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Abstract— This paper revisits the problem of globally stabi-
lizing an oscillator with bounded delayed input. It establishes
that an oscillator with input saturation can be globally
asymptotically stabilized by a linear feedback even in the
presence of an arbitrarily large delay in the input. This result
strengthens a recent result in the literature, which shows that
such an oscillator can be globally asymptotically stabilized
with a sufficiently small control input and the magnitude
of the control input goes to zero as the delay increases to
infinity. The controller constructed in this paper thus improves
the efficiency of the closed-loop system by fully utilizing the
actuator capacity.

Keywords: Global stabilization, Oscillator, Time delay, Actua-
tor saturation

I. INTRODUCTION

In this paper, we revisit the problem of globally asymp-
totically stabilizing the following system,

ẋ(t) = Ax(t) + Bσ(u(t − τ)), (1)

x(θ) = φ(θ), θ ∈ [−τ, 0], (2)

where x ∈ R2 is the state, u ∈ R is the control input,
A ∈ R2×2 has a pair of imaginary eigenvalues, (A,B) is
controllable, τ ≥ 0 is the amount of time delay in the
control input, and σ is a saturation function. This system
represents an oscillator controlled by a bounded delayed
input.

Without loss of generality, we will assume throughout
this paper that the matrices A and B are given by

A =
[

0 1
−1 0

]
, B =

[
0
1

]
, (3)

and that σ is a standard saturation function with unity
saturation level, i.e.,

σ(u) = sign(u)min(1, |u|).
Any controllable pair (A,B) and standard saturation func-
tion can be transformed into the above simplified forms by
a state transformation and a scaling on u.

Oscillation is a common phenomenon that exists in many
systems such as circuits, transportation systems and chem-
ical process. Time delay is also a common phenomenon in
communications, processing and transport of information,
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computation, etc. Stabilization of oscillators with delayed
input was studied as early as in the 1940s [1], [2], [14]. The
problem of globally asymptotically stabilizing oscillators
with delayed input was recently studied under the extra
constraint that the input is bounded [12]. More specifically,
it is shown in [12] that, for an arbitrarily large delay in
the input τ , the oscillator system (1)-(2) can be globally
asymptotically stabilized by a smooth feedback whose
magnitude is sufficiently small. This stabilizing feedback is
designed in such a way that its magnitude decreases as the
delay τ increases and goes to zero as τ approaches ∞. The
result of [12] was established elegantly as follows. By direct
integration of the system dynamic equation, a distributed
delayed control law is first derived in a straightforward way.
The only distributed term in this control law is in higher
order of the control input. It is thus conjectured and proven
that the distributed control law still globally asymptotically
stabilizes the system when the distributed term is dropped
as long as the magnitude of controller input is sufficiently
small.

The objective of this paper is to propose an alterna-
tive saturating feedback law that globally asymptotically
stabilizes the oscillator system (1)-(2). We recall that the
feedback law of [12] takes the form of

u = −µσ0

(
− sin(τ)x1) + cos(τ)x2

)
,

µ ∈
(

0, min
{

1
2
,

1
324τ2

,
1

40τ

})
,

where σ0 : R → R is a smooth saturation type function.
Unlike this feedback law of [12], the feedback law we
propose in this paper does not require the saturation level
to decrease as the amount of delay τ increases and thus
allows the full utilization of the available actuator capacity.
As seen in the literature on control systems with actuator
saturation [17], it is possible, although nontrivial, to de-
compose the problem of global stabilization for a higher
order linear system into those for chains of integrators and
and oscillators. It is expected that the results presented in
this paper on oscillators will contribute to the solution of
stabiliztion problems for higher order systems with bounded
delayed input.

We should note that interests in the control of time-
delayed linear systems with bounded control have not been
limited to the oscillator system (1)-(2). Indeed, there is a
rich literature on the control of linear time-delayed systems
with bounded input. A small sample of this literature
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include [3], [4], [5], [6], [8], [11], [13], [15], [16].
The remainder of this paper is organized as follows.

