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Abstract—1In this paper, the Kalman filter and the cor-
responding Riccati equation for discrete-time, time-variant
descriptor systems are addressed in their most general formu-
lation. A new “9-block” form for the optimal filter is derived
using deterministic approach. This new expression, besides
including one step delayed state, presents an interesting simple
and symmetric structure. Stability results for this filter are also
presented.

Index Terms— Descriptor systems, discrete-time, Kalman
filtering, singular systems, state estimation, Riccati equation,
stability.

I. INTRODUCTION

The problem of optimal recursive estimation for discrete-
time descriptor systems is considered in this paper. The
study of estimation and control of descriptor systems (also
known as singular systems or implicit systems) is motivated
by the fact that systems in descriptor formulation frequently
arises naturally in economical systems [10], image mod-
elling [5], and robotics [12]. For discrete-time descriptor
systems, the state estimation is presented recursively and
the resulting generalized Kalman filter has been intensively
studied (see e.g. [1]1, [2], [3], [4], [71, [9], [13], [14], [15],
[16]). Different formulations have been proposed in order
to deal with this problem (see more details in [6], [7]). In
particular, in [7], we addressed the Kalman filtering problem
as a deterministic optimal trajectory fitting problem. With
this, we were able to solve the robust filtering problem when
there are uncertainties in some system matrices [8].

In this paper, the results of [7] on filtered and one-
lag smoothed cases are extended in order to consider the
most general linear system which is considered a descriptor
system (discrete-time and time-variant) where the measured
signal can be depending on the current state and one step
delayed state. It is also allowed the correlation between
the state and measurement noises. In the literature, the
direct treatment of this most general case is usually avoided
through a previous change of variables. This is a natural
procedure since the final expressions of the filter and Riccati
equations for the simplified system are already sufficiently
complex.

We develop in this paper a new expression for the filter
and corresponding Riccati equation. This new expression,
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besides including one step delayed state, presents an in-
teresting simple and symmetric structure, which opens, for
instance, the possibility of simplify the sensitivity analysis
of Riccati equations. The approach of this paper is easy to
follow and the filter of [14] appears as a particular case.

The predicted and smoothed filters are more involved and
were considered more recently by only few works ([7], [13],
[16]). A particular generalization for the predicted filter
problem is considered by us in [6].

This paper is organized as follows. The deterministic
estimation problem is formulated in Section II. The optimal
filtered estimate is derived in Section III. In order to
guarantee pratical implementation, some considerations on
stability are presented in Section IV. A numerical example
is given in Section V to demonstrate the applicability of the
result.

II. PROBLEM STATEMENT

Consider a set of measured or observed signals z =
{20, 21, ..., 21} from a certain real dynamical system. The
descriptor Kalman filtering in our context is defined as a
deterministic fitting problem (over the entire trajectory). An
ideal linear dynamical system which would ‘explain’ the
measurements z, in its more general form, is an implicit or
descriptor system

Eij 1741 Fiz;, i=0,1,2,..
2, = Hx; (D

where z; is the descriptor variable or semi-state which
describes the internal behavior of the system; F;, F;, and H;
are real rectangular matrices of appropriated dimensions.

With the system matrices fixed, for each state sequence
candidate {zo|k, 21k, .-, Tk|k, The1|r} We can define the
following fitting errors

Gw,i Gv,i+1 Wik | ._
Kw,i Kv,i+1 Vit1)k
{ Eivizivak — Fixg

Ziv1 — Hip1mipn — Jimgg
pojk = Eoxopp — F-1Zo;

}, i=0,1,. k-1

Ky ovo1 == 20 — Hozox (2

where the matrices Ey and F_; are supposed of appropriate
dimensions. These matrices can deal with the aprior:
information on the initial state x(, and usually it is supposed
FEy = F_1 = I. Now, the deterministic optimal fitting
problem is to find a state sequence which minimizes some
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predefined error functional. Once obtained the minimizing
sequence {;;}, we can define from (2) the corresponding
minimum fitting errors w; g, Oj41)x> Pojr SO that the com-
plete model which ‘explains’ the set of measured signals

z ={z0, #1,..., 2} turns to be
Eozor, = F_1To + Pojk 3)
Eiv1iZipie = FiZin + Gu Wik + Goip10i01x (4)
z0 = HoZojx + Ky o0k (5)
Zit1 Hi1Zipape + Jiyr + (6)
Ky i), + Ky it10i411k,
i = 0,1,...,k—1.

