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Abstract— H∞ control problem for linear discrete-time sys-
tems with instantaneous and delayed measurements is studied.
A sufficient and necessary condition for the existence of the
H∞ controller is derived by applying re-organized innovation
analysis approach. The measurement-feedback controller is
designed by performing two Riccati equations. The presented
approach does not require the state augmentation.

I. INTRODUCTION

H∞ control has been one of the most important topics in
control theory and has attracted much attention of numerous
researchers in the past two decades. In 1981, Zames [1]
originally proposed the H∞ control problem in an input-
output setting. It was an important advantage that Doyle
introduced the state space method to H∞ control problem
and gave the state space solutions according to two Riccati
equations for time-invariant system. Tadmor [4] extended
the H∞ control problem to the time-vary, finite horizon
case by maximum principle. Plenty of results in frequency
domain [1], [5], [6] and time domain [2]-[4] have been
achieved.

Recently, increasing attention has been paid to the prob-
lem of H∞ control for delay systems. Delays may exist in
the state [8], [13], the control input [9], [10] and the mea-
surements [14]-[16]. Such problems have been encountered
in many practical control problems, such as process control.
A lot of interesting results for this problem have been
presented in [17]-[20] and references therein. However, only
sufficient condition for the existence of the controller is
given in most of the previous works.

In this paper, we study the H∞ measurement feedback
control problem for the systems with delayed measurement.
A new approach is applied to derive the H∞ controller. With
the using of a re-organization innovation, we convert the
delayed measurements into measurement delay-free. The
H∞ control problem is equivalent to an H2 estimation
problem in Krein space.

This paper is organized as follows: the problem statement
is presented in Section II. The main results via indefinite
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quadratic form and the re-organized innovation analysis
approach in Krein space are proposed in Section III. Some
concluding remarks end the paper.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

Consider the time-variant state-space model with instan-
taneous and delayed measurements

x(t + 1)=Ftx(t) + G1,tw(t) + G2,tu(t) (1)

y(t)=Htx(t) + v(t) (2)

zt−d(t)=Mt−dx(t − d) + vz(t) (3)

s(t)=Ltx(t) (4)

where x(t) ∈ Rn, w(t) ∈ Rl, u(t) ∈ Rr, y(t) ∈
Rm, zt−d(t) ∈ Rp and s(t) ∈ Rq are respectively the
state, process noise, control inputs, instantaneous measure-
ment, delayed measurement and signals, v(t) ∈ Rm and
vz(t) ∈ Rp are the measurement noises. The matrices
Ft, G1,t, G2,t, Ht, Mt−d and Lt are known matrices of
appropriate dimensions. For convenience, td denotes t − d
(d > 0) and ∗ stands for the transpose throughout this paper.

Let ǔ(t) be a control strategy, we denote

‖T (F)‖2
∞ = sup

x(0),w,v,vz∈h2

A

B
, (5)

where

A = x∗(N + 1)P c
N+1x(N + 1) +

N∑
t=0

ǔ∗(t)Qc
t ǔ(t)

+
N∑

t=0
s∗(t)Rc

ts(t)

B = x∗(0)Π−1
0 x(0) +

N∑
t=0

w∗(t)Qw
t w(t)

+
N∑

t=0
v∗(t)(Rv

t )−1v(t) +
N∑

t=d

v∗
z(t)Rvz

td
vz(t)

The matrices Π0, P
c
N+1, Q

w
t , Qc

t , R
v
t , Rc

t and Rvz
td

are posi-
tive (semi) definite weighting matrices.

Now we formulate the problem which will be addressed
in this paper.

Problem 1: Consider the system (1)-(4), find a subop-
timal measurement-feedback H∞ control strategy ǔ(t) =
Ft(y(0), · · · , y(t), z0(d), · · · , zt−d(t)) that achieves

‖T (F)‖∞ < γ,

where γ is a given positive scalar.
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B. Preliminaries

In view of (5), it is not difficulty to observe that Problem
1 is equivalent to JN which has a minimum Jm

N over the
variables {x(0), w(0), · · · , w(N)} and ǔ(t) can be chosen
such that Jm

N > 0, where

JN = x∗(0)Π−1
0 x(0) +

N∑
t=0

w∗(t)Qw
t w(t)

+
N∑

t=0

(y(t) − Htx(t))∗(Rv
t )−1(y(t) − Htx(t))