Section II contains some preliminaries that we need to
establish our main result in Section III. Numerical examples
in Section IV demonstrate the simplicity and efficiency of
the proposed feedback law. A concluding remark is made
in Section V.

II. PRELIMINARIES

Lemma 1: For the matrix pair (A, B) as given in (3), let

P (k) =
[

p1(k) p2(k)
p2(k) p3(k)

]
be the solution to the following algebraic Ricatti equation
(ARE),

PA + A′P − 2
k

PBB′P = −1
k

I, k ≥ 1. (4)

Then, there exists an M > 0 such that ‖P (k)‖ ≤ M, ∀k ≥
1, and

lim
k→∞

P (k) =
[

1 0
0 1

]
. (5)

Proof: It is straightforward to verify that the solution to the
ARE (5) is given by

p1(k) =

√
k
√

k2 + 2 − k2 + 1
2

+
√

k2 + 2 − k

k

√
k
√

k2 + 2 − k2 + 1
2

, (6)

p2(k) =
√

k2 + 2 − k

2
, (7)

p3(k) =

√
k
√

k2 + 2 − k2 + 1
2

, (8)

from which the results of the lemma follow. �

The following lemma is adopted from [9], where this
lemma was established for vector valued saturation func-
tions.

Lemma 2: Let u, v ∈ R with |v| ≤ 1. Let D1 = 0, D2 =
1. Then,

σ(u) ∈ co {u, v} = co
{
Diu + D−

i v, i = 1, 2
}

, (9)

where co denotes the convex hull and D−
i = 1 − Di.

Consider the time-delay system,

ẋ(t) = f(xt), t ≥ 0, (10)

x0(t) = ψ(t), t ∈ [−τ, 0]. (11)

Let Cn,τ = C([−τ, 0], Rn) denote the Banach space of
continuous vector functions mapping the interval [−τ, 0]
into Rn with the topology of uniform convergence. We also
use xt ∈ Cn,τ to denote the restriction of x(t) to the interval
[t − τ, t] translated to [−τ, 0], that is,

xt(θ) = x(t + θ), θ ∈ [−τ, 0].

Assume that ψ ∈ Cn,τ and the map f(ψ) : Cn,τ 	−→ Rn is
continuous and Lipschitz in ψ and f(0) = 0. Also denote
the solution of the functional differential equation (10) with
the initial condition x0 ∈ Cn,τ as x(t, x0).

Definition 1: The trivial solution x(t) ≡ 0 of (10) and
(11) is said to be asymptotically stable if

1) for every δ > 0 there exists an ε = ε(δ) such that,
for any ψ ∈ B(0, ε) := {ψ(θ) : ‖ψ(θ)‖ ≤ ε,∀θ ∈
[−τ, 0]}, the solution x(t, ψ) of (10) and (11) satisfies
xt ∈ B(0, δ) for all t ≥ 0;

2) for every η > 0 there exist a T (η) and a v0 > 0
independent of η such that ψ ∈ B(0, v0) implies that
||xt||c = supθ∈[−τ,0] ‖x(t + θ)‖ < η, ∀t ≥ T (η).

The Razumikhin Theorem gives conditions for x(t) ≡
0 to be asymptotically stable. Actually, more information
about invariant set and regional stability is contained in the
proof of this theorem in [7]. The additional information is
incorporated in the following statement of the theorem.

Theorem 1 (Razumikhin Stability Theorem): Consider
the functional differential equations (10) and (11). Suppose
that u(s), v(s), w(s) and p(s) ∈ R+ 	−→ R+ are scalar,
continuous and nondecreasing functions, u(s), v(s), w(s)
positive for s > 0, u(0) = v(0) = 0, and p(s) > s for
s > 0. If there is a continuous function V : Rn 	−→ R and
a positive number ρ, such that for all

xt ∈ MV (ρ) := {ψ ∈ Cn,τ : V (ψ(θ)) ≤ ρ,∀θ ∈ [−τ, 0]} ,

the following conditions hold,
1) u(||x||) ≤ V (x) ≤ v(||x||),
2) V̇ (x(t)) ≤ −w(||x(t)||), if V (x(t + θ)) <

p(V (x(t))), ∀ θ ∈ [−τ, 0],
then the solution x(t) ≡ 0 of the equation (10) and (11)
is asymptotically stable. Moreover, the set MV (ρ) is an
invariant set inside the domain of attraction.

