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Abstract— Using the method of Linear matrix inequal-
ities(LMI), this paper considers the H∞ dynamic output
feedback control for descriptor systems with delayed-state.
The controller is one descriptor system without delay. Several
equivalent sufficient conditions for the existence of one descrip-
tor dynamic controller without impulsive models are given.
Furthermore the explicit expression of the desired controller
is obtained. Finally one example is given to show the validity
of the proposed results.

I. INTRODUCTION

Singular systems have comprehensive practical back-
ground such as power systems[1, 2], social economic sys-
tems[3], circuit systems[4], and so on. Great progress[5-
7] has been made in the theory and its applications since
1970s. On the other hand, Control of delay systems has
been a topic of recurring interest over the past decades since
time-delays are often the main causes for instability and
poor performance of systems and encountered frequently in
various engineering systems. There have existed an exten-
sive literature in this field [8]-[15]. In recent years some
researchers have turned their attentions to singular time
delay systems. For example, paper [16] studied singular
LQ problem for discrete singular systems with multiple
time delays. In paper [17], robust stability was analyzed
for discrete singular time delay systems with uncertainty.
For the continuous time systems, literatures [18,19] gave
the numerical solution for such system. Paper [20] dis-
cussed the stability problem for linear delay differential
algebraic equations, while paper [21] analyzed the stability
problem for nonlinear delay differential algebraic equations.
However in papers [20,21], no uncertainty appeared. Paper
[22] considered robust stability and stabilization for singular
time delay systems with uncertainty, while paper [23]
studied guaranteed cost control for such systems.

In this note, we investigate the H∞ control problem for
linear singular systems with delay in state. Here we design
one singular dynamic output feedback controller without
impulsive modes. This paper first gives the sufficient condi-
tion, which ensures the closed loop is asymptotically stable
and has H∞-norm bound. Using the method of LMI, we
give several equivalent sufficient condition for the existence
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of a controller without impulsive modes. Furthermore, the
explicit expression of the desired controller is presented.

II. PROBLEM SETTING

Let us consider the following descriptor system with
delayed-state:

Eẋ(t) = Ax(t) + A2x(t − τ) + B1w(t) + B2u(t)
z(t) = C1x(t) + D11w(t) + D12u(t)
y(t) = C2x(t) + D21w(t) + D22u(t)

(1)

where, x ∈ Rn is the descriptor variable, u(t) ∈ Rm is the
control input, w ∈ Rq is the exogenous input, X(t) ∈ Rs

is the controlled output and y(t) ∈ Rp is the measured
output E, A,Aτ , B1, B2, C1, C2, D11, D12, D21 and D22

are constant matrices with appropriate sizes. The matrix E
has rank γ, (γ ≤ n) without loss of generality, we assume
that Dij = 0, i, j = 1, 2. τ > 0 is given constant.

The aim of the paper is to design a dynamic output
feedback controller as follows:

Eẋk(t) = Akxk(t) + Bky(t)
u(t) = Ckxk(t) (2)

We hope that the resulting closed-loop

Ecẋc(t) = Acxc(t) + Acτxc(t − τ) + Bcw(t)
z(t) = Ccxc(t)

(3)

satisfies:
(1) zero-solution is asymptotically stable;
(2) ‖Tzw(s)‖∞ ≤ γ. (4)
here,

Ec =
[

E 0
0 E

]
, Ac =

[
A B2Ck

BkC2 Ak

]

Acτ =
[

Aτ 0
0 0

]
, Bc =

[
B1

0

]

Cc =
[

C1 0
]
, xc(t) =

[
x(t)
xk(t)

] (5)

and ‖Tzw(s)‖ = Cc(sEc − Ac − Acτe−sτ )−1Bc is the
transfer function of closed-loop, γ > 0 is given constant.

Additional we need the following lemmas:
Lemma1.[10] There exists X ∈ Rn×n such that

ET X = XT E ≥ 0
AT X + XT A < 0

iff A pair (E, A) is admissible, i.e.,
(a) det(sE − A) �= 0;
(b) degree{det(sE − A)} = rankE;
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(c) the finite eigenvalues of det(sE − A) are all in open
left plane.