+
N∑

t=d

(ztd
(t) − Mtd

x(td))
∗ (Rvz

td
)−1

× (ztd
(t) − Mtd

x(td)) − γ−2

(
N∑

t=0

s∗(t)Rc
ts(t)

+x∗(N + 1)P c
N+1x(N + 1) +

N∑
t=0

ǔ∗(t)Qc
t ǔ(t)

)
. (6)

Let us rewrite JN in the following fashion

JN = x∗(0)Π−1
0 x(0) +

N∑
t=0

(y(t) − Htx(t))∗ (Rv
t )−1

× (y(t) − Htx(t)) +
N∑

t=d

(ztd
(t) − Mtd

x(td))∗

×(Rvz
td

)−1(ztd
(t) − Mtd

x(td)) − γ−2J̄N (7)

where

J̄N = x∗(N + 1)P c
N+1x(N + 1)

+
N∑

t=0

s∗(t)Rc
ts(t) +

N∑
t=0

[
w(t)
ǔ(t)

]∗ [−γ2Qw
t 0

0 Qc
t

] [
w(t)
ǔ(t)

]
.(8)

According to the discussion in [7], we get

J̄N = x∗(0)P c
0x(0)

+
N∑

t=0

[
w(t) − w̃(t)
ǔ(t) − ũ(t)

]∗
Rc

e,t

[
w(t) − w̃(t)
ǔ(t) − ũ(t)

]
, (9)

where w̃(t) and ũ(t) are given by[
w̃(t)
ũ(t)

]
= −Kc,tx(t) = −

[
Kw,t

Ku,t

]
x(t) (10)

with

Kc,t = (Rc
e,t)

−1

[
G∗

1,t

G∗
2,t

]
P c

t+1Ft, (11)

Rc
e,t =

[
−γ2Qw

t + G∗
1,tP

c
t+1G1,t G∗

1,tP
c
t+1G2,t

G∗
2,tP

c
t+1G1,t Qc

t + G∗
2,tP

c
t+1G2,t

]
(12)

and P c
t , t = 0, · · · , N satisfies the backwards Riccati

equation as

P c
t = FtP

c
t+1Ft +L∗

t R
c
tLt −K∗

c,tR
c
e,tKc,t, P c

N+1. (13)

Now (9) allows us to write JN as follows

JN = x∗(0)(Π−1
0 − γ−2P c

0 )x(0)

+
N∑

t=0

⎡⎢⎢⎣
w(t) − w̃(t)
ǔ(t) − ũ(t)

y(t) − Htx(t)
ztd

(t) − Mtd
x(td)

⎤⎥⎥⎦
∗

×

⎡⎢⎢⎣−γ−2

[
Rc

e,t(1, 1)Rc
e,t(1, 2)

Rc
e,t(2, 1)Rc

e,t(2, 2)

]
0 0

0 (Rv
t )−1 0

0 0 (Rvz
td

)−1

⎤⎥⎥⎦

×

⎡⎢⎢⎣
w(t) − w̃(t)
ǔ(t) − ũ(t)

y(t) − Htx(t)
ztd

(t) − Mtd
x(td)

⎤⎥⎥⎦ , (14)

where the Rc
e,t(i, j), (i, j = 1, 2) denote the (i, j) block

entries of Rc
e,t and ztd

(t) = Mtd
= Rvz

td
= 0 for 0 ≤ t < d.

Note that JN is an indefinite quadratic form and includes
the information of instantaneous and delayed measurement.
A new approach termed as re-organized innovation analysis
in Krein space shall be developed to deal with such a
problem in the following discussion.

III. MAIN RESULTS

Denote

x̄(t) =

⎧⎨⎩
x(t), 0 ≤ t < d[

x(t)
x(td)

]
, t ≥ d

, Ys(t) =

⎧⎨⎩
y(t), 0 ≤ t < d[

y(t)
ztd

(t)

]
, t ≥ d

(15)
and [

∆−1
t S̄t

S̄∗
t (∆

′
t)

−1

]
=
[
Rc

e,t(1, 1)Rc
e,t(1, 2)

Rc
e,t(2, 1)Rc

e,t(2, 2)

]−1

. (16)

Then (14) is easily rewritten as

JN = x∗(0)(Π−1
0 − γ−2P c

0 )x(0)

+
N∑

t=0

⎡⎣ w(t) − w̃(t)[
ǔ(t)
Ys(t)

]
−
[
−K̄u,t

H̄t

]
x̄(t)

