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Abstract— Using the method of Linear matrix inequal-
ities(LMI), this paper considers the H., dynamic output
feedback control for descriptor systems with delayed-state.
The controller is one descriptor system without delay. Several
equivalent sufficient conditions for the existence of one descrip-
tor dynamic controller without impulsive models are given.
Furthermore the explicit expression of the desired controller
is obtained. Finally one example is given to show the validity
of the proposed results.

I. INTRODUCTION

Singular systems have comprehensive practical back-
ground such as power systems[1, 2], social economic sys-
tems[3], circuit systems[4], and so on. Great progress[5-
7] has been made in the theory and its applications since
1970s. On the other hand, Control of delay systems has
been a topic of recurring interest over the past decades since
time-delays are often the main causes for instability and
poor performance of systems and encountered frequently in
various engineering systems. There have existed an exten-
sive literature in this field [8]-[15]. In recent years some
researchers have turned their attentions to singular time
delay systems. For example, paper [16] studied singular
LQ problem for discrete singular systems with multiple
time delays. In paper [17], robust stability was analyzed
for discrete singular time delay systems with uncertainty.
For the continuous time systems, literatures [18,19] gave
the numerical solution for such system. Paper [20] dis-
cussed the stability problem for linear delay differential
algebraic equations, while paper [21] analyzed the stability
problem for nonlinear delay differential algebraic equations.
However in papers [20,21], no uncertainty appeared. Paper
[22] considered robust stability and stabilization for singular
time delay systems with uncertainty, while paper [23]
studied guaranteed cost control for such systems.

In this note, we investigate the H., control problem for
linear singular systems with delay in state. Here we design
one singular dynamic output feedback controller without
impulsive modes. This paper first gives the sufficient condi-
tion, which ensures the closed loop is asymptotically stable
and has H.,-norm bound. Using the method of LMI, we
give several equivalent sufficient condition for the existence
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of a controller without impulsive modes. Furthermore, the
explicit expression of the desired controller is presented.

II. PROBLEM SETTING

Let us consider the following descriptor system with
delayed-state:

Ei(t) = Ax(t) + Asx(t — 7) + Brw(t) + Bau(t)
Z(t) = le(t) + an(t) + D12u(t) (1)
y(t) == CQI(t) + Dzlw(t) + Dggu(t)

where, € R" is the descriptor variable, u(t) € R™ is the
control input, w € RY is the exogenous input, X (t) € R?®
is the controlled output and y(t) € RP is the measured
output E, A, AT, Bl, BQ, Cl, CQ, Dll; D12, D21 and D22
are constant matrices with appropriate sizes. The matrix E
has rank ~, (v < n) without loss of generality, we assume
that D;; = 0,4,7 = 1,2. 7 > 0 is given constant.

The aim of the paper is to design a dynamic output
feedback controller as follows:

Eiy(t) = Apzy(t) + Bry(t) (2)
u(t) = Crai(t)

We hope that the resulting closed-loop

E.i.(t) = Acxe(t) + Acrze(t — 7) + Bow(t)

2(t) = Coze(t) (3)
satisfies:
(1) zero-solution is asymptotically stable;
) | Tew(s)lloo < - “)
here,
| E 0 _ A ByCy
E°_{0 E:|7Ac_|:BkCQ A }
| A 0 | B
e[ ome[ ] e
_ | =®
Co=[C 0],z [mk(t)}

and ||T.,(s)|| = Co(sE. — Ae — Aere ™) 1B, is the
transfer function of closed-loop, v > 0 is given constant.
Additional we need the following lemmas:
Lemmal.['") There exists X € R"*" such that
ETX =XTE>0
ATX +XTA<0
iff A pair (E, A) is admissible, i.e.,
(a) det(sE — A) £ 0;
(b) degree{det(sE — A)} = rankE;
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(c) the finite eigenvalues of det(sE — A) are all in open
Qi+Wr Q2

left plane.
<
o o]

0, where 1, W; are all symmetric matrices, if symmetric
matrix Wo < W7, then

[ Qi+Wy Q2
QF Q4

III. CONTROLLER DESIGN

Lemma?2. The partitioned matrix [

| <o

First, we give a sufficient condition for the asymptotic
stability of the closed-loop system (3).