Lemma2. The partitioned matrix

[
Q1 + W1 Q2

QT
2 Q4

]
<

0, where Q1,W1 are all symmetric matrices, if symmetric
matrix W2 ≤ W1, then[

Q1 + W2 Q2

QT
2 Q4

]
< 0

III. CONTROLLER DESIGN

First, we give a sufficient condition for the asymptotic
stability of the closed-loop system (3).

Theorem 1. If there exist matrix Xc ∈ R2n×2n and
positive matrix Y ∈ Rn×n such that:

ET
c Xc = XT

c Ec ≥ 0 (6a)

AT
c Xc+XT

c Ac+XT
c AcτΦY −1ΦT AT

cτXc+ΦY ΦT < 0 (6b)

here, Φ =
[

In

0

]
, then the closed-loop system (3) is

asymptotically stable.
The proof is similar as the corresponding proof in liter-

ature [22] or [23].
Remark1. Inequalities (6) are invariable in restricted

system equivalence transformation.
Remark2. By Lemma 1, when Aτ = 0 in the inequality

(6b), the corresponding descriptor system (Ec, Ac) is ad-
missible. Therefore, theorem 1 is an extension for lemma
1.

Theorem 2. If there exist matrix Xc ∈ R2n×2n and
positive matrix Y ∈ Rn×n satisfy

ET
c Xc = XT

c Ec ≥ 0 (9a)

AT
c Xc + XT

c Ac + XT
c AcτΦY −1ΦT AT

cτXc

+ΦY ΦT + γ−1XcBcB
T
c Xc + γ−1CT

c Cc < 0 (9b)

where Φ =
[

In

0

]
, then the closed-loop system satisfies

condition (4).
Proof. By theorem 1, it is only needed to prove

‖Tzw(s)‖∞ ≤ γ.
Using the method of literature [159-162], let

S = −(AT
c Xc + XT

c Ac + XT
c AcτΦY −1ΦT AT

cτXc

+ΦY ΦT + γ−1XT
c BcB

T
c Xc + γ−1CT

c Cc) > 0

then

−S − AT
c Xc − XT

c Ac − XT
c AcτΦY −1ΦT AT

cτXc

−ΦY ΦT − γ−1XT
c BcB

T
c Xc − γ−1CT

c Cc = 0

The above equality add and subtract ET
c Xcwj,

XT
c Acτe−jwτ and AT

cτXce
jwτ , using the condition (9), we

get

(−jwET
c − AT

c − AT
cτejwτ )Xc + XT

c (jwEc − Ac

−Acτe−jwτ ) − γ−1XT
c BcB

T
c Xc − γ−1CT

c Cc

−S − (XT
c AcτΦY −1ΦT AT

cτXc − AT
cτXce

jwτ

−XT
c Acτe−jwτ + ΦY ΦT ) = 0

and

(XT
c AcτΦY −1Φ−1AT

cτXc − AT
cτXce

jwτ

−XT
c Acτe−jwτ + ΦY ΦT )

= (ΦT AT
cτXce

jwτ − Y ΦT )∗Y −1(ΦT AT
cτXce

jwτ − Y ΦT )
�
= W (jw) ≥ 0

Write X(jw) = (jwEc − Ac − Acτe−jwτ )−1,
then Tzw(s) = CcX(jw)Bc. Premultiply equality (10)
with (X(jw)Bc)∗, and postmultiply the resulting with
X(jw)Bc, obtain

γ−1T ∗
zwTzw

= BT
c XcX(jw)Bc + (BT

c XcX(jw)Bc)∗

−γ−1(BT
c XcX(jw)Bc)∗(BT

c XcX(jw)Bc)∗

−(X(jw)Bc)∗(W (jw) + S)X(jw)Bc

Because W (jw) + S > 0, have

γI − γ−1T ∗
zwTzw

≥ γI − BT
c XcX(jw)Bc − (BT

c XcX(jw)Bc)∗

−γ−1(BT
c XcX(jw)Bc)∗(BT

c XcX(jw)Bc)
= (γ

1
2 I − γ− 1

2 BT
c XcX(jw)Bc)∗(γ

1
2 I−

γ− 1
2 BcXcX(jw)Bc)

