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Abstract— This paper proposes a robust output feedback
controller for a class of nonlinear systems to track a desired
trajectory. Our main goal is to ensure the global input-to-state
(ISS) property of the tracking error nonlinear dynamics with
respect to the unknown structural system uncertainties and
external disturbances. Our approach consists of constructing
a nonlinear observer to reconstruct the unavailable states,
and then designing a discontinuous controller using a back-
stepping like design procedure to ensure the ISS property. The
observer design is realized through state transformation and
there is only one parameter to be determined. Through solving
a Hamilton-Jacoby inequality, the nonlinear control law for
the first subsystem specifies a nonlinear switching surface. By
virtue of nonlinear control for the first subsystem, the resulting
sliding manifold in the sliding phase possesses the desired ISS
property and to certain extent the optimality. Associated with
the new switching surface, the sliding mode control is applied
to the second subsystem to accomplish the tracking task. As a
result the tracking error is bounded and the ISS property of
the whole system can be ensured while the internal stability
is also achieved. Finally, an example is presented to show the
effectiveness of the proposed scheme.

I. INTRODUCTION

Output feedback tracking control has been the subject of
constant research over the past several decades. Despite the
efforts, robust tracking of general nonlinear systems remains
an open problem. In the literature, several approaches have
been proposed to deal with the output feedback control
in the presence of structured or unstructured uncertainties:
adaptive control approach [1], variable structure control
approach [2], and output dynamics controller with almost
disturbance decoupling [3], etc. However, the adaptive con-
trol approach, can only deal with systems with constant
parametric uncertainties. Oh and Khalil considered a non-
linear SISO system that can be represented by an input-
output model and applied a tracking error estimator [2].
In [3], Marino and Tomei considered SISO systems with
nonlinearities that depends on outputs only.

Assuming that it is not possible to have a sensor for each
state variable, if the controller is in the state feedback form,
then it is necessary to design a state observer to estimate
the internal states. Several observers have been proposed
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for linear and nonlinear systems. In the presence of distur-
bances and model uncertainty, high gain observer has the
advantage that they can acquire the state information while
neglecting the influence of these effects. In [2] and [4],
different types of observers based on high gain estimation
error feedback were proposed for SISO systems and MIMO
systems with both linear or highly nonlinear terms. Due to
their high gains in the feedback form, these observers are
effective in ensuring the convergence of estimation errors
so that asymptotic states can be obtained for the controller
design.

In sliding mode control (SMC), switching surface design
and discontinuous reaching control law are two of the
control issues. A common practice in SMC is to design
a switching surface according to the null space dynamics,
which must ensure a stable sliding manifold when the
system is in the sliding mode [5]. However if there exist
uncertaities in the null space nonlinear dynamics, switching
surface design becomes extremely difficult. Traditionally
the reaching control law is to force the system to reach
and stay on the switching surface. Nevertheless, this feature
alone is no longer sufficient in the presence of unmatched
uncertainties. Due to the effect of the unmatched uncer-
tainties, the nonlinear dynamics may become divergent
in a period shorter than the reaching time, if the ISS
property does not hold during the reaching phase. Hence,
ISS property should be guaranteed either in the sliding
phase or in the reaching phase.

In this paper, a class of nonlinear systems with null
space dynamics and range space dynamics are considered
for the tracking control task. Assuming that the full state
is not available for measurement, the main objective of
the paper is to ensure global ISS of the tracking error
nonlinear dynamics while achieving a small tracking error
bound. The features of our approach are the following:
(i) a nonlinear observer is designed in which only one
parameter needs to be determined; (ii) the resulting sliding
manifold in the sliding phase possesses the desired ISS
property and to certain extent the optimality through solving
a Hamilton-Jacoby inequality; (iii) associated with the new
switching surface, the sliding mode control applied to the
second subsystem achieves the desired tracking. As a result
the tracking error is bounded and the ISS property of the
whole system can be ensured while the internal stability of
the system states is also ensured. Usually, a discontinuous
term is used to handle the matched L∞[0,∞) type system
disturbance where the upper-bound knowledge is available
[6] [7]. However, in this paper, a discontinuous term is used
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to ensure convergence of the error dynamics resulting from
the observer and the desired trajectory in which there are
no uncertain terms in the error dynamics. In the example, it
is shown that the tracking error is small and bounded under
the proposed controller.

