of the following form,
Y -—N
P~ V]
with 0 < N <Y, which implies P > 0. From (1), it follows

TCCQQT = Tc[y — Dglw] (15)
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Thus

=T, {chﬂ =Ny — Now+ N3z (16)

T, T.D 0
|:O:|7N2:Tcn|: 021:|’N3:Tcn|: :|

Furthermore, we have

with Ny =Ty,

pa YA() — NBp(6)Cy —NAp(9)
= |-NA@S) + NBr(5)C2  NAp(5)
and
No NB.C NA
A - FiL2  — Fi
PAeb = ;(51 - 51,) l: NBFZCQ NAF’L :l

which follows
[$T fT]PAeb[CUT fT]T

No

= Z(Sl - 51){—£L'TNBFZC’2{K - CETNAFZf
i=1
+ "' NBpiCox + "' NApi&}

By (15) and (16), it is easy to see

— 2T NBp;Coz = —xTNBF,»(y — Dyjw)
= —y'NINBpyy + 2" NBp;Doyw(t)
+ (WI'NS — 2" NIYNBpi(Cox + Doyw)
— 2" NApié = —(y"' N} — ' N] + 2" NI YN Ap€
¢"NBpiCaz = €' NBpi(y — Da1w)

Thus,
xeTPAebze = :z:eTApexe + xZBpew + M

+ Z(gz - 5i)wTN2TNBFiD21w

i=1
where

N,

SR —NINBpiCo —NINAp;
APe:Z(éi_éi){ 3 OF 2 30 F]

i=1

No
p— A' _— ) FO

I'o = CYBL, NNy + NBr;Dy — NI NBp;Doy

where M; = ¢'NApié — y'NINAp& + E'NBpiy —
yI' NI NBry.
Then from the derivative of V(¢) along the closed-loop

system (5), it follows
V() + 20 () ze(t) — Y*w" (H)w(t)
= QxEP(AExe + Bw) + mZCgCexe — ’yz(t)wT(t)w(t)
= 22T P(Acae + Bow) + 2 CT Coze — v2w™ (t)w(t)
+2:veTApexe + 2xeTBpew + 2M

No
+2) 7(8; — 6;)w” (t)Ng N Bp;Dyrw(t)
=1

IN

T
] o] e
w w

where

F1+C§O€ PB. + Bpe

Wo = |: * —2T + Ts.

where where I'y = PA., + Ape + [PAcq + Ape]T and Tj
is defined below (13).

The design condition V (t)427 (t) 2. (t) 72w (t)w(t) < 0
is reduced to

Wo <0 a7

and

M <0. (18)

Since y and & are available on line, the adaptive law can be
chosen as (14). So (18) can be achieved.
Notice that

Y B, — NBp(6) Doy
PB, = )
—NB, + NBp(6)Day

It is easy to see Wy < 0 is equivalent to

Iy PB.+ Bp. CT
W1 = * —’}/214— T5 0

* * -1
If (13) holds, which implies W; < 0. Thus it follows Wy <

0. Together with adaptive laws (14) , we can get V(t) <0.
Furthermore, we have

<0 (19)

V(1) + 2 (t)ze(t) = Yo" (tw(t) < 0.

Integrate the above-mentioned inequalities from 0 to co on
both sides, we obtain

V(00) — V(0) + /0 T ()t < A2 /0 ~ o) w(b)dt.

which implies that the H,, disturbance attenuation of the
closed-loop system (5) is no larger than ~y holds. 0
Remark 3: It is easy to see when
NAFQ,NAFZ‘,NBF(),NBFi(i = lNo) are defined
as new variables, conditions (13) become LMIs.

For the comparison between Theorem 1 and Lemma 1, we
have the following theorem

Theorem 2: If the condition in Lemma 1 holds for the
closed-loop system (3) with traditional robust filter (2), then
the condition in Theorem 1 holds for the closed-loop system
(5) with adaptive robust filter (4).

Proof: Notice that if V,, < 0, then the condition in Theorem
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1 is feasible with Apg = Ak, Bro = Bry,Cro = Cky
and AFi = BF'i = CF’L = O,Z =1--- N(]. The pI'OOf is
complete. 0

Remark 4: Theorem 2 shows that the adaptive robust H,
filter design method given in Theorem 1 is less conservative
than that given in Lemma 1 for traditional robust H, filter
design method.

Based on Theorem 1, the following algorithm is proposed
to optimize the robust H., performance of the closed-loop
systems (5)

Algorithm 2: Let v denotes the robust H,, performance
bound of the closed-loop system (5). Let NApy = Apo,
NAFi = AFi’ NBFO = Bpo.and NBFi = BFi-

minn st. 0 <N <Y and (13),

where 1 = ~2. Then the resultant gains of adaptive robust
ﬁ}ter (4) are AFO = AF()N_l, AFz = AFiN_l, BFO =
BroN~Y, Bp; = BpiN~!, Crg and Cp;, i = 1--- Np.

IV. NUMERICAL EXAMPLE

Consider the following linear continuous-time system (1)
with time-varying uncertainty satisfying

—5 1 1 0.1 0.5 —0.2
A(S) = _ 1 _2] +01(t) {0 —0.6} + 02(t) |:0.6 0 :|
1 0 0 1 30
Cl - _5 2:| ) Bw - 0 2:| ) C2 - |:1 O:| )
2 0 0
DQl = 1 O:| ; 1'(0) = |:0:|

with 1 (t) = cos(t) and da(t) = sin(t).

Using Matlab LMI tool box [5], Algorithm 1 and Algo-
rithm 2, we get the H, performance index is 2.3934 with the
adaptive robust filter while that of traditional robust filter is
2.9859. Just as the theory has proved that the adaptive robust
H, filter design method is less conservative than traditional
robust filter design method.

In order to see the effectiveness of our method more
clearly, some simulation results are also given. Here the
disturbance w(t) = [w1(t) wg(t)]Tthat used is

aalt) = a0 ={ g

Figure 1 and Figure 2 are the responses curves of estimated
output errors with adaptive robust H, filter and traditional
robust H, filter, respectively. It is easy to see our adaptive
robust H., filter has more disturbance attenuation ability
than that of traditional robust filter as theory has proved.

2 <t < 3 (seconds)
otherwise

V. CONCLUSIONS

This paper has investigated the design of robust H, filters
for linear uncertain continuous-time systems. The uncertainty
parameters are assumed to be time-varying, unknown, but
bounded, which appear affinely in the matrices of system

0.1 T

0.05F 1

-0.151 \ ! 1

-0.25¢ \ / B

Fig. 1. The first component response of estimated output error z¢(t) with
adaptive robust filter (solid) and traditional robust filter (dashed).

2,00

1 T

Fig. 2. The second component response of estimated output error ze(t)
with adaptive robust filter (solid) and traditional robust filter (dashed).

models. An adaptive mechanism is introduced to construct
robust H, filters with variable gains, which can reduce
the conservativeness inherent in the traditional robust H .,
filter design with fixed gains. New robust H,, filter design
conditions are derived in the frameworks of LMIs. The
proposed method has been applied to a numerical example
and exhibited superior performances as compared to the
traditional robust H, filter design method.
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