Our fitting problem is to obtain Ty, and Zp_y, i.e., the
filtered and smoothed estimates, respectively. The nomen-
clature ‘filtered’ is justified by the observation that if Hy =
I, J, =0, Ky, =0and K, = I in the model (3)-(7),
then we have from (7)

2k = Tk + Ogk (7

and so, if the signal Iy, was obtained from the actually
measured signal 2y, the error signal 93 has been sup-
pressed from zj.

In the next section we will propose one quadratic func-
tional to obtain the filtered estimate recursion. The intuitive
notion of (relative) degree of uncertainty, or how big we
allow each error to be, is dealt with the introduction
of positive definite weighting matrices. We will suppose
known the positive definite weighting matrices @;, R;,
Py to the errors wjx, vgx, and pojy, respectively, and the
weighting cross-term .S; of these errors. As in this paper it
is considered the optimal fitting to a given model, we will
also suppose known the model parameters E;, Fj, Gy,
Gu,i, Hi, Ji, Kw,i, and Kv,i-

III. THE KALMAN FILTER RECURSION

The deterministic filtered least square fitting problem is
to find a sequence {Zojx, T, .-, Th|r} Which minimizes
the following fitting error cost Jj, ({zx}5y)

Jo(zo0) := {||E0$o|o F—1f0||§3(;1 + ||Uo|o||?351}a (8)
subject to

zo = Hoxojo + Kv,0000 )
for k=0 and

1
N ({Ii\k}?:o) = §{||E0950\k - F—leano—l + H”OIkH;gl

“Tw S 17w
; |:Uz+1k ST Rigy Vit1k ;

(10)

subject to

Eivizipgr = Firge + Guiwir + Goit1Vig1)ks
zit1 = Hipzgppe + iz + Ko jwie

+ Kyit1Vigpae, =0,..,k—1 (11)

for k£ > 0, where J; is the matrix of the delayed term. For
each k£ > 0, it is easy to show by rewriting (8)-(11) that the
original optimization problem is equivalent to the following
minimization problem

1
min -V R 1Y 12
XD k|~ Yk k|k ( )
subject to
A Xp ) + ReDBpp — Br =0 (13)
where
R O 0 G. O 0
Re=1 o 0o |fk=1| o0 0 |-
0 0 Ro 0 0 gO
[ & Ak_q 0 0 0 O 0
0 &1 Ar—2 0 0 0 0
0 0 Eiea -0 0 0
=10 0 o .. 0 0 o0 |’
0 0 0 0 A, O 0
0 0 0 0 & A 0
00 0 0 0 & A |
[ Vi ] Th|k Zy,
Vi—1lk T 1|k Zp1
Ui := : s Xpjp 1= : Br=1| |,
Z1 Tk Z
L Yok | Zo|k Zy
[w,; | —F: Fi_
Vi = | 27Ukl g = [ j] JAq = { J 1],
T Lo P77 [ H 79 [
for 0 < j <k,
[Qi—1 Si—a Gui-1 Gy
R; = , Gi:= ’ ,
_Si]ll Rz g Kw,i—l Kv,i
0 .
Z; = . ,for 1 <i <k and
_ P 0
w_1)0 := Eoxojo — F-1Z9, Ro:= { OO Ro }
| =F&o T 0
e[ et ]

In the expressions above, we adopt the following defini-
tions: Q_l =Py, S_1 = 521 =0,J_1:=0, Gw7_1 =1,
Gy =0, Ky,—1:=0.
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01" [Po—ipp—1 O 0 0 0 I 0 0 0 (11
0 0 Qi1 Sk1 O 0 0 I 0 0 0
0 0 ST . Ry 0 0 0 0 I 0 0
0 0 0 0 0 0 Fi_1 Gw,k—l Gpr —Eg 0
5516|k =10 0 0 0 0 0 Jk—l Kw,k—l K?),k Hk 2k (14)
0 I 0 o FL, JL, 0 0 0 0 0
0 0 I 0 G, KI' ., 0 0 0 0 0
0 0 0 I G, KI, 0 0 0 0 0
1l | o 0 o -E HI 0 0 o o] | o |
01" [Py_1jk—1 O 0 0 0 I 0 0 07" [o]
0 0 Qr—1 Sk—1 0 0 0 I 0 0 0
0 0 ST, Ry 0 0 0 0 I 0 0
0 0 0 0 0 0 Froi Gur—1 Gor —Eg 0
Py i=— |0 0 0 0 0 0 Jro1 Kyp-1 Ky  Hg 0 (15)
0 I 0 0 Fr,  Jr, 0 0 0 0 0
0 0 I 0 GL,., KI,, o0 0 0 0 0
0 0 o I GI, K% 0 0 0 0 0
1l | o 0 o -Eg HI 0 0 o o] |1