⎤⎦∗

×
[
Qw̃

t St

S∗
t Qv

t

]−1

×

⎡⎣ w(t) − w̃(t)[
ǔ(t)
Ys(t)

]
−
[
−K̄u,t

H̄t

]
x̄(t)

⎤⎦ , (17)

where

K̄u,t =
{

Ku,t, 0 ≤ t < d[
Ku,t0

]
, t ≥ d

,

H̄t =

⎧⎨⎩
Ht, 0 ≤ t < d[

Ht 0
0 Mtd

]
, t ≥ d

, Qw̃
t = −γ−2∆−1

t ,

St =
{

−γ2
[

S̄t 0
]
, 0 ≤ t < d

−γ2
[

S̄t 0 0
]
, t ≥ d

,
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Qv
t =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[
−γ2(∆

′
t)

−1 0
0 Rv

t

]
, 0 ≤ t < d⎡⎣ −γ2(∆

′
t)

−1 0 0
0 Rv

t 0
0 0 Rvz

td

⎤⎦ , t ≥ d

.

Note that Ys(t) is the observation of the system (1)-(4) at
time t, which is given as

Ys(t) =

⎧⎨⎩
Htx(t) + vs(t), 0 ≤ t < d[

Ht 0
0 Mtd

] [
x(t)
x(td)

]
+ vs(t), t ≥ d

, (18)

where

vs(t) =

⎧⎨⎩
v(t), 0 ≤ t < d[

v(t)
vz(t)

]
, t ≥ d

. (19)

For the convenience of discussion, we introduce the
Krein space state-space model associated with estimation
quadratic form (17)

x(t + 1)=(Ft − G1,tKw,t)x(t) + G1,t(w(t) − w̃(t))
+ G2,tǔ(t) (20)[

ǔ(t)
Ys(t)

]
=
[
−K̄u,t

H̄t

]
x̄(t) + v̄s(t) (21)

where

v̄s(t) =
[
vu(t)
vs(t)

]
and x(0), w(t) − w̃(t) and v̄s(t), in bold face, are Krein
space variables with〈⎡⎣ x(0)

w(t) − w̃(t)
v̄s(t)

⎤⎦ ,

⎡⎣ x(0)
w(r) − w̃(r)

v̄s(r)

⎤⎦〉

=

⎡⎣(Π−1
0 − γ−2P c

0 )−1 0

0
[
Qw̃

t St

S∗
t Qv

t

]
δtr

⎤⎦ . (23)

Recalling the discussion in [12], the minimum of JN is
given by

Jm
N =

N∑
t=0

[
ǔ(t) + K̄u,t̂̄x(t | t − 1)
Ys(t) − H̄t̂̄x(t | t − 1)

]∗
× Q−1

ws
(t)
[
ǔ(t) + K̄u,t̂̄x(t | t − 1)
Ys(t) − H̄t̂̄x(t | t − 1)

]
, (24)

where

̂̄x(t | t − 1) =

⎧⎨⎩
x̂(t | t − 1), 0 ≤ t < d[

x̂(t | t − 1)
x̂(td | t − 1)

]
, t ≥ d

, (25)

The value of x̂(t | t−1) and x̂(td | t−1) in (25) are obtained
from the projection of x(t) and x(td) onto the linear space

L
{[

ǔ(i)
Ys(i)

]t−1

i=0

}
, respectively. In (24), Qws(t) is the

covariance matrix of innovation Ws(t), which is given as

Ws(t)=
[

ǔ(t)
Ys(t)

]
−
[

û(t | t − 1)
Ŷs(t | t − 1)

]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
−Ku,t 0

0 Ht

] [
x(t) − x̂(t | t − 1)
x(t) − x̂(t | t − 1)

]
+v̄s(t), 0 ≤ t < d⎡⎣−Ku,t 0 0

0 Ht 0
0 0 Mtd

⎤⎦⎡⎣ x(t) − x̂(t | t − 1)
x(t) − x̂(t | t − 1)

x(td) − x̂(td | t − 1)

⎤⎦
+v̄s(t), t ≥ d

(26)

where x̂(t | t − 1) (x̂(td | t − 1)) is the projection of x(t)

(x(td)) onto the linear space L
{[

ǔ(i)
Ys(i)

]t−1

i=0

}
. It should

be seen that the estimator ̂̄x(t | t − 1) and innovation
covariance matrix Qws

(t) play important role for designing

the controller. Note the observation

[
ǔ(i)
Ys(i)

]
contains

time delay, the standard Kalman filtering formulation is
not applicable to compute ̂̄x(t | t − 1) and Qws

(t). To
deal with such problems we shall re-organize the delayed
measurements and define re-organization innovation. The
estimator ̂̄x(t | t − 1) and innovation covariance matrix
Qws(t) can be calculated by using innovation analysis
method.