Theorem 1. If there exist matrix X, € R?"*?" and
positive matrix Y € R™*™ such that:

Er'X.=X'E.>0 (6a)

ATX 4 XTAA+XT A0y 10T AT X +2dY®T < 0 (6D)

here, & = 0

asymptotically stable.

The proof is similar as the corresponding proof in liter-
ature [22] or [23].

Remarkl. Inequalities (6) are invariable in restricted
system equivalence transformation.

Remark2. By Lemma 1, when A, = 0 in the inequality
(6b), the corresponding descriptor system (E., A.) is ad-
missible. Therefore, theorem 1 is an extension for lemma
1.

Theorem 2. If there exist matrix X, € R?"*?" and
positive matrix Y € R™*"™ satisfy

In ], then the closed-loop system (3) is

Er'X.=X'E.>0

ATX 4+ XTA, + XT A @Y 10T AT X,
+®Y®" + ' X . B.B'X.+~v71CTC. <0

(9a)

(90)

I,
0
condition (4).
Proof. By theorem 1, it is only needed to prove
[Tow($)lloo < -
Using the method of literature [159-162], let

S=—(ATX.+ XTA, + XT A, dY 10T AT X,

+0YOT + ' XTB.BT'X.+~7'CTC,) >0
then

—S—ATX,— XTA, — XT A, Y 10T AL X,

—oY®T — 4 XTB.BTX, — v~ 'CTC, =0

where ¢ = }, then the closed-loop system satisfies

The above equality add and subtract E! X, wj,
XTAire 7T and AT X €77, using the condition (9), we
get

(—jwEr — AT — AL ") X + X (jwE. — A,
—Aere ) — 47 IXTB. BT X, — v~ 10T C,
_5— (XT A, &Y 1TAT X, — AT X civm
“XT Aure T £ SYPT) = 0

and
(XT A, @Y 10 1AT X, — AT X evT
—XT A e 4 oY BT
— ((I)TAZ“TXcerJT _ Y@T)*y—l((I)TAZ“TXceij _ Y(I)T)
£ W (jw) >0

Write X (jw) = (jwE. — A. — Ag e 7%7T)71
then T,,(s) = C.X(jw)B.. Premultiply equality (10)
with (X (jw)B.)*, and postmultiply the resulting with
X (jw)B,, obtain

'7_1Tz*szw
= BTX X (jw)B. + (BY XX (jw)Be)*
_771(BCTXCX(jw)Bc)*(BcTXcX(jw)Bc)*
—(X(jw)Be)*(W(jw) + ) X (jw) Be
Because W (jw) 4+ S > 0, have
v - ’Y_IT;szw
> 4T — BT X X (jw)B. — (BT X.X (jw)B.)*
-t (BZXCX(jw)Bc)* (BZXCX(_]’U))BC)
= (v31 =72 BT XX (ju)Be)*(v2 I~
772 BeXoX (jw)Be)
>0
Theorem || T4, (8)||co < 7. The proof is completed.

Using Schur complement, inequality (9b) can be rewritten
as

F(’% XC: Y7 AC7 ACTa BC’ Cl‘)

ATX . + XTA. +oYdT XTA..® XIB. CT
B T AL X, -Y 0 0
- BT X, 0 - 0
C. 0 0 —~1

<0
(11)
From Theorem 2, to design controller (2), to solve
Ay, B, Cy, is to solve inequalities (9a) and (11). It is
difficult to solve quadratic inequality (11). Next, this paper
introduce a nonlinear transformation which will change
equivalently quadratic inequality to a new linear inequality.
Therefore, assume inequalities (9a) and (11) have solution
X, and let