≥ 0

Theorem ‖Tzw(s)‖∞ ≤ γ. The proof is completed.
Using Schur complement, inequality (9b) can be rewritten

as
Γ(γ, Xc, Y, Ac, Acτ , Bc, Cc)

=

⎡
⎢⎣

AT
c Xc + XT

c Ac + ΦY ΦT XT
c AcτΦ XT

c Bc CT
c

ΦT AT
cτXc −Y 0 0

BT
c Xc 0 −γI 0
Cc 0 0 −γI

⎤
⎥⎦

< 0
(11)

From Theorem 2, to design controller (2), to solve
Ak, Bk, Ck is to solve inequalities (9a) and (11). It is
difficult to solve quadratic inequality (11). Next, this paper
introduce a nonlinear transformation which will change
equivalently quadratic inequality to a new linear inequality.
Therefore, assume inequalities (9a) and (11) have solution
Xc, and let

Xc =
[

X X2

X3 X4

]
, X ∈ Rn×n, Xi ∈ Rn×n, i = 2, 3, 4

(12)
From inequality (9b), we know detXc �= 0. Without loss

of generality, we assume that the matrices X, X2, X3, X4

are all nonsingular. If this is not satisfied, we can take some
modification similar as in literature [10]. Write

T1 =
[

I 0
0 XX−1

3

]
, T2 =

[
I 0
0 X−1

2 X

]

T3 =

⎡
⎢⎢⎣

TT
2

In

Iq

Is

⎤
⎥⎥⎦

(13)

have
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X̄c = T1XcT2 =
[

X X
X XX−1

3 X4X
−1
2 X

]
(14)

Ēc = T−T
1 EcT2 =

[
E 0
0 X−T XT

3 EX−1
2 X

]

(9a)
=

[
E 0
0 E

] (15a)

Āc = T−T
1 AcT2

=
[

A BCkX−1
2 X

X−T XT
3 BkC2 X−T XT

3 AkX−1
2 X

]

�
=

[
A B2C̄k

B̄kC2 Āk

] (15b)

B̄c = T−T
1 Bc =

[
B1

0

]

C̄c = CcT2 =
[

C1 0
] (15c)

Ācτ = T−T
1 AcτT2 = Acτ =

[
Aτ 0
0 0

]
(15d)

where,

Āk = X−T XT
3 AkX−1

2 X, B̄k = X−T XT
3 Bk,

C̄k = CkX−1
2 X

(15e)

Because closed-loop (Ēc, Āc, Ācτ , B̄c, C̄c) and
(Ec, Ac, Acτ , Bc, Cc) are algebraically equivalent, they
have the same transfer function. Furthermore,

X̄T
c Ēc = TT

2 XT
c TT

1 T−T
1 EcT2 = TT

2 XT
c EcT2

= TT
2 ET

c XcT2 = ĒcX̄
T
c > 0

(16a)

and

Γ(γ, X̄c, Y, Āc, Ācτ , B̄c, C̄c)
= T3Γ(γ, Xc, Y, Ac, Acτ , Bc, Cc)TT

3
(16b)

Using Theorem 2, closed-loop (Ēc, Āc, Ācτ , B̄c, C̄c) and
(Ec, Ac, Acτ , Bc, Cc) simultaneously satisfy condition (4).