From (15), it is easy to verify that

L
{[

ǔ(i)
Ys(i)

]t

i=0

}
=⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

L
{[

ǔ(t)
y(t)

]}
, 0 ≤ t < d

L
{[

ǔ(0)
yf (0)

]
, · · · ,

[
ǔ(td)
yf (td)

]
,[

ǔ(td + 1)
y(td + 1)

]
, · · · ,

[
ǔ(t)
y(t)

]}
, t ≥ d.

(27)

where

yf (i) =
[

y(i)
zi(i + d)

]
=
[
Hi

Mi

]
x(i)+vf (i), i = 0, · · · , t−d

(28)
with

vf (i) =
[

v(i)
vz(i + d)

]
, 0 ≤ i < t − d.

When 0 ≤ t < d, we have the relationships[
ǔ(t)
y(t)

]
=
[
−Ku,t

Ht

]
x(t) +

[
vu(t)
v(t)

]
. (30)

When t ≥ d, we have the relationship for 0 ≤ i < t − d
and t − d ≤ i ≤ t[

ǔ(i)
yf (i)

]
=

⎡⎣−Ku,i

Hi

Mi

⎤⎦x(i) +
[
vu(i)
vf (i)

]
, (31)

[
ǔ(i)
y(i)

]
=
[
−Ku,i

Hi

]
x(i) +

[
vu(i)
v(i)

]
, (32)
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It should be noted that, after reorganizing the measure-
ments, the new observation yf (i) contains measurements
of the state x(i) at time instants i and i+ d. In other word,
the delayed measurement has been applied to our design.[

ǔ(i)
yf (i)

]
and

[
ǔ(i)
y(i)

]
are delay-free and termed as re-

organized observation. (20) and (30) or (20), (31) and (32)
give a standard state space model without delay. Now define
the innovation sequence associated with the re-organized
observations for i > 0 and i = 0:

W (t + i, t)=
[
ǔ(t + i)
y(t + i)

]
−
[̂̌u(t + i | t + i − 1, t)
ŷ(t + i | t + i − 1, t)

]
=
[
−Ku,t+i

Ht+i

]
e(t + i, t) +

[
vu(t + i)
v(t + i)

]
,

(33)

W (t, t)=
[

ǔ(t)
yf (t)

]
−
[̂̌u(t | t − 1, t − 1)
ŷ(t | t − 1, t − 1)

]

=

⎡⎣−Ku,t

Ht

Mt

⎤⎦ e(t, t) +
[
vu(t)
vf (t)

]
,

[ ̂̌u(0 |−1,−1)
ŷf (0 |−1,−1)

]
= 0 (34)

where

e(t + i, t)=x(t + i) − x̂(t + i | t + i − 1, t), i > 0,

e(t, t)=x(t) − x̂(t | t − 1, t − 1),

while x̂ (j | t + i, t) (i ≥ 0) is the estimate of x(j) given{[
ǔ(0)
yf (0)

]
, · · · ,

[
ǔ(t)
yf (t)

]
,

[
ǔ(t + 1)
y(t + 1)

]
, · · · ,

[
ǔ(t + i)
y(t + i)

]}
.

It is easy to verify that {W (·, ·)} is the mutually uncorre-
lated sequence [11]. {W (·, ·)} is termed as re-organization

innovation for observations

[
ǔ(·)
yf (·)

]
and

[
ǔ(·)
y(·)

]
.