III. MAIN RESULT

For the system (1)-(2), we construct the following feed-
back law

u(t) = −1
k

B′P (k)eAτx(t), (12)

where P (k) is the solution to the Ricatti equation (5). Under
this feedback law, the closed-loop system is given by

ẋ(t) = Ax(t) − Bσ

(
1
k

B′P (k)eAτx(t − τ)
)

, (13)

x(θ) = φ(θ), θ ∈ [−τ, 0]. (14)

For the closed-loop system (13)-(14), we have the following
results on its global asymptotic stability.

Theorem 2: For any given τ ≥ 0, there exists a k∗ ≥
1, such that the closed-loop system (13)-(14) is globally
asymptotically stable at the origin.

Proof: The proof for τ = 0 and τ > 0 differs from each
other. We will consider these two cases separately. We will
start with the simpler case of τ = 0. This simpler case will
also help to understand the proof for the case of τ > 0.
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In the case of τ = 0, the closed-loop system (13)-(14)
reduces to

ẋ(t) = Ax(t) − Bσ

(
1
k

B′P (k)x(t)
)

. (15)

which we will show to be globally asymptotically stable
for ∀k ≥ 1. Let us choose the Lyapunov function V (x) =
x′P (k)x. Denote

Ωns :=
{

x ∈ R2 :
∣∣∣∣1kB′P (k)x

∣∣∣∣ ≤ 1
}

.

This is the region where control does not saturate (see the
region between the two straight lines in Fig. 1). It is then
straightforward to verify that, ∀x ∈ Ωns \ 0,

V̇ (x)=x′
(
PA + A′P − 2

k
PBB′P

)
x = −1

k
x′x < 0, (16)

Here and in the rest of the proof, we will drop the depen-
dency on k of P (k) and pi(k), i ∈ [1, 3].

−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

(−1,0) (0,0)

x
s

x
e

Fig. 1. System trajectory in Ω+
s .

Let ε(P, ρ) :=
{
x ∈ R2 : x′Px ≤ ρ

}
, ρ > 0, be an

ellipsoid lying completely inside Ωns. Then, ε(P, ρ) is an
invariant set for (15) and every trajectory starting from
inside ε(P, ρ) will go to the origin asymptotically.

We next show that, any trajectory starting from outside
ε(P, ρ) and thus all trajectories will enter and remain in
ε(P, ρ) in a finite time. It follows from (16) that V (x)
decreases along any trajectory segment that lies inside
Ωns \ ε(P, ρ).

We next consider the region x �∈ Ωns, where | 1kB′Px| >
1. This is the region where control input saturates. Denote

Ω+
s :=

{
x ∈ R2:

1
k

B′Px>1
}

,Ω−
s :=

{
x ∈ R2:

1
k

B′Px<−1
}

.

By (8), p3(k) > 0. Hence, in Fig. 1, the region above Ωns

is Ω+
s and below is Ω−

s . In Ω+
s , the system (15) further

simplifies to

ẋ(t) = Ax(t) − B

⇐⇒ d
(
x(t) − A−1B

)
dt

= A
(
x(t) − A−1B

)
. (17)

Thus, any trajectory in Ω+
s is an arc of a circle centered at

A−1B = (−1, 0)′. Let xt be the point on the line 1
kB′Px =

1 such that the line segment connecting xt and (−1, 0)′

is perpendicular to the line 1
kB′Px = 1. It can be easily

verified that xt = (xt1, xt2)′ =
(

p2k−p2
3

p2
3+p2

2
, p3(k+p2)

p2
3+p2

2

)′
.