II. PROBLEM FORMULATION

A. Notation and Preliminaries

λmax(A) and λmin(A) denote the maximum and minimum
eigenvalue of the matrix A respectively; {A}n̄×n̄ represents
the first n rows and n columns in A, and {A}m×n repre-
sents the last m rows and n columns in A; L∞[0,∞) is the
space of uniformly bounded functions on [0,∞).
Input-to-state (ISS) stability [8]-[9]: Consider a nonlinear
dynamical system of the form

ẋ = f(x,u), (1)

where x and u are the states and the inputs of the system
respectively. The system in (1) is said to be locally input-
to-state-stable if there exist a class KL function β, a class
K function γ and constants k1, k2 ∈ R+ such that

‖x(t)‖ ≤ β(‖x0‖, t) + γ(‖uT (·)‖L∞
), (2)

∀t ≥ 0, 0 ≤ T ≤ t,

for all x0 ∈ D and u ∈ Du satisfying: ‖x0‖ < k1 and
supt>0‖uT (t)‖ = ‖uT ‖L∞

< k2, 0 ≤ T ≤ t. It is said to
be input-to-state stable or globally ISS if D = Rn, Du =
Rm and (2) is satisfied for any initial state and any bounded
input u.

B. Problem Formulation

The following MIMO nonlinear cascade system with
uncertainties is considered⎧⎪⎪⎨
⎪⎪⎩

ẋ1 = f1(t,x1) + B1(t)x2 + G1(t,x1)d1(t)
ẋ2 = f2(t,x) + B2(t) [u + η(t,x)]

+G2(t,x)d2(t)
y = x1,

(3)

where x = [x1,x2]
T is the system states, x1 ∈ Rn is

the null space dynamics and x2 ∈ Rm is the range space
dynamics, u ∈ Rm denotes the control input, d1 ∈ Rp

and d2 ∈ Rq are the external disturbances. The mappings
f1(t,x1) ∈ Rn, f2(t,x) ∈ Rm, B1(t) ∈ Rn×m, B2(t) ∈
Rm×m, G1(t,x1) ∈ Rn×p and G2(t,x) ∈ Rm×q are
known. η(x, t) ∈ Rm is the matched uncertainty. We
assume that m ≤ n. The system (3) is assumed to satisfy
the following assumptions.

Assumption 1: There exist two positive constants α1 and
α2 such that ∀x1 ∈ Rn, ∀t > 0,

0 < α2
1Im ≤ BT

1 (t)B1(t) ≤ α2
2Im, (4)

where Im is the identity matrix. B2(t) is assumed to be
invertible.

Assumption 2: The uncertainties d1(t), d2(t) and
η(x, t) are bounded as

|d1(t)| ≤ β1, |d2(t)| ≤ β2, |η(x, t)| ≤ βη (5)

where β1, β2 and βη are known positive constants.

C. Control Objective

The system is required to track the known reference
model: y ⇒ yd = x1d, i.e., the x1 subsystem is required
to track the desired reference model

ẋ1d = fd(x1d, r(t), t), (6)

where r(t) is a smooth reference input. Define the tracking
error as z1 = x1 − x1d. The control objective is to obtain
ISS stability with respect to the disturbances and attenuate
the disturbance influence d = [d1,d2,η]T on the tracking
error z1. Furthermore, we have Assumption 3.

Assumption 3: There exists a function g1(·) such that
the system dynamics ξ̇ = g1(ξ, t) is asymptotically stable.
Then we can get the following equation

f1(t,x1) − fd(t,x1d, r(t))

= g1(t, z1) + B1(t)ζ(t,x1,x1d, r(t)),

where ζ(·) is a smooth function with respect to its argu-
ments.

From (3) and (6), the system with the error dynamics of
z1 can be expressed as⎧⎪⎪⎨
⎪⎪⎩

ż1 = g1(t, z1) + B1(t) [x2 + ζ(x1,x1d, r(t), t)]
+G1(t,x1)d1(t)

ẋ2 = f2(t,x) + B2(t) [u + η(x, t)] + G2(t,x)d2(t)
y = x1,

(7)

Note that z1 = y − x1d is also available.

III. NONLINEAR OBSERVER DESIGN

For the system (3), we first can construct a nonlinear
observer according to the work in [4] and [10]. The idea is
to construct an observer through a state transformation to
convert the nonlinear system into a new form such that the
observer gain can be designed in a straightforward manner.
The observer design in this paper is an extension of the
work in [4]. The extension of the observer construction is
applied to the system with a more general representation of
the disturbance term while B1(t) is a not a state-dependent
function.