To solve the optimization problem (12)-(13) we consider
the following assumptions.

| -E Fi
A I H  J
for all 0 < i < k;

Gu,i-1
Kw,i—l

Gv,i

Ky has full row rank

A 2: [Ho Kv,O] has full row rank;

A 3: {IE;[’] has full column rank for all 0 < i < k.

Assumptions A1 and A2 are related with the consistence
of the system parameters and assure that the system does
not furnish redundant information. Note that in [14] it was
shown that a similar condition assures the use of inverses of
a block matrix instead of pseudo-inverses. The assumption
A3 is related to estimability and assures the existence of
the filter [14].

To address the filter problem we first present some
auxiliary results.

Lemma 3.1: [13]Let A € R"*™ and B € R"*™, A > 0.

Then has inverse if and only if B is a full column

A B
BT 0
rank matrix and [A  B] is a full row rank matrix. O

The solvability of above optimization problem is consid-
ered in the next lemma.

Lemma 3.2: For a fixed k suppose that it is given an
output sequence {zo, 21, ..., 2 } and that assumptions Al-
A3 hold. Then the data fitting problem (8) — (11) has a
unique solution.

Proof: Omitted. It is similar to the proof presented in [6].

Theorem 3.1: Suppose that assumptions A1-A3 hold and

it is given a sequence {zo,z1,...}. Then the successive
optimal estimates &, resulting from the solution of the
data fitting problem (8) — (11) can alternatively be obtained
from the following recursive algorithm

Step 0 (Initial Conditions):

T - -

0 0
0 0
0 —F_1%
i‘o‘o = [0 X Z0
0 0
0 0
_I_ L O .
Pojo = —
01" [ 0 0 o I 0 0 71°"[0]
ol |0 Ry 0 0 0 I 0 0
ol o o o 0o I 0 -E 0
ol o o o 0 0 K,o Hp 0
ol |1 o I 0 0 0 0 0
0 0 I 0 KI, o o0 0 0
7] o o —EF HI o o o | |
X

Step k: Update {#}_1x—1, Pe—1jk—1} 10 {Zjx; Prjx} as
in (14) and (15). Proof: Omitted.

Observe that although we have considered a more general
linear system than the usual in the literature, the final
expressions (14) and (15) have a central matrix with
symmetric structure and are very simple. The results were
obtained directly without the need of rewriting the original
problem in an augmented system. As one consequence of
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0 [ Pr_1jk-1 0 0 0 0 1 0 0 0 _-%\kfl\kfl

0 0 Qr-1 Sk-1 0 0 0 1 0 0 0

0 0 SF . Ry 0 0 0 0 1 0 0

0 0 0 0 0 0 Fi_1 Gw,k—l Gor —Eg 0
Ek—1|k = |0 0 0 0 0 0 Jk—l Kw,k—l Ku,k Hk 2k . (16)

1 I 0 0 Fr JE 0 0 0 0 0

0 0 I 0 GL, | Kgy,cfl 0 0 0 0 0

0 0 0 I Gr, K, 0 0 0 0 0

o] | o 0 o -E HI 0 0 o o] | o |
Theorem 3.1, it turns out clear the existence of a filter  gypject to (11), where Q, = S§_1 Sk—1:|. This is in
even when the usual full rank assumption of [FZ Gu l] . k—1 Ry,

’ fact the case as we state in the following lemma.