Thus, a trajectory starting from any point x on the line
1
kB′Px = 1 with x1 < xt1 will go into Ω+

s , any one with
x1 ≥ xt1 will go into Ωns. Let xs = (xs1, xs2)′ be a point on
the line 1

kB′Px = 1 with xs1 < xt1. Then, the trajectory
starting from xs will travel along an arc in Ω+

s and reach
another point xe on the line 1

kB′Px = 1. Clearly,

xs + xe

2
= xt =⇒ xe = 2xt − xs.

Let

xs = xt −
[

a
−ap2

p3

]
, a > 0.

Then,

V (xe) − V (xs) = x′
ePxe − x′

sPxs = 4x′
t Pxt − 4x′

t Pxs

=4x′
t P

[
a

−ap2
p3

]
= a

p1p3 − p2
2

p3

(
p2k − p2

3

)
< 0. (18)

The last inequality holds because, by (6)-(8), p2k − p2
3 =

−0.5, p1p3 − p2
2 > 0 and p3 > 0.

Similar conclusion can be drawn for the trajectories in
Ω−

s . Thus, along any trajectory starting outside of ε(P, ρ),
the value of V (x) will eventually decreases (not necessarily
monotonically) to and remain below the value of ρ. We
thus conclude global asymptotic stability of the closed-loop
system for the case of τ = 0.

We now consider the case of τ > 0. The reasoning
follows the same step as in the case of τ = 0. The
complexity lies in that it is now necessary to establish
V̇ < 0 in a region larger than Ωns, the region where control
input does not saturate.

We start with

x(t) = eAτx(t − τ)

+
∫ 0

−τ

eA(−s)Bσ

(
1
k

B′PeAτx(s + t − τ)
)

ds, (19)

from which it follows that

1
k

B′PeAτx(t − τ) =
1
k

B′Px(t) − 1
k

L(x(t), τ),

L(x(t),τ)=B′P
∫ 0

−τ

eA(−s)Bσ

(
1
k

B′PeAτx(s+t−τ)
)
ds.

And let ∆(τ) be such that |L(x(t), τ)| ≤ ∆(τ),∀x ∈ R2.
Such a ∆(τ) exists because P (k) is bounded by Lemma 1.

It is then clear that 1
kB′PeAτx(t−τ) > 1 if 1

kB′Px(t) >
1 + ∆(τ)/k and 1

kB′PeAτx(t − τ) < −1 if 1
kB′Px(t) <

−1 − ∆(τ)/k. Denote

Ωτ,k :=
{

x ∈ R2 :
∣∣∣∣1kB′Px(t)

∣∣∣∣ ≤ 1 +
∆(τ)

k

}
⊃ Ωns.

For every x(t) ∈ Ωτ,k,∣∣∣∣ 1
k(1 + ∆(τ)/k)

B′Px(t)
∣∣∣∣ ≤ 1,
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and, by Lemma 2,

σ

(
1
k

B′Px(t − τ)
)

∈ co{Hi(x(t), τ), i = 1, 2},(20)

Hi(x(t), τ) = Di

(
1
k

B′Px(t) − 1
k

L(x(t), τ)
)

+ D−
i

1
k(1 + ∆(τ)/k)

B′Px(t).

Hence,

V̇ = x′(t)P
(

Ax(t)−Bσ

(
1
k

B′PeAτx(t−τ)
))

+
(

Ax(t)−Bσ

(
1
k

B′PeAτx(t−τ)
))′

Px(t)

≤ max
i∈{1,2}

{x′(t)P [Ax(t) − BHi(x(t), τ)]

+ [Ax(t) − BHi(x(t), τ)]′ Px(t)
}

= max
i∈{1,2}

{
x′(t)

(
PA + A′P − 2

k
PBB′P

)
x(t)

+
2∆(τ)

k2(1 + ∆(τ)/k)
x′(t)PBD−

i B′Px(t)

−2
k

x′(t)PBDiL(x(t), τ)
}

. (21)