The system in (3) can be rewritten as the following{
ẋ = f(t,x) + h(t,u) + B(t)x + G(t,x)d(x, t)
y = Cx := x1,

(8)

where f(t,x) = [f1(t,x1), f2(t,x)]
T , and

h(t,u) =

[
0

B2(t)u

]
, B(t) =

[
0 B1(t)
0 0

]
,

G(t,x) =

[
G1(t,x1) 0 0

0 G2(t,x) B2(t)

]
,

d(x, t) =

⎡
⎣ d1(t)

d2(t)
η(t,x)

⎤
⎦ , CT =

[
In

0m

]
.
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Define the transformation matrix T (t), the matrices ∆θ, A
and C̄ as

T (t)

∣∣∣∣
2n×(n+m)

=

[
In 0
0 B1(t)

]
,∆θ =

[
In 0
0 In

θ

]
,

A =

[
0 In

0n 0

]
, C̄T =

[
In

0n

]
.

Hence ∆θA∆−1
θ = θA, C̄T C̄∆θ = C̄T C̄ and

w(t) = T (t)x =

[
x1

B1(t)x2

]
, T (t)B(t) = AT (t).

Denote T+(t) as the left inverse of the matrix T (t). The w

system can be written as

ẇ(t) = T (t)ẋ + Ṫ (t)x

= T (t) [f(t,x) + h(t,u) + B(t)x

+G(t,x)d(x, t)] + Ṫ (t)x

= Aw + T
[
f(t, T+w) + h(t,u)

+G(t, T+w)d(T+w, t)
]
+ Ṫ (t)T+w (9)

y = C̄w.

Then the observer for the transformed w system in (9) can
be constructed as

˙̂w(t) = Aŵ + T
[
f(t, T+ŵ) + h(t,u)

]
+ Ṫ (t)T+ŵ

+θ∆−1
θ P−1C̄T (y − C̄ŵ) (10)

where P is the symmetric positive definite solution of the
following algebraic Lyapunov equation

P + AT P + PA − C̄T C̄ = 0. (11)

Theorem 1: Assume that the system in (8) satisfies As-
sumptions 1−2. Then the estimation error of the states has
the following property

‖ex(t)‖ = ‖x(t) − x̂(t)‖ ≤ kθ‖ex(0)‖ + βdδ, (12)

where kθ = µ+
t θ
√

λmax(P )
λmin(P ) e

−
(

θ−c1

2

)
t
µt, βd =

µ+
t

c2θ

(θ−c1)
√

λmin(P )
, δ =

√
β2

1 + β2
2 + β2

η and c1 < θ, c2,

µ+
t , µt are positive constants.

Proof: See Appendix.
From (9) and ˙̂w = T (t) ˙̂x + Ṫ (t)x̂, the observer to the

original coordinate is

˙̂x(t) = T+
[

˙̂w − Ṫ (t)x̂
]

= T+
{

Aŵ + T
[
f(t, T+ŵ) + h(t,u)

]
+ Ṫ T+ŵ

+θ∆−1
θ P−1C̄T (y − C̄ŵ) − Ṫ x̂

}
= T+AT x̂ + f(t, x̂) + h(t,u)

+θ∆−1
θ P−1C̄T (y − Cx̂)

= B(t)x̂ + f(t, x̂) + h(t,u)

+θT+∆−1
θ P−1C̄T (y − Cx̂), (13)

y = x1.

Hence the estimation error dynamics in the x−coordinate
with ex(t) = x(t) − x̂(t) becomes

ėx = B(t)ex + f(t,x) − f(t, x̂) + G(t,x)d(x, t)

−θT+(t)∆−1
θ P−1C̄T Cex.