A. Innovation Covariance Matrix and Optimal Estimator

In this subsection, we shall present the general optimal
estimator x̂(tl | t, td) (l is a positive integer) and innovation
covariance matrix Qws

(t) by using the re-organized innova-
tion defined by (26). From (33)-(34), the covariance matrix
for re-organization innovation

Qw(t + i, t) = 〈W (t + i, t), W (t + i, t)〉 , i ≥ 0

is calculated by

Qw(t, t)=

⎡⎣−Ku,t

Ht

Mt

⎤⎦P t
t,t−1

⎡⎣−Ku,t

Ht

Mt

⎤⎦∗

(36)

+
[
Qvu

(t) 0
0 Qvf

(t)

]

Qw(t + i, t)=
[
−Ku,t+i

Ht+i

]
P t+i

t+i,t

[
−Ku,t+i

Ht+i

]∗
+
[
Qvu(t) 0

0 Qv(t + i)

]
, i > 0 (37)

with Qvu
(t) = −γ−2(∆

′
t)

−1 , Qv(t) = Rv
t , Qvz

(t) =

Rvz
td

, Q(vf )(t) =
[
Qv(t) 0

0 Qvz
(t)

]
and P t+i

t+i,t =

〈e(t + i, t), e(t + i, t)〉 (i ≥ 0) is the covariance matrix of
estimation error e(t + i, t), which can be computed by the
following Lemma.

Lemma 1: Let φt = Ft−G1,tKw,t. The cross-covariance
matrix P t+i

t+i,t can be calculated as

1) For i = 1, P t+1
t+1,t is calculated recursively by the

following Riccati equation

P t+1
t+1,t=φtP

t
t,t−1φ

∗
t + G1,tQ

w̃
t G∗

1,t + G2,tQvu(t)G∗
2,t

−φtP
t
t,t−1

⎡⎣−Ku,t

Ht

Mt

⎤⎦∗

Q−1
w (t, t)

⎡⎣−Ku,t

Ht

Mt

⎤⎦
×P t

t,t−1φ
∗
t , P 0

0,−1 = (Π−1
0 − γ−2P c

0 )−1,

(38)

where Qw(t, t) is the same as in (36).
2) For i > 1, P t+i

t+i,t is calculated as

P t+i+1
t+i+1,t=φt+iP

t+i
t+i,tφ

∗
t+i + G2,t+iQvu(t + i)

×G∗
2,t+i + G1,t+iQ

w̃
t+iG

∗
1,t+i

−φt+iP
t+i
t+i,t

[
−Ku,t+i

Ht+i

]∗
×Q−1

w (t + i, t)
[
−Ku,t+i

Ht+i

]
P t+i

t+i,tφ
∗
t+i,

(39)

where P t+1
t+1,t and Qw(t+i, t) are as in (38) and (37).

Proof : The proof is straightforward from [11]. �
Further, let

Rt+j
t+i,t � 〈x(t + j), e(t + i, t)〉 , i, j ≥ 0 (40)

be the cross-covariance matrix of the state x(t+ j) and the
state estimation error e(t + i, t), then we have following
result

Rt+j
t+i,t =

{
P t+j

t+j,tA
∗(t + j, t) · · ·A∗(t + i − 1, t), i ≥ j

φt+j−1 · · ·φt+iP
t+i
t+i,t, i < j

.

(41)
where A(t + k, t), k > 0 is given by

A(t + k, t) = φt+k

×
{

In − P t+k
t+k,t

[
−Ku,t+k

Ht+k

]∗
Q−1

w (t + k, t)
[
−Ku,t+k

Ht+k

]}
For k ≤ 0, P t+k

t+k,t = P t+k
t+k,t+k and A(t + k, t) = A(t +

k, t + k), the matrix A(t + k, t + k) is given by

A(t + k, t + k)=φt+k

⎧⎨⎩In − P t+k
t+k,t+k

⎡⎣−Ku,t+k

Ht+k

Mt+k

⎤⎦∗

×Q−1
w (t + k, t + k)

⎡⎣−Ku,t+k

Ht+k

Mt+k

⎤⎦⎫⎬⎭ .
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Next we will calculate the optimal estimator x̂(tl | t, td)
and innovation covariance matrix Qws

(t).
Theorem 1: For the Krein space state space model (20)-

(21), the innovation covariance matrix Qws
(t) and the

optimal estimator x̂(tl | t) = x̂(tl | t, td) (l is an integer)
are given by

1) The innovation covariance matrix Qws(t) =
〈Ws(t), Ws(t)〉 is given by

Qws(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
Qws

(1, 1)Qws
(1, 2)

Qws
(2, 1)Qws

(2, 2)

]
,

0 ≤ t < d,⎡⎣Qws
(1, 1)Qws

(1, 2)Qws
(1, 3)

Qws
(2, 1)Qws

(2, 2)Qws
(2, 3)

Qws
(3, 1)Qws

(3, 2)Qws
(3, 3)

⎤⎦ ,

t ≥ d,

where

Qws
(1, 1) = Ku,tP

t
t,td−1K

∗
u,t − γ2(∆

′
t)