matrix is weakened to Assumption Al. In order to compare
Theorem 3.1 with the results of the literature, consider the
particular case where G,,; = G;, G,; = 0, J; = 0,
Ky; =0, K,; = I, and [FZ Gl-] has full row rank,
for all 7. Then, using the matrix inversion lemma, we can
rewrite (14) and (15) as

T

0 Y =Sy Eg Fr 1Zp—1jk—1
/-fk|k = [0 —Sg Rk Hk 2k
I E,{ H,z 0 0
(17)
o]" Ty -5 EJ]'Jo
1| | Bl HT o0 I

(where Y = Fj_ 1Py 115, + Gro1Qr-1Gi_y) or
still, if in addition we consider S; = 0, the matrix inversion
lemma furnish

T = Prp EY (Foo1Poc1jp—1Fi_y + Gro1Qre1Gl_y) ™!

Froo1Tp_1j—1 + P H{ Ry 2 (19)

and

Py = (B (Froo1 Py—1jp—1 Fi_y + Gro1Qp—1Gi_y) ™' x

Ey+ HER Y Hy) ™ (20)

Note that (17)-(18) with G, = I is the solution presented
in [14]. We also have that (19)-(20) with E, = I is the
usual state space Kalman filter solution.

From the recursive solution obtained in Theorem 3.1, we
are lead to conjecture that we could re-state (8) — (11) and
consider the following optimization problem: min,, , ,, of

~ T

1 Tp—1 — Tk—1]k—1 P i 0 -1

3 We—1 {’“ o Q} ol » 21
Vi p

Lemma 3.3: The optimal filtered estimates algorithm of
Theorem 3.1 can be obtained by the solution of (21).
Furthermore, the optimal one-lag smoothed estimate &y, _;
is obtained from the solution of (21) as (16).

(I

Considering G ; = I, Gy; =0, J; = 0, Kyy; = 0,
K,;=1,S; =0 and the matrix inversion lemma, we can
rewrite (16) as the smoother expression presented in [7]

- - T
Ttk = Th—1p—1 — Po—ijp—1F_1(Wr1

+Fe 1Py i) (I — Ep Py B (Wi

+Fk1Pk1k1FkT1)_1)Fkli“k1|k1 + P11 By

(W1 + Fr1 P11 Ff 1) " Ex P HE V2.

(22)

Furthermore, for standard state space systems (Ej = I),
the one-lag smoother (22) is exactly the classical one-lag
smoother (see e.g. [11]).

In order to guarantee practical usage of the filter, in the
next section we will show results that guarantee the stability
of the Kalman filter. In particular, we determine conditions
for the existence and unicity of a stabilizing solution P for
the Riccati equation.

IV. STABILITY

In order to verify the stability of the steady-state filter,
we consider the system (11) time invariant and rewrite it as

Zi+1 = gxi_l,_l + Azx; + gvz‘-‘,—l (23)
where
0 —F F
SR
Gw Gy | w -
- |:Kw K'U:| bl Vl-‘rl L |:vi+1:| b 1 2 O
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From Section III, the best estimate &y, of . is the
equation (14), i.e.,

01 [P 0o 0 I 0 0] " [Ze1p
ol 1o R 0o o 1 0 0
ol lo 0o 0o 4 g ¢ Z,
TeE=dol |7 0 AT 0 0 0 0
0 0 I G 0 0 0 0
Il 1o o €7 o o0 o 0

24

where the Algebraic Riccati Equation (ARE) associated
with the recursion (15) is given by

~
|

(25)

oo ~NOOMN

0 1
R 0
0 0 A
0 0
I 0
0 0

~No oo oo
cooQ~O
SO oMo o
~No oo oo

_|1Q 5
where R := [ST R]'

The matrices ), R, and .S are time invariant and represent
the weighting matrices to the errors w;x, v and cross-
term of these errors, respectively.

Some auxiliary results are presented in the following
lemmas which provide conditions to guarantee the filter
stability.

Lemma 4.1: The estimate 7, and its corresponding
Riccati equation given by (24) and (25) can be rewritten
as

Tk = La1Zp_1)k—1 + L33 2k (26)
and P = L3 PLY, + L3RI, 27
respectively, with
Ly Lis Lis 00 0T 00
LIZ L21 L22 L23 =10 0 0 O I 0
Lsy L3y Las 00 00O0 I
P 0o 0 I 0 01 °[T 00
0O R 0 0 I 0 0 I 0
0o 0 0 A G & 00 I
I 0 AT 0 0 o0 0 00 (28)
0o I ¢ 0 0 0 000
0 0 & o0 0 o0 0 0 0

(]

Definition 4.1: P is a stabilizing solution of Algebraic
Riccati Equation (ARE) (27) if P satisfies (27) and L3; is
stable.