IV. CONTROLLER DESIGN AND STABILITY ANALYSIS

Before the controller design, we would like to rewrite the
observer dynamics in (13) as{

˙̂x1 = f1(t, x̂1) + B1(t)x̂2 + ψn
˙̂x2 = f2(t, x̂) + B2(t)u + ψm,

(14)

where

ψn =
{
θT+(t)∆−1

θ P−1C̄T
}

n̄×n̄
(y − Cx̂)

�
= En(y − C̄ŵ) = EnC̄e = EnC̄∆−1

θ ē,

denotes the n−vector with the first n elements in the vector
θT+(t)∆−1

θ P−1C̄T (y − Cx̂) and

ψm =
{
θT+(t)∆−1

θ P−1C̄T
}

m×n
(y − Cx̂)

�
= Em(y − C̄ŵ) = EmC̄e = EmC̄∆−1

θ ē,

represents the m−vector with the last m elements in the
vector θT+(t)∆−1

θ P−1C̄T (y − Cx̂).
According to the structure in (7), and comparing the

desired target in (6) and the observer dynamics in (14),
we have the following error dynamics⎧⎨
⎩

˙̂z1 = g1(t, ẑ1) + B1(t) [x̂2 + ζ(x̂1,x1d, r(t), t)]
+ψn

˙̂x2 = f2(t, x̂) + B2(t)u + ψm,

(15)

where ẑ1
�
= x̂1 − x1d.

The controller design is separated into two steps: (1)
Design a desired x̂∗

2 for the error dynamics of the null space
dynamics ẑ1 to facilitate the switching surface design; (2)
Design a controller u for the whole system in (15) with
ISS stability.
Step 1: The task in this step is to find the desired x̂∗

2.
Theorem 2: The tracking error norm, ‖z1(t)‖, tends, in

finite time, to a ball Br defined as

Br =
{
z1(t) : ‖z1(t)‖ ≤ ρ2

3δ
2 = r

}
,

where ρ3 is a positive constant and δ =
√

β2
1 + β2

2 + β2
η ,

if the following sliding mode holds,

σ(x̂,x1d, t) = x̂2 − x̂∗
2 = x̂2 +

BT
1 (t)

r1(t, x̂1,x1d)
(Dẑ1

V )T

+ζ(x̂1,x1d, r(t), t), (16)

where V (ẑ1, t), ∀ẑ1 ∈ Rn and t ≥ 0 is a positive
definite smooth solution of the following Hamilton-Jacoby
inequality

DtV + (Dẑ1
V )g1 − (Dẑ1

V )
B1B

T
1

r1
(Dẑ1

V )T

+
1

4ρ2
1

(Dẑ1
V )HHT (Dẑ1

V )T + ẑT
1 ẑ1 ≤ 0, (17)
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with r1(ẑ1,x1d, t) > 0.
Proof: Construct a second Lyapunov function as

V1 = V0 + V , where V (ẑ1, t), ∀ẑ1 ∈ Rn, t ≥ 0
is a positive definite smooth Lyapunov function to be
determined. Design

x̂∗
2 = − BT

1 (t)

r1(t, x̂1,x1d)
(Dẑ1

V )T − ζ(·).

The derivative of V (·) is

V̇ = DtV + (Dẑ1
V ) [g1 + B1(x̂2 + ζ) + ψn]

= DtV + (Dẑ1
V )g1 − (Dẑ1

V )
B1B

T
1

r1
(Dẑ1

V )T

+(Dẑ1
V )H ē

= DtV + (Dẑ1
V )g1 − (Dẑ1

V )
B1B

T
1

r1
(Dẑ1

V )T

+ρ2
1ē

T ē +
1

4ρ2
1

(Dẑ1
V )HHT (Dẑ1

V )T

−‖ 1

2ρ1
HT (Dẑ1

V )T − ρ1ē‖2

≤ DtV + (Dẑ1
V )g1 − (Dẑ1

V )
B1B

T
1

r1
(Dẑ1

V )T

+ρ2
1ē

T ē +
1

4ρ2
1

(Dẑ1
V )HHT (Dẑ1

V )T . (18)

If there is a solution of V such that the inequality in (17)
is satisfied, then (18) becomes

V̇ ≤ −ẑT
1 ẑ1 + ρ2

1ē
T ē. (19)

Using (19) and (32), the derivative of V1 becomes

V̇1 = V̇0 + V̇

≤ −θēT P ē + ēT P∆θT
[
f(t, T+w) − f(t, T+ŵ)

]
+ēT P∆θTGd + ēT P∆θṪ T+∆−1

θ ē

−ẑT
1 ẑ1 + ρ2

1ē
T ē

≤ −θλmin(P )‖ē‖2 + λmax(P )(lf + lt)‖ē‖2

+ēT P∆θTGd − ẑT
1 ẑ1 + ρ2

1ē
T ē

≤ − [θλmin(P ) − ρ2
1 − λmax(P )(lf + lt)