−1,
Qws(1, 2) = −Ku,tP

t
t,td−1H

∗
t ,

Qws
(2, 1) = −HtP

t
t,td−1K

∗
u,t,

Qws
(2, 2) = HtP

t
t,td−1H

∗
t + Rv

t ,

Qws(1, 3) = −Ku,t

(
Rtd

t,td−1

)∗
M∗

td
,

Qws(2, 3) = Ht

(
Rtd

t,td−1

)∗
M∗

td
,

Qws(3, 1) = −Mtd
Rtd

t,td−1K
∗
u,t,

Qws(3, 2) = Mtd
Rtd

t,td−1H
∗
t ,

Qws(3, 3) = Mtd
P (td)M∗

td
+ Rvz

t ,

P (td) = P td
td,td−1 −

d−1∑
i=0

Rtd
td+i,td−1H

∗
td+i

×Q−1
w (td + i, td − 1)Htd+i

(
Rtd

td+i,td−1

)∗
.

2) The optimal estimator x̂(tl | t, td) can be calculated
as:
a) For d > l ≥ 0, the optimal estimator x̂(tl | t, td)

is calculated by

x̂(tl | t, td) = x̂(tl | tl − 1, td)

+
l∑

i=0

Rtl
tl+i,td

[
−Ku,tl+i

Htl+i

]∗
×Q−1

w (tl + i, td)
([

ǔ(tl + i)
y(tl + i)

]
−
[
−Ku,tl+i

Htl+i

]
x̂(tl + i | tl + i − 1, td)

)
,

where x̂(tl + i | tl + i−1, td), i = 0, · · · , l in the
above equation is calculated recursively as

x̂(tl + i + 1 | tl + i, td)
= φtl+ix̂(tl + i | tl + i − 1, tl)
+φtl+iP

tl+i
tl+i,td

×
[
−Ku,tl+i

Htl+i

]∗
Q−1

w (tl + i, td)
([

ǔ(tl + i)
y(tl + i)

]
−
[
−Ku,tl+i

Htl+i

]
x̂(tl + i | tl + i − 1, td)

)
,

x̂(td + 1 | td, td), i = 1, · · · , d − 1,

and where Qw(tl + i, td) and P tl+i
tl+i,td

(i = 2, · · · , d) are computed by (37) and (39)

respectively. The initial value x̂(td + 1 | td, td)
can be computed recursively as:

x̂(td + 1 | td, td)
= φtd

x̂(td | td − 1, td − 1) + φtd
P td

td,td−1

×

⎡⎣−Ku,td

Htd

Mtd

⎤⎦∗

Q−1
w (td, td)

([
ǔ(td)
yf (td)

]

−

⎡⎣−Ku,td

Htd

Mtd

⎤⎦ x̂(td | td − 1, td − 1)

⎞⎠ ,

x̂(0 | −1,−1) = 0,

where Qw(td, td) and P td
td,td−1 are as in (36) and

(38) respectively.
b) For l < 0, the optimal estimator x̂(tl | t, td) is

given by

x̂(tl | t, td) = φtl−1 · · ·φt+1x̂(t+1 | t, td), (42)

where x̂(t + 1 | t, td) has been given by a).
Proof : The proof can be obtained by applying a similar

discussion as in [12] and [11]. �

B. Solution to H∞ Control Problem

Now we are in the position to present the main result of
this paper.

Theorem 2: Consider the state-space model (1)-(4).
Then, for any given γ > 0, a measurement-feedback H∞
controller ǔ(t) = Ft(y(0), · · · , y(t), z0(d), · · · , zt−d(t))
that achieves ‖T (F)‖∞ < γ exists if and only if

1) Π−1
0 − γ−2P c

0 > 0,
2) 	t = −γ2Qw

t + G∗
1,tP

c
t+1G1,t − G∗

1,tP
c
t+1G2,tR

−1
Gc,t

×G∗
2,tP

c
t+1G1,t < 0, for all t = 0, 1, · · · , N and

3) the matrices Qv
t −St

(
Qw̃

t

)−1
S∗

t and Qws(t) have the
same inertia for all t = 0, 1, · · · , N ,

where P c
t+1 satisfies (13) and

RGc,t = Qc
t + G∗

2,tP
c
t+1G2,t.