X, = [ ))((3 ;21 } , X e RV" X; € R™" i =2,3,4
(12)
From inequality (9b), we know det X, # 0. Without loss
of generality, we assume that the matrices X, Xo, X3, X4
are all nonsingular. If this is not satisfied, we can take some

modification similar as in literature [10]. Write

I 0 I 0
=0 xxo | =] xix ]
Ty
, (13)
T — n
3 I,
I,
have
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_ X X
Xc = TIXCT2 = |: X XX;1X4X;1X :| (14)
= o7 [ E 0
Ee=T" BT = { 0 X TXTEX;'X (150)
©a) | £ 0
|0 E
A, =T TAT,
B A BCLX;'X
| XTTXTBCy XTTXTAX'X (15b)
A 7A B%Ck
| BiCy Ay
= T _ | Bi
o= Bc‘[ 0 } (15¢)
Ce=CTy=[C1 0]
_ A, 0
A =Ty T AL Ty = Ay = [ 0 0 } (15d)
where,
A= XTXTAX, ' X, B, = X T X] By, (15¢)

Cr = Cp X5 'X
Because  closed-loop  (E., A, A.r,B.,C.) and

(Ee,Aey Aery, Be, C.) are algebraically equivalent, they
have the same transfer function. Furthermore,

XIE = T{XTT{ 17T BT, = TIXTET: (0
= TTETX.Ty = E.XT > 0

and
F(’Y? XC7 Y7 AC7 ACT; BC7 éc)

=T30'(v, X,,Y, Ac, Aer, Be, Co)TY (16b)

Using Theorem 2, closed-loop (E., A., A.r, B., C.) and

(E., A¢y Aer, Be, C.) simultaneously satisfy condition (4).
Noticing

I 011 X X 1[1 —-X'X,
—X3X_1 I X3 Xy 0 I

:[ 0 X4— X3X1X,

(17)
set X4 — X3X 1 X, is nonsingular. Let
XX X X' X - X
1 —1 -1 —1 (18)
=XX;(Xy - X3 X ' X)X’ X =S
then rewrite X, as

- X X

X°_[X S‘1+X] (19)

Write

the

- T -8
-1 _
=[5 7

Comparing the coefficient matrices of closed-loop
(Bey Aoy Aoy, B, C.)  and  (E., Ac, Aer, Be, Co),  we
see the difference between them 1is the controller
parameters (Ay, B, Cy) and (A, By, Cy). Therefore,
without generality, from now on we directly see
(Ee,A¢y Aery Be, Cey Ay, By, Ci,) and X, in equalities (2),
(3) and (12) as (E., A., A.r, Be, Ce, Ay, By, Cy) and X,
in equalities (15) and (19).

Write
T,
T -ST I,
T4—[I 0 ],T5— I (20)
1,
From
T, X'E.T] =TWEFX.T] >0 (21)
get:
E 0 7T I
0o ET I X
A ET 0 -0 (22)
|1 X7 0 E |-
And from
TsD(v, X, Y, Ac, Aer, Be, Co)TE <0 (23)
get:
a(’y»W37WC7VV7X7Y7TaL)
N L A, B, TCT
T Q  XTA, XT'B, of
=| AT AIX -v 0 0 <0
BT  BIX 0 —~I 0
CiTT ¢y 0 0 —I
(24)

where
W=TYTT W, =C,S,Wg =XTB,
L=A+TATX —-WEBIX +TCTW}
~STATX +TY
O =ATT + TAT - B,W, - WIBT +W
Q=Y +XTA+ ATX + WCy + CTWE

Study the inequalities (22),(24) and equality (25), it
is obvious that equality (25) is a nonlinear transforma-
tion which change the matrices Ay, By, Cy,Y, X, T, S to
Wp,We,W,Y and L. Inequalities (22) and (24) are
linear about unknown matrices X,Y, T, Wg, Wo, W and
L. Therefore, the problem to solve controller parameter
Ay, By, Cy, is changed to solve linear inequalities (22) and
24) to get X, Y, T, W, We, W and L, and from these
matrices obtain Ay, By, C) according to equality (25).

Using Lemma 2, we have the main result of this paper.

Theorem 3. (1) The following statement (a), (b), (c) are
equivalent.
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(a) There exists controller (2), which makes the closed-
loop system satisfies inequalities (9).

