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Abstract— Heavy traffic methods are well-studied in wire-
line queueing networks but only recently have been applied to
wireless queueing systems with their random environments
(due to channel variations, multi-access interference, etc.).
Under the heavy traffic method, one can obtain a limit model
approximating the queueing dynamics and it typically has
the form of a stochastic differential equation with reflection
(SDER). In one of the first works applied to wireless ([2]), an
important assumption was made on the reflection process in
order to get existence and uniqueness of a SDER limit model.
Here we obtain the optimal control policies in a wireless system
with the SDER limit model using numerical methods for
continuous-time stochastic control problems. The simulation
results indicate the influence of the reflection process on the
optimal control polices which motivates further investigation
into the strength of the reflection assumption. The optimal
policies have the form of a “Max Weight” discipline and
are similar to results obtained analytically under simplifying
assumptions.

I. INTRODUCTION

Heavy traffic methods for analyzing wireline queueing
networks have been extensively studied (see the compre-
hensive exposition in [1] and the references therein). In the
heavy traffic method for these applications, one applies a
central limit-type scaling to the queue balance equations
using a parameter n, where time is sped up by a factor of
n and the state-space is scaled by a factor of 1/

√
n. By

heavy traffic we mean, loosely speaking, that the system is
operating at near capacity. One applies weak convergence
methods ([4]) to obtain a limit process (as n → ∞)
approximating the queueing dynamics, where the limit
process often satisfies a stochastic differential equation with
reflection (SDER) (we say “often” since the limit model
may also have jump terms, which we do not consider here,
but see [5]). In particular, for our example (described in
section II)

x(t) = x(0) +
∫ t

0

b(u, x(s)) ds + w(t) + z(t), (1)

where x is the (scaled) queue size vector, b(u, x) is the
drift term, u is a reserve control, and w is a Weiner process
and z is the reflection term which constrains x ≥ 0. The
power of the heavy traffic method is that the limit model
eliminates inessential detail. Another feature is that the
optimal policies obtained by applying stochastic control
methods with the dynamics in (1) often work well in the
actual system when far from the heavy traffic condition.
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Only a few works have applied heavy traffic modeling
to wireless systems where the main new feature is the
random environment due to the channel variations, multi-
access interference, etc. ([2], [3]). For the model in [2],
outlined in section II, one applies a scaling dependent
on the channel process to get the limit dynamics in (1),
under an assumption on the reflection process, namely
the completely-S condition. Stochastic control methods are
applied to determine how to allocate resource u (which
can have several meanings , see [2]). Here, u represents a
“reserve” power whereas most of the power (the “nominal”
power, p̄) is preallocated such that mean arrival rate equals
the mean departure rate; this is our heavy traffic condition
(see equation (2)). For a cost rate penalizing (weighted)
queue size, under some simplifying assumptions, one can
analytically obtain the optimal policy (see [2]) which states
that all u is allocated to the queue which maximizes a
(weighted) product of queue size with a term incorporating
the channel quality; i.e. the optimal policy is a Max Weight
discipline. For the model in [3], all of the power can be
allocated and a Max Weight policy is shown to induce a
state-space collapse and is optimal in the sense of minimiz-
ing workload.

In section II we summarize the model in [2], noting the
completely-S assumption made on the reflection process.
In section III, under this assumption on the reflection, we
obtain the optimal policy for the reserve power u using
the numerical methods in [5]. The optimal policy has a
Max Weight structure and the reflection process is seen to
influence its form. This motivates further investigation of
the strength of the assumption on the reflection directions
for various cases in order to better understand the limita-
tions of the control policies obtained using these stochastic
control methods. The optimal policy is also used in initial
simulations of a real time queueing system and shows good
performance compared to a heuristic policy.

II. HEAVY TRAFFIC MODEL

The highlights of the wireless system model, the scaled
queue balance equations, and the limit SDER are given here;
for full detail see [2]. We consider a one-cell forward-link
wireless system with K independent queues at the base
station with random data arrivals each dedicated to a mobile.
The vector channel state is indexed j ∈ J ; each j specifies
the channel for all K mobiles. We suppose that j specifies
a vector λ̄d(j), the achievable transmission rate/unit power
and we suppose that j evolves according to a semi-Markov
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process. The system is in heavy traffic in the sense that most
of the available power (i.e. nominal power, p̄) balances the
mean arrival rate:

Λa
i =

∑
j∈J

λ̄d
i (j)p̄i(j)π(j), (2)

where i indexes the queues and π is the stationary distribu-
tion of the channel. The remaining power u is the reserve
and we are interested in allocating it optimally among the
queues (see section III). In heavy traffic, a small reserve
power can have a large affect on the queues.