Then the central controller is given by

ǔ(t) = −K̄u,t̂̄x(t | t − 1) − Kk,t

× Q̄−1
ws

(t)
(
Ys(t) − H̄t̂̄x(t | t − 1)

)
. (44)

where

Kk,t =
{

Ku,tP
t
t,td−1H

∗
t , 0 ≤ t < d[

Ku,tP
t
t,td−1H

∗
t Ku,tR

td
t,td−1M

∗
td

]
, t ≥ d

(45)
and the optimal estimate ̂̄x(t | t − 1) is given by

̂̄x(t | t − 1) =

⎧⎨⎩
x̂(t | t − 1), 0 ≤ t < d[

x̂(t | t − 1)
x̂(td | t − 1)

]
, t ≥ d

, (46)

while x̂(t | t − 1) and x̂(td | t − 1) can be calculated by
Theorem 1 for l = −1 and for l = d − 1 respectively.

Proof : According to the preliminaries in Section II ,
we know that ‖T (F)‖∞ < γ is equivalent to JN has a
minimum Jm

N over the variables {x(0), w(0), · · · , w(N)}
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and ǔ(t) can be chosen such that Jm
N > 0. From (17), a

necessary condition for JN to be positive for all variables
{x(0), w(0), · · · , w(N)} is 1), 2) and 3). The minimum of
the JN is given by (24). By using UDL factorization of
Qws

(t), Jm
N can be written as

Jm
N =

N∑
t=0

(ǔ(t) − ū(t))∗ 	−1
R,t (ǔ(t) − ū(t))

+
N∑

t=0

(
Ys(t) − H̄t̂̄x(t | t − 1)

)∗
Q̄−1

ws
(t)

×
(
Ys(t) − H̄t̂̄x(t | t − 1)

)
, (47)

where

	R,t =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−γ2
(
	′

t

)−1

+ Ku,tP
t
t,t−1K

∗
u,t − Ku,tP

t
t,t−1H

∗
t

×Q−1
ws

(t)HtP
t
t,t−1K

∗
u,t, 0 ≤ t < d,

−γ2
(
	′

t

)−1

+ Ku,tP
t
t,t−1K

∗
u,t

−
[
Ku,tP

t
t,t−1H

∗
t Ku,t

(
Rtd

t,td−1

)∗
M∗

td

]
×Q̄−1

ws
(t)
[

HtP
t
t,t−1K

∗
u,t

Mtd
Rtd

t,td−1K
∗
u,t

]
, t ≥ d,

,

	′
t = Qc

t + G∗
2,tP

c
t+1G2,t − G∗

2,tP
c
t+1G1,t

(
R

′
Gc,t

)−1

×G∗
1,tP

c
t+1G2,t,

R
′
Gc,t = −γ2Qw

t + G∗
1,tP

c
t+1G1,t,

Q̄ws(t) =

⎧⎪⎪⎨⎪⎪⎩
HtP

t
t,t−1H

∗
t + Rv

t , 0 ≤ t < d[
HtP

t
t,t−1H

∗
t + Rv

t Ht

(
Rtd

t,td−1

)∗
M∗

td

Mtd
Rtd

t,td−1H
∗
t Mtd

P (td)M∗
td

+ Rvz
t

]
,

t ≥ d.

and where 	R,t is the Schur complement of Q̄ws
(t) in

Qws
(t). We have

ū(t) = −K̄u,t̂̄x(t | t − 1) − Kk,t

×Q̄−1
ws

(t)
(
Ys(t) − H̄t̂̄x(t | t − 1)

)
(48)

with Kk,t is as in (45). In view of condition 3) on Qws(t),
we have Q̄ws(t) > 0 and 	R,t < 0.

Thus we choose the control signal to be ǔ(t) = ū(t)
which renders Jm

N positive. At the same time, the above
necessary condition is also sufficient. From (25), we use re-
organized innovation sequence to calculate the value of ̂̄x(t |
t− 1) by Theorem 1. This control strategy ǔ(t) which sat-
isfies the H∞ performance requirement is referred to as the
central controller. �

IV. CONCLUSION

The H∞ measurement-feedback control problem for lin-
ear discrete-time systems with delayed measurement has
been studied in this paper. By introducing a Krein space
state model, the delayed H∞ control problem has been
transformed into a full information control and an H2 opti-
mal estimation problem for measurement delayed systems.
A necessary and sufficient condition is derived by using
the re-organized innovation analysis. The measurement-
feedback controller is calculated by performing two Ric-
cati equations with the same dimension as the original

system. The presented approach can be easily extended to
the H∞ control problems for the continuous-time systems
with multiple-time delays and for continuous-time systems
with delayed measurements. The necessary and sufficient
condition for the existence of the H∞ controller will be
derived by using a similar discussion.