Noticing[
I 0

−X3X
−1 I

] [
X X2

X3 X4

] [
I −X−1X2

0 I

]

=
[

X 0
0 X4 − X3X

−1X2

]

(17)
set X4 − X3X

−1X2 is nonsingular. Let

XX−1
3 X4X

−1
2 X − X

= XX−1
3 (X4 − X3X

−1X2)X−1
2 X = S−1 (18)

then rewrite X̄c as

X̄c =
[

X X
X S−1 + X

]
(19)

Write
TT = S + X−1

the

X̄−1 =
[

TT −S
−S S

]

Comparing the coefficient matrices of closed-loop
(Ēc, Āc, Ācτ , B̄c, C̄c) and (Ec, Ac, Acτ , Bc, Cc), we
see the difference between them is the controller
parameters (Āk, B̄k, C̄k) and (Ak, Bk, Ck). Therefore,
without generality, from now on we directly see
(Ec, Ac, Acτ , Bc, Cc, Ak, Bk, Ck) and Xc in equalities (2),
(3) and (12) as (Ēc, Āc, Ācτ , B̄c, C̄c, Āk, B̄k, C̄k) and X̄c

in equalities (15) and (19).
Write

T4 =
[

T −ST

I 0

]
, T5 =

⎡
⎢⎢⎣

T4

In

Iq

Is

⎤
⎥⎥⎦ (20)

From
T4X

T
c EcT

T
4 = T4E

T
c XcT

T
4 ≥ 0 (21)

get:
[

E 0
0 ET

] [
TT I
I X

]

=
[

T I
I XT

] [
ET 0
0 E

]
≥ 0

(22)

And from

T5Γ(γ, Xc, Y, Ac, Acτ , Bc, Cc)TT
5 < 0 (23)

get:

α(γ, WB ,WC , W, X, Y, T, L)

=

⎡
⎢⎢⎢⎢⎣

Ω1 L Aτ B1 TCT
1

LT Ω2 XT Aτ XT B1 CT
1

AT
τ AT

τ X −Y 0 0
BT

1 BT
1 X 0 −γI 0

C1T
T C1 0 0 −γI

⎤
⎥⎥⎥⎥⎦ < 0

(24)
where⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

W = TY TT ,Wc = CkS,WB = XT Bk

L = A + TAT X − WT
C BT

2 X + TCT
2 WT

B

−ST AT
k X + TY

Ω1 = ATT + TAT − B2Wc − WT
c BT

2 + W
Ω2 = Y + XT A + AT X + WBC2 + CT

2 WT
B

Study the inequalities (22),(24) and equality (25), it
is obvious that equality (25) is a nonlinear transforma-
tion which change the matrices Ak, Bk, Ck, Y, X, T, S to
WB ,WC ,W, Y and L. Inequalities (22) and (24) are
linear about unknown matrices X, Y, T,WB ,WC ,W and
L. Therefore, the problem to solve controller parameter
Ak, Bk, Ck is changed to solve linear inequalities (22) and
(24) to get X, Y, T,WB ,WC ,W and L, and from these
matrices obtain Ak, Bk, Ck according to equality (25).

Using Lemma 2, we have the main result of this paper.
Theorem 3. (1) The following statement (a), (b), (c) are

equivalent.
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(a) There exists controller (2), which makes the closed-
loop system satisfies inequalities (9).

(b) There exist matrices (WB ,WC , W̄ , X, Y, T, L), here,

Y > 0, W̄ ≥ 0, W̄ ≥ W = TY TT and X,

[
TT I
I X

]

are nonsingular, which satisfy inequalities (22) and (24);

(c) There exist matrices (WB ,WC , W̄ , X, Y, T ), here,

Y > 0, W̄ ≥ 0, W̄ ≥ W = TY TT and X,

[
TT I
I X

]

are nonsingular, which satisfy (22) and the following LMIs:

M1 =

⎡
⎢⎢⎣

Π1 Aτ B1 TCT
1

AT
τ −Y 0 0

BT
1 0 −γI 0

C1T
T 0 0 −γI

⎤
⎥⎥⎦ < 0 (26a)

M2 =

⎡
⎢⎢⎣

Π2 XT Aτ XT B1 CT
1

AT
τ X −Y 0 0

BT
1 X 0 −γI 0
C1 0 0 −γI

⎤
⎥⎥⎦ < 0 (26b)

where Π1 = ATT + TAT − B2Wc − WT
c BT

2 + W̄ , Π2 =
Y + XT A + AT X + WBC2 + CT

2 WT
B

(2) If inequalities (22) and (26) have solution
(WB ,WC , W̄ , X, Y, T ), here, Y > 0, W̄ ≥ 0, W̄ ≥ W =