] ‖ē‖2

−ẑT
1 ẑ1 +

1

4ρ2
2

ēT P∆θTG(P∆θTG)T ē

+ρ2
2‖d‖2

≤ − [θλmin(P ) − ρ2
1 − λmax(P )(lf + lt)

− 1

4ρ2
2

λmax(P )2lg

]
‖ē‖2 − ẑT

1 ẑ1 + ρ2
2‖d‖2

≤ −ẑT
1 ẑ1 + ρ2

2‖d‖2, (20)

where θ is selected such that

θλmin(P ) − ρ2
1 − λmax(P )(lf + lt)

− 1

4ρ2
2

λmax(P )2l2g ≥ 0. (21)

Using ex,1 = x1−x̂1 = z1− ẑ1, ‖ẑ1‖2 ≥ ‖z1‖2−‖ex,1‖2,
and ex,1 = ē1 according to ex = T+∆−1

θ ē, (20) becomes

V̇1 ≤ −zT
1 z1 + ‖ex,1‖2 + ρ2

2‖d‖2

= −zT
1 z1 + ‖ē1‖2 + ρ2

2‖d‖2

≤ −zT
1 z1 + ‖ē‖2 + ρ2

2‖d‖2. (22)

From (33), ‖ē‖ is bounded as

‖ē‖ ≤ λmax(P )lg
[λmin(P )θ − λmax(P )(lf + lt)]

‖d‖, (23)

where λmin(P )θ−λmax(P )(lf +lt) > 0 according to (21).
Hence (22) becomes

V̇1 ≤ −zT
1 z1 + ρ2

3‖d‖2. (24)

where ρ3 =
√

ρ2
2 + kd and kd =

l2g[
λmin(P )
λmax(P )θ − (lf + lt)

]2 .

Note that limθ→∞ kd = 0. Equation (24) shows that the
tracking error norm in the z1 subsystem, ‖z1(t)‖, tends, in
finite time, to a ball Br defined by

Br =
{
z1(t) : ‖z1(t)‖ ≤ ρ2

3δ
2 = r

}
,

where δ =
√

β2
1 + β2

2 + β2
η .

Step 2: The task in this step is to design the controller
to ensure the ISS stability.

Theorem 3: With the switching surface in (16) and the
following sliding mode control law,

u = uc + us, (25)

uc = −B−1
2 [Dtσ + (Dx1d

σ)ẋ1d

+S(f1 + B1x̂2 + ψn) + f2 + ψm] , (26)

us = −kδ

BT
2 σ

‖BT
2 σ‖ , (27)

where S(x̂1,x1d, t) = Dx̂1
σ ∈ Rm×n, and kδ > 0 is

a positive constant, the system is globally ISS stable with
respect to the external disturbance inputs and the tracking
error norm, ‖z1‖ is bounded in Br as in Theorem 2.

Proof: Construct a Lyapunov function V2 = 1
2σT σ.

Define S(x̂1,x1d, t) = Dx̂1
σ ∈ Rm×n and Dx̂2

σ = Im

holds. Then

V̇2 = σT [Dtσ + (Dx1d
σ)ẋ1d + S(f1 + B1x̂2 + ψn)

+f2 + B2u + ψm]

≤ −kδ‖BT
2 σ‖. (28)

Define a new Lyapunov function V3(x, x̂,x1d, t) =
V1(x, x̂,x1d, t) + V2(x̂,x1d, t). From (22) and (28),

V̇3 = V̇1 + V̇2 ≤ −zT
1 z1 + ρ2

3‖d‖2 − kδ‖BT
2 σ‖

≤ −zT
1 z1 + ρ2

3‖d‖2, (29)

which implies that the system is globally ISS stable with
respect to the external disturbance input and the tracking
error norm, ‖z1‖, is bounded in Br in finite time.
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Remark 1: In the nonlinear uncertain system in (15), if
g1(ẑ1, t) can be expressed as F1(ẑ1, t)ẑ1, when F1(ẑ1, t) is
a matrix-valued smooth function, then the HJ inequality in
(17) can be simplified into the following differential Riccati
inequality

1

2
Q̇ +

1

2
(QF1 + FT

1 Q) − Q

[
B1B

T
1

r1
− 1

4ρ2
1

G1G
T
1

]
Q

+In×n ≤ 0, (30)

where Q(ẑ1, t) ∈ Rn×n is a symmetric positive definite
smooth matrix. The z1 subsystem warrants the tracking
error norm, ‖z1‖, to be bounded in Br (as defined in
Theorem 2) by the nonlinear control law

x̂∗
2 = − 1

r1
BT

1 Qẑ1 − ζ, (31)

which also specifies the switching surface as σ = x̂2 − x̂∗
2.