REFERENCES

[1] Zames, G., “Feedback and optimal sensitivity: model reference
transformations, multiplicative seminorms and approximate inverses,”
IEEE Trans. Automat. Contr., vol. 26, pp. 301-320, 1981.

[2] J. C. Doyle, Lecture Notes in Advances in Multivariable 3control,
ONR/Honeywell Workshop, Minneapols, MN, 1984.

[3] J. C. Doyle, K. Glover, P. P. Khargonekar, and B. A. Francis, “State
space solutions to standard H2 and H∞ control problems,” IEEE
Trans. Automat. Control, vol. 34, pp. 831-847, 1989.

[4] G. Tadmor, “Worst case design in the time domain: the maximum
principle and the standard H∞-problem,” Math. Control Signals
Systems, vol. 3, pp. 301-324, 1990.

[5] C. Foias, H. Ozbay and A. Tannenbaum, Robust Control of Infinite
Dimensional Systems: Frequency Domain Methods, Springer-Verlag,
London, 1996.

[6] I. Yaesh, A. Cohen and U. Shaked, “Delayed state-feedback H∞
control,” Proc. IFAC Workshop on Linear time delay systems, pp.
63-68, Grenoble, France, July, 1998.

[7] B. Hassibi, Ali H. Sayed and T. Kailath, Indefinite-Quadratic Esti-
mation and Control: A United Approach to H2 and H∞ Theories.
SIAM Studies in Applied Mathematics series, 1998.

[8] E. Fridman and Uri Shaked, “A descriptor system approach to H∞
control of linear time-delay systems,” IEEE Trans. Automat. Control,
vol. 47, pp. 253-270, 2002.

[9] A. Kojima and S. Ishijima, “Explicit formulas for operator Riccati
equation arisinig in H∞ control with delays”, Proc. 34th IEEE CDC,
New Orleans, LA, Dec., pp. 4175-4181, 1995.

[10] G. Tadmor, “H∞ control in systems with a single input delay,” Proc.
1995 American Control conf., pp. 321-325, Seattle, June, 1995.

[11] H. S. Zhang, L.H. Xie and Y. C. Soh, “A unified approach to linear
estimation for discrete-time systems-part I: H2 estimation,” Proc. the
40th IEEE Conf. on Decision and Control, Florida, Dec., 2001.

[12] H. S. Zhang, L. H. Xie and Y. C. Soh, “A unified approach to linear
estimation for discrete-time systems-part II: H∞ estimation,” Proc.
the 40th IEEE Conf. on Decision and Control, Florida, Dec., 2001.

[13] E. Fridman and U. Shaked, “H∞-norm and invariant manifolds of
systems with state delays,” Syst. Contr. Letters, vol. 36, no. 2, pp.
157-165, 1999.

[14] K. M. Nagpal and R. Ravi. “H∞ control and estimation problems
with delayed measurements: state space solutions,” SIAM J. Contr.
Optim., vol. 34, no.2, pp. 1217-1243, 1997.

[15] A. W. Pila, U. Shaked and C. E. de Souza, “Robust control of linear
time delayed systems,” Proc. 35th IEEE Conf. Desion and Control,
Kobe, Japan, pp. 1368-1369, Dec. 1996.

[16] M. Mahmoud, Robust Control and Filtering for Time-Delay Systems.
New York: Marcel Decker, 2000.

[17] E. Fridman and U. Shaked, “H∞-state-feedback control of linear
systems with state-delays,” Syst. Control Lett., vol. 33, no. 3, pp.
141-150, 1998.

[18] G. Tadmor, “The standard H∞ problem in systems with a single
input delay,” IEEE Trans. Automat. Contr., vol. 45, no. 3, pp. 382-
397, 2000.

[19] L. H. Jee, S. W. Kim and W. H. Kwon, “Memoryless H∞ controllers
for delayed system,” IEEE Trans. Automat. Contr., vol. 39, no. 2, pp.
159-162, 1994.

[20] C. H. Ho and C. M. Jin, “Memoryless H∞ controller design for
linear systems with delayed state and control,” Automatica, vol. 31,
no. 6, pp. 917-919, 1995.

4015


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