Lemma 4.2: Consider the ARE (27) with L given by
(28). Then, we have that — L33 A = L3;. O

Lemma 4.3: For given matrices A € C™*™, B € C™*"™
and I' € C"™*™, the Stein equation

S—BSA=T (29)

has a unique solution, if and only if, A\.us # 1 for any
A €0(A)and ps €0 (B). O

Now, we are in position to present the main result of
this section. We will show that the ARE has a stabilizing
semi-definite solution P.

Theorem 4.1: Suppose that [/\5 +A Q] has full row
rank for [A| > 1, R > 0 and & has full column rank. Let
P a solution of the ARE (25). If P > 0, then P is the
stabilizing solution for (25).

Proof: Suppose that there exists a positive semi-definite
solution P for the ARE (27). We must show that L3 is
stable. From Lemma 4.2 we have that L3; = —L33.4 and

Tpp = — L33 ATp_1x—1 + L33 2% (30)

P = Las(APAT + GRGT)LL, (31)

Thus, it is enough to show that — L334 is stable.
Suppose, for contradiction, that — L334 is not stable.
Then, there exists a complex number A and a vector v
(v # 0) such that |A\| > 1 and —v” L334 = MvT. However,
we have that
Lss& =1.

Multiplying the equation above by A\v” we get
T Las€ = X

and as AT = —vT L334 we have that

)\’UTngg = *UTng.A
v L33(A\E + A) = 0. (32)

However, pre-multiplying (31) by v*" and pos-multiplying
by v, we obtain

vl Py =T (L33.A) P (L33.A)T v+ UTL33gRgTL§3U.

Since Av? = —vT L33.A, the above equation becomes
VTP = TP (A7) + 0T LasGRGTLE v, (33)
Thus,
(A2 = Vvl Pv 40T L33GRGT Liv = 0. (34)
We know that |A| > 1, P > 0 and R > 0. Then
(A2 =Dt Pv>0 (35)
and ! L33GRGT L0 >0 (36)
From (34), (35), and (36) it follows
vl L33G = 0. (37)
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From (32) and (37) we get

v Lys([Ae+A G])=0 with [A[>1.  (38)

Since L33 has full row rank, we have that v # 0 <—
vT Lz # 0. Thus, in (38), [\ +.A G| has not full row
rank for |[A| > 1, i.e., we get a contradiction. Then, L33.A
is stable.

Lemma 4.4: Consider the ARE (27). If there exist a
stabilizing solution, it is unique.

Proof: Omitted.

V. NUMERICAL EXAMPLE

Let us consider the descriptor system described by (11),
where the system matrices are given by

10 09 0
Eipr = E_[O 0}’ Fi_F_{o.z 0.2]’

04 0.1
Cui = Gw_{m 6]

1
3 Gv7i+1 = Gv = |:1:| 3

H; = H=[14 08]; Ji=J=0;

Kpi=FK,=[14 14];

and the weighting matrices of the errors wy and vy (with
the cross-term) given respectively by
0.001]

7 2
Q:[Q 1}; 0.05

The simulation results based on the filter presented in
Theorem 3.1, are presented in Figures 1 and 2.

Kv,i+1 = Kv =1

R=01;, S= [ (39)

State x1, x1hat (-.-.)

Fig. 1. True value of state xll(k) and filtered estimate.

VI. CONCLUSION

We have considered the Kalman filtering problem for lin-
ear systems in its more general formulation where all system
parameters are considered at once. We have introduced a “9-
block” form for the filter and Riccati equation which present
an interesting simple and symmetric structure. In this case,
we observed that it is natural, in this framework, to solve
this problem with a one step delayed state. We are interested
in this form mainly to analyze the effect of perturbations
on all system matrices in order to generalize the results of

[8].

State x2, x2hat (-.-.)

10 20 30 a0 50 60

Fig. 2. True value of state x2(k) and filtered estimate.
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