Remark 2: Note that the value of ρ3 determines the
bound of the tracking error and it depends on ρ2 and θ.
According to the expression of ρ3 as shown in the proof of
Theorem 2, for a fixed ρ2, a larger θ value in the observer
design results a smaller tracking error bound ρ3.

Remark 3: In the observer design, the parameter θ is the
only key parameter to be determined. It should be designed
to satisfy the two conditions in (21) and θ = max{1, c1}
simultaneously. In the case of existing noise existing in
the output measurement, there is a trade-off between fast
convergence of the observer and the sensitivity to noise.

V. NUMERICAL EXAMPLE

Consider a nonlinear uncertain cascaded system as in (3)
where

f1(t,x1) = F1 · x1 =

[
0 1
−2 −4

] [
x11

x12

]
,

G1(t,x1) =

[
cos(x12) sin(x12)
sin(x11) cos(x11)

]
,

G2(t,x) =

[
sin(x11) cos(x12)
cos(x21) sin(x22)

]
,

w1 =
[
e−0.1t,−e−0.5t

]T
,w2 =

[−e−0.2t, e−0.3t
]T

,

f2(t,x) = [x11sin(x21), x12sin(x22)]
T

,

B1(t) = (1 + 0.5sin(t)) I2, B2(t) = (1 + 0.5cos(t)) I2,

η(t,x) = [sin(x11) + sin(x12),−cos(x21) − cos(x22)]
T

.

The initial condition is as x1(0) = [5, 5]
T , x2(0) = [3, 3]

T .
The observer is designed as in (13). According to (23),

we have the symmetric positive definite solution

P =

⎛
⎜⎜⎝

1 0 −1 0
0 1 0 −1
−1 0 2 0
0 −1 0 2

⎞
⎟⎟⎠ .

θ = 80 is selected according to Remark 3 with lf = 4.5622,
lt = 1, lg = 1.0028 and ρ2 = 1.

The target trajectory is x11d = 0.2sin(πt) and x12d =
ẋ11d = 0.2πcos(πt). The error dynamics of the x1 subsys-
tem in (15) can be expressed as

ż1 = F1z1 + B1(t) [x2 + ζ(t)] + G1w1,

where ζ(t) = [0,−ẋ12d − 2x11d − 4x12d]
T . In the ẑ1 sub-

system, according to Remark 1, we first choose V (ẑ1, t) =
1
2 ẑ

T
1 Qẑ1, where Q is determined by the differential Riccati

inequality (30). When Q̇ = 0, from the linear algebraic
matrix inequality (30) and using the singular values of the
matrices B1 and H =

{
θT+(t)∆−1

θ P−1C̄T
}

n̄×n
C̄∆−1

θ ,
which are 0.5 and 160 respectively, we can get a symmetric

positive definite smooth matrix Q =

[
0.0106 0

0 0.0108

]
,

ρ1 = 0.9659 and r1 = 0.001. Thus from (31), we have
x̂∗

2(x1,x1d, t) = − 1
r1

BT
1 Qẑ1−ζ(t). The switching surface

is σ = x̂2−x̂∗
2. Then the controller is constructed according

to (25) in Theorem (2).
Simulation results are shown as follows. In Fig.1, u = 0

is first applied. It is shown that the tracking task can not
been realized without any controller though the system is
stable. Hence it is necessary to design an output feedback
controller. In Fig.2, the tracking errors of the states x11

and x12 are bounded with fast convergence.
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Fig. 1. The evolution of the states x1(t) and the desired trajectory
x11d(t).
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Fig. 2. (a) x11(t) and desired x11d(t); (b) Tracking error z11(t) =
x11(t) − x11d(t); (c) x12(t) and desired x̂12d(t); (d) Tracking error
z12(t) = x12(t) − x12d(t).
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VI. CONCLUSIONS