Similar to (20), we have

σ

(
1
k

B′Px(s + t − τ)
)

∈ co{Ji(x(t), τ), i=1, 2}, (22)

Ji(x(t), τ) = Di
1
k

B′Px(s + t − τ)

+ D−
i

1
k(1 + ∆(τ)/k)

B′Px(t).

by which and (5), (21) can be continued as follows,

V̇ ≤ max
i,j∈{1,2}

{
−1

k
x′(t)x(t)

+
2∆(τ)

k2(1 + ∆(τ)/k)
x′(t)PBDiB

′Px(t)

+
2
k2

x′(t)PBD−
i B′P

×
[∫ 0

−τ

eA(−s)B
(
DjB

′PeAτx(s + t − τ)

+
1

(1 + ∆(τ)/k)
D−

j B′Px(t)
)

ds

]}

≤ max
i,j∈{1,2}

{
−1

k
x′(t)x(t)

+
∆(τ)

k2(1 + ∆(τ)/k)
x′(t)W 1

i (P )x(t)

+
1
k2

(
x′(t)W 2

ij(P, τ)x(t)+
∫ 0

−τ

V (t + s − τ)ds

+
1

(1 + ∆(τ)/k)
x′(t)W 3

ij(P, τ)x(t)
)}

, (23)

where

W 1
i (P ) = 2PBDiBP,

W 2
ij(P, τ) = 2PBD−

i B′P
∫ 0

−τ

(
eA(−s)BDjB

′PeAτ

×P−1eA′τPBDjB
′eA′(−s)

)
dsPBDiB

′P,

W 3
ij(P, τ) = 2PBD−

i B′P
∫ 0

−τ

eA(−s)BD−
j B′Pds,

i ∈ [1, 2], j ∈ [1, 2].

Here and elsewhile V (t) := V (x(t)) and V̇ := V̇ (t) =
V̇ (x(t)).

It follows from Lemma 1 that, for any constant ε > 0,
there exists a k∗

1(ε) > 0 such that, for all k1 ≥ k∗(ε),

− 1
k

I + max
i,j∈{1,2}

1
k2

(
∆(τ)

1 + ∆(τ)/k
W 1

i + W 2
ij(P, τ)

+ετP +
1

(1 + ∆(τ)/k)
W 3

ij(P, τ)
)

≤ − 1
2k

I. (24)

Thus, under the condition that

V (t + θ) < εV (t), ∀ θ ∈ [−τ, 0], (25)

we have,

V̇ ≤ max
i,j∈{1,2}

x′(t)
[
−1

k
I

+
1
k2

(
∆(τ)

(1 + ∆(τ)/k)
W 1

i (P )

+W 2
ij(P, τ) + τεV (x(t))

+
1

(1 + ∆(τ)/k)
W 3

ij(P, τ)
)]

x(t)

≤ − 1
2k

x′(t)x(t),∀x ∈ Ωτ,k,∀k ≥ k∗
1(ε). (26)

Now, for ε = 2, let ρ > 0 be such that ε(P, ρ) ⊂ Ωτ,k for
all k ≥ k∗

1(2). Thus, by Theorem 1, the closed-loop system
(13) is asymptotically stable and MV (ρ) is an invariant set
inside the domain of attraction.

Next, for all x ∈ Ωτ,k\ε(P, ρ), V (x) ≥ ρ. It thus follows
from [10, Exercise 3.6] that, within the region Ωτ,k\ε(P, ρ),
the condition (25) holds for some ε1 > 0. Hence,

V̇ < 0, ∀x ∈ Ωτ,k \ ε(P, ρ),∀k ≥ k∗
1(ε1). (27)

We now pick k∗ = max{k∗
1(2), k∗

1(ε1)} and assume that
k ≥ k∗.