(b) There exist matrices (Wg, We, W, X,Y, T, L), here,
T
Y >0W>0W>W=TYTT and X, jif )I(
are nonsingular, which satisfy inequalities (22) and (24);

(c) There exist matrices (WB,WC,V_V,X,_Y,Y;), here,
Y >0,W >0W>W =TYTT and X, I X
are nonsingular, which satisfy (22) and the following LMIs:

I, A, B TCY
AT vy 0 0
CiTT 0 0 —vI
I, XTA, XTB, cCf
AT X -Y 0 0
My = BIX 0 AT 0 <0 (26b)
Ch 0 0 —I
where 11, = ATT + TAT — BoW, — WXBT + W, Iy =

Y+ XTA+ ATX + WpCo + CTWE
(2) If inequalities (22) and (26) have solution
(W, We, W, X,Y,T), here, Y > 0, W >0, W > W =

TT
T
TYTTand X, | °, o

of H., dynamic output feedback has one solution:

nonsingular, then the problem

B, = xX-T Wg,Cr = WCS_l

A = (AT + A Y™ 1AT+’Y_IBlBT)S
—BsC), + BrCy + X~ TATS—1
+XT(Y +y7 10T o) (I + X181

(27)

Proof. The equivalence about (a), (b) has been chiscussed
I

in the above. Regarding the nonsingularity of I x|

notice that:
I —Xx-! 7T I I 0
[O 1 }{I X}{—XII]
TT — X‘1 0
- 3
X

S=T1T !

It is obvious that (b) implies (c). Next prove that (b) can
be obtained from (c). Take

I 0 A Y™t ~7iBy ~7iTCT

0 I 0 0 0
Ts=10 0 1 0 0

0 O 0 I 0

0 0 0 0 I

Then

Tﬁa(va WB7 WC7 Wa Xa K Ta L)T6T

o L A, B, TCT

LT Q  XTA, XTB, of
=Ts| AT ATX -Y 0 0o |T¢
B BfX 0 —~I 0
ClTT C1 0 0 —"/I

K|F 0 0 0

H

Il
c oo

here,
K = ATT + TAT — BoW,. - WIBT + W
+A, Y YAT 4+ 471By BT + 4 trCt e TT
F=L+A Y 'ATX + 4 'BBfX +~y~'TCTCy
G=FT
H = M,
From (25), (26), (27), obtain
K<0,F=0,H<O0

So inequality (24) holds. The proof is completed.

Further, from the above {E, Ay, By, C) }, we get a proper
controller as follows: Based on a singular-value decompo-
sition of F, we represent F and Ay by

X 0

A:UE{O O]V57Ak:UE{A11 Ao

N N \%
Ay Ago } £
where ¥ > 0, if Agg is nonsingular, the controller is regular

and has no impulsive modes. If Ay is singular we redefine

A as
A11 Ay

] T

Ay Agy + pl

where p > 0 is a scalar such that Agy + I is nonsingular
and such that the new E, A}, By,.

Example. Design H,, output feedback controller for
system (1) with the following data:

10 -2 3 10
E:[o 0]’ A:[—l —1]’A’L:{o.2 1]’

0.1 0 1
Bl[o.z}’ 32[0.1 0.2]’

Ci=[0 05].Co=[3 1],

When take v = 1, solve LMIs (22),(26a),and(26b), get
controller (2) from (27), where

A;;:U[

A _ | —1e38T  —so60 | o _ [ -0.1236
= —55.0352 —0.9950 |[>"F | —9.5649
C,_ | 51546 —2.7035
BTl —0.3268  0.1023
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IV. CONCLUSIONS AND FUTURE WORKS

The paper has discussed the H, output feedback control
for descriptor systems with delayed-state. Using the method
of LMI, several equivalent sufficient conditions have been
obtained, which ensure that the closed-loop system is
zero-solution asymptotically stable and satisfies H,, norm
bound. Furthermore we give the controller’s design, and the
controller has no impulsive modes.
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