We have considered the tracking control problem for a
class of nonlinear systems with unknown system uncertain-
ties and external disturbances, and proposed a robust output
feedback control law based on a nonlinear observer that
achieves input-to-stability. The design procedure is based
on a back-stepping like procedure. First a stable switching
surface is allocated. Then a discontinuous controller is
constructed to ensure the convergence of the Lyapunov
function. As a result, the tracking error is bounded.
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APPENDIX: PROOF OF THEOREM 1

Define e(t) = w(t) − ŵ(t). According to (9) and (10),
the estimation error dynamics becomes

ė = θ∆−1
θ (A − P−1C̄T C̄)∆θe

+T
[
f(t, T+w) − f(t, T+ŵ)

]
+TG(t, T+w)d(T+w, t) + Ṫ (t)T+e

Consider a transformation on the error as ē = ∆θe. Then

˙̄e = θ(A − P−1C̄T C̄)ē

+∆θT
[
f(t, T+w) − f(t, T+ŵ)

]
+∆θTG(t, T+w)d(T+w, t) + ∆θṪ (t)T+∆−1

θ ē

Construct V0 = 1
2 ē

T P ē, where P is the solution of (11),

V̇0 = −θV0 − θ

2
ēT C̄T C̄ē

+ēT P∆θT
[
f(t, T+w) − f(t, T+ŵ)

]
+ēT P∆θTG(t, T+w)d(T+w, t)

+ēT P∆θṪ (t)T+∆−1
θ ē

≤ −θV0 + ēT P∆θT
[
f(t, T+w) − f(t, T+ŵ)

]
+ēT P∆θTG(t, T+w)d(T+w, t)

+ēT P∆θṪ (t)T+∆−1
θ ē. (32)

For any θ ≥ 1, we have ‖∆θṪ T+∆−1
θ ‖ ≤ lt,

‖∆θT [f(t, T+w) − f(t, T+ŵ)]‖ ≤ lf‖ē‖, ‖∆θTG‖ ≤ lg
and ‖d(T+w, t)‖ ≤ δ, where lf , lt and lg do not depend
on θ. Then (32) can be

V̇0 ≤ −θV0 + λmax(P )(lf + lt)‖ē‖2

+λmax(P )lg‖ē‖‖d‖ (33)

≤ −θV0 + λmax(P )(lf + lt)‖ē‖2

+λmax(P )lgδ‖ē‖,
⇒ V̇0 ≤ −(θ − c1)V0 + c2δ

√
V0, (34)

where c1 = 2λmax(P )
λmin(P ) (lf + lt) and c2 =

λmax(P )lg
√

2√
λmin(P )

. If θ > max{1, c1} is selected,

then (34) becomes

d
√

V0

dt
≤ −

(
θ − c1

2

)√
V0 +

c2δ

2
,

⇒
√

V0(t) ≤ e
−
(

θ−c1

2

)
t
√

V0(0)

+
c2δ

θ − c1

[
1 − e

−
(

θ−c1

2

)
t

]
,

⇒ ‖ē(t)‖ ≤
√

λmax(P )/λmin(P )e
−
(

θ−c1

2

)
t‖ē(0)‖

+
c2δ

(θ − c1)
√

λmin(P )
, (35)

Using ‖ē(t)‖ ≤ ‖e(t)‖ ≤ θ‖ē(t)‖, (35) becomes

‖e(t)‖ ≤ θ
√

λmax(P )/λmin(P )e
−
(

θ−c1

2

)
t‖e(0)‖

+
c2δθ

(θ − c1)
√

λmin(P )

≤ k
′

θ‖e(0)‖ + β
′

dδ,

where k
′

θ = θ
√

λmax(P )
λmin(P ) e

−
(

θ−c1

2

)
t and β

′

d =
c2θ

(θ−c1)
√

λmin(P )
. Hence ‖e(t)‖ = ‖w(t) − ŵ(t)‖ ≤

k
′

θ‖e(0)‖ + β
′

d. Furthermore, from Assumption 1,
‖T+‖ ≤ µ+

t and ‖T‖ ≤ µt where µ+
t and µt

are constants. According to w(t) = T (t)x(t) and
ŵ(t) = T (t)x̂(t), we have

‖ex(t)‖ = ‖x(t) − x̂(t)‖ = ‖T+e(t)‖
≤ µ+

t k
′

θµt‖ex(0)‖ + µ+
t β

′

dδ
�
= kθ‖ex(0)‖ + βdδ,

where kθ = µ+
t k

′

θµt and βd = µ+
t β

′

d.

4873


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