Finally, for x(t) /∈ Ωτ,k, | 1kB′Px(t)| > 1 + ∆(τ)

k which
implies | 1kB′PeAτx(t−τ)| > 1, and the closed-loop system

(13) simplifies to (17) if 1
kB′Px(t) > 1 + ∆(τ)

k . For this
system, it has been shown earlier that any trajectory starting
from a point to the right of xt will enter the region Ωτ,k, and
any trajectory starting from a point xs to the left of xt will
travel along an arc to reach xe in a finite time, with V (xe) <
V (xs). We can draw similar conclusion if 1

kB′Px(t)<−1−
∆(τ)

k . So every trajectory of the closed-loop system (13)-
(14) will enter and remain in ε(P, ρ) in a finite time. We
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conclude that the closed-loop system with any k ≥ k∗ is
globally asymptotically stable at the origin. �

IV. EXAMPLES

Example 1: Consider the system

ẋ(t) =
[

0 2
−2 0

]
x(t) +

[
1
5

]
σ(u(t − τ)). (28)

Following the design procedure given in Section III, we
obtain the following feedback law

u(t) = −1
k
{[(p1(k) + 5p2(k)) cos(2τ)

−(p2(k) + 5p3(k)) sin(2τ)] x1(t)
+ [(p1(k) + 5p2(k)) sin(2τ)
+ (p2(k)+5p3(k)) cos(2τ)] x2(t)} ,

where p1, p2 and p3 are defined in (6), (7) and (8)
respectively. Shown in Figs. 2-4 are some simulation results
for τ = 3 seconds with a choice of k = 10. We note
that V (x(t)) does not decrease to zero monotonically. The
oscillation in the value of V (x(t)) is caused by the fact that
V̇ < 0 cannot be guaranteed in a region where the control
input is saturated.

0 10 20 30 40 50 60 70
−80

−60

−40

−20

0

20

40

60

80

t

x
1

Fig. 2. Example 1. The states x1 of the closed-loop system.

0 10 20 30 40 50 60 70
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

t

u(t)

Fig. 3. Example 1. The control u(t).

Example 2: Consider the example given in [12]. The system
is (1)-(2) with (A,B) as given in (3). It is shown in [12]
that, for τ = 3π/4, the magnitude of the control input must
be small than 0.1. Indeed, it was shown that, under the
controller of [12] with a magnitude of 0.1, the trajectories

0 10 20 30 40 50 60 70
0

200

400

600

800

1000

1200

t

V(t)

Fig. 4. Example 1. The Lyapunov function V (x(t)).

of the closed-loop system with τ = 3π/4 and relatively
small initial conditions diverge.

Following the design procedure of Section III, we obtain
the following feedback law

u(t) = −1
k
{[p2(k) cos(τ) − p3(k) sin(τ)] x1(t)

+ [p2(k) sin(2τ) + p3(k) cos(2τ)] x2(t)} ,

where p2 and p3 are defined in (7) and (8) respectively.
Simulation results (Figs. 5-8) show that the controller (29)
with k = 5 is able to stabilize the system with τ = π/4,
and the controller (29) with k = 10 is able to stabilize
the system with τ = 3π/4 while making full use of the
allowable level of the controller input. Simulation results
plotted in Fig. 9,10 show also that the state response of the
closed-loop system, with τ = π/4, under the controller (29)
is much faster than that under the controller of [12].

0 50 100 150
−3

−2

−1

0

1

2

3

t

x
1

Fig. 5. Example 2. The states x1 of the closed-loop system with delay
τ = π

4
.

V. CONCLUSIONS

This paper revisits the problem of global stabilizaiton
for the oscillator with arbitrary time-delay and saturation
in the input. An alternative design was proposed that
strengthens an existing globally stabilizing feedback law by
not requiring the control input to be sufficiently small. This
improves the efficiency and the performance of the closed-
loop system.
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Fig. 6. Example 2. The states x1 of the closed-loop system with delay
τ = 3π

4
.
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Fig. 7. Example 2. The control u(t) of the closed-loop system with delay
τ = π

4
.

0 50 100 150
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Fig. 8. Example 2. The control u(t) of the closed-loop system with delay
τ = 3π

4
.
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