TY TT and X,

[
TT I
I X

]
nonsingular, then the problem

of H∞ dynamic output feedback has one solution:

⎧⎪⎪⎨
⎪⎪⎩

Bk = X−T WB , Ck = WCS−1

Ak = (ATT + AτY −1AT
τ + γ−1B1B

T
1 )S−1

−B2Ck + BkC2 + X−T AT S−1

+X−T (Y + γ−1CT
1 C1)(I + X−1S−1)

(27)

Proof. The equivalence about (a), (b) has been discussed

in the above. Regarding the nonsingularity of

[
TT I
I X

]
,

notice that:

[
I −X−1

0 I

] [
TT I
I X

] [
I 0

−X−1 I

]

=
[

TT − X−1 0
0 X

]
,

S = TT − X−1

It is obvious that (b) implies (c). Next prove that (b) can
be obtained from (c). Take

T6 =

⎡
⎢⎢⎢⎢⎣

I 0 AτY −1 γ−1B1 γ−1TCT
1

0 I 0 0 0
0 0 I 0 0
0 0 0 I 0
0 0 0 0 I

⎤
⎥⎥⎥⎥⎦

Then

T6α(γ, WB ,Wc, W, X, Y, T, L)TT
6

= T6

⎡
⎢⎢⎢⎢⎣

Ω1 L Aτ B1 TCT
1

LT Ω2 XT Aτ XT B1 CT
1

AT
τ AT

τ X −Y 0 0
BT

1 BT
1 X 0 −γI 0

C1T
T C1 0 0 −γI

⎤
⎥⎥⎥⎥⎦ TT

6

=

⎡
⎢⎢⎢⎢⎣

K F 0 0 0
G
0 H
0
0

⎤
⎥⎥⎥⎥⎦

here,

K = ATT + TAT − B2Wc − WT
c BT

2 + W
+AτY −1AT

τ + γ−1B1B
T
1 + γ−1TCT

1 C1T
T

F = L + AτY −1AT
τ X + γ−1B1B

T
1 X + γ−1TCT

1 C1

G = FT

H = M2

From (25), (26), (27), obtain

K < 0, F = 0,H < 0

So inequality (24) holds. The proof is completed.
Further, from the above {E, Ak, Bk, Ck}, we get a proper

controller as follows: Based on a singular-value decompo-
sition of E, we represent E and Ak by

Ê = UE

[
Σ 0
0 0

]
V T

E , Âk = UE

[
Â11 Â12

Â21 Â22

]
V T

E

where Σ > 0, if Â22 is nonsingular, the controller is regular
and has no impulsive modes. If Â22 is singular we redefine
Â as

A∗
k = UE

[
Â11 Â12

Â21 Â22 + µI

]
V T

E

where µ > 0 is a scalar such that Â22 + µI is nonsingular
and such that the new E, A∗

k, Bk.
Example. Design H∞ output feedback controller for

system (1) with the following data:

E =
[

1 0
0 0

]
, A =

[ −2 3
−1 −1

]
, Ah =

[
1 0

0.2 1

]
,

B1 =
[

0.1
0.2

]
, B2 =

[
0 1

0.1 0.2

]
,

C1 =
[

0 0.5
]
, C2 =

[
3 1

]
,

When take γ = 1, solve LMIs (22),(26a),and(26b), get
controller (2) from (27), where

Ak =
[ −1.9387 −.8060

−55.0352 −0.9950

]
, Bk =

[ −0.1236
−9.5649

]
,

Ck =
[

5.1546 −2.7035
−0.3268 0.1023

]
.
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IV. CONCLUSIONS AND FUTURE WORKS

The paper has discussed the H∞ output feedback control
for descriptor systems with delayed-state. Using the method
of LMI, several equivalent sufficient conditions have been
obtained, which ensure that the closed-loop system is
zero-solution asymptotically stable and satisfies H∞ norm
bound. Furthermore we give the controller’s design, and the
controller has no impulsive modes.
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