We will scale the queue balance equations with parameter
n giving an embedded set of systems indexed by n. Assume
that the mean arrival rate of the data is O(n). The channel
process is denoted Ln(t) and it changes at a rate O(nν),
ν ∈ (0, 1). Let γ = 1 − ν/2, xn

i (t) be 1/nγ times the
content in queue i, and An

i (t) be 1/nγ times the number
of arrivals to queue i by time t. When a queue is empty
we allow reallocation of its power to the other queues. The
scaled queue balance equations are given by

xn
i (t) = xn

i (0) + An
i (t) − Dn

i (t) −
∑

k

yn
ki(t),

where yn
ki(t) represents the service due to reallocation of

power from empty queue k to queue i. The departure
process is given by

Dn
i (t) =

n

nν

∫ t

0

∑
j∈J

I{Ln(t)=j}λ̄d
i (j)

×
[
p̄i(j) +

ui(j, xn(t))
nν/2

]
× I{xn

i
(s)>0} ds, (3)

where I{·} is the indicator function and I{xn
i
(s)>0} con-

strains the queues from being negative. Centering about the
mean dynamics under the nominal power p̄ and applying
the heavy traffic condition (2), one can obtain (see [2])

xn
i (t) = xn

i (0) + Ma,n
i (t) − Md,n

i (t) + zn
i (t)

−
∫ t

0

∑
j∈J

I{Ln(s)=j}λ̄d
i (j)ui(j, xn(s)) ds,

zn
i (t) = yn

i (t) −
∑
j,k �=i

yn
ki(j, t), (4)

where the Ma,n
i (t) and Md,n

i (t) terms are the centered
(about the mean flow) arrival and departure process. In
Md,n

i (t) the queues potentially are allowed to go negative
(i.e. the term I{xn

i
(s)>0} in (3) is removed) but this is

compensated for by the the yn
i (t) which represents the work

that could have been done using the nominal power p̄, had
the queues not been empty. We have

Md,n
i (t) =

1
nν/2

∫ tnν

0

[ ∑
j∈J

I{L(s)=j}

−π(j)
]
× λ̄d

i (j)p̄i(j) ds.

Comments on the Reflection Process. Both terms in (4)
depend on the scaled idle time for queue i given by

Tn
i (j, t) =

n

nγ

∫ t

0

I{Ln(s)=j}I{xn
i
(s)=0} ds,

i.e. the reflection directions depend on the channel condi-
tions when a queue goes empty. This is different from the
wireline case in that now we can have multiple reflection
directions on a boundary. For example, Figure 1 shows
the reflection directions for a two-queue, two-channel case
when all the reserve power is assigned to one of the queues
at a given time. All of the reserve power is reallocated to
the other (nonempty) queue when the other queue empties.
In the left of Figure 1, for j = 1 the power is reassigned
to a less efficient queue (i.e. λ̄d

1(1) < λ̄d
2(1)) when queue

2 goes empty; similary when queue 1 empties and j =
2. Fixing these directions, the completely-S condition is
satisfied (which roughly says the reflection direction point
hard enough into the state space, but see [6], [2] for precise
statements). These directions are the most probable since
the queue is most likely to empty in its best channel state.
However, it may be possible that the queues empty in
opposite states, shown in the right side of Figure 1. Here
the completely-S condition is not satisfied but one would
like to quantify the probability of this occurrence.

Fig. 1. Reflections. Left: Completely-S, Right: Not Completely-S

Weak convergence. One can apply weak convergence
techniques to (4) to obtain the limiting form (1). We will
only comment on the results; full detail is in [2]. Ma,n

i (t)
is shown to weakly converge to the zero process due to
the tightness of the arrival process under a conventional
(wireline) heavy traffic scaling of 1/

√
n of the state space

along with the fact that here the state space is scaled by
1/nγ , γ > 0.5. The Md,n

i (t) can be shown to weakly
converge to a Weiner process using perturbed test function
methods provided there is strong enough mixing in the
channel process, Ln(t) [7]. The term with the reserve power
ui(j, x) weakly converges to the drift term using the same
techniques as for Md,n

i (t).

III. STOCHASTIC CONTROL PROBLEM

A stochastic control problem is solved to get the optimal
reserve power: the dynamics are given by (1) and we
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consider a cost function to minimize with respect to u:

W (x, u) = Ex

∫ ∞

0

e−βs
[ ∑

i

αix
pi

i (s)

+c′(x(s)) dz(s)
]
ds,

β > 0 and small, αi > 0, pi > 1, (5)

and c′(·) specifies the boundary cost. An analytical solution
is not available and so the numerical methods (in particular,
approximation in policy space) in [5] were used to obtain
the optimal control. The reflection directions were either
specified to be orthogonal to the boundary or, when re-
allocation of power was allowed, a randomization of the
directions was implemented to obtain a single direction
associated with a boundary while satisfying the completely-
S condition.

In Figure 2 are policies obtained for a simple two-queue,
two-channel case with buffer size B = 5, β = 0.01,
α1 = α2 = 1, p1 = p2 = 2, and the component of c
in (5) for the upper boundaries (B = 5) is 250 and for the
lower boundaries (B = 0) it is 10. The policies have the
Max Weight form—all of the reserve power is applied to a
single queue at any point in the queue state space. This is
the form derived analytically in [2] but under simplifying
assumptions which included neglecting the reflection; in [2]
the optimal policies formed “wedges” eminating from the
origin. Here the reflection results in deviations from this
wedge: note in the lower right plot in Figure 2 that near the
origin the reserve power is allocated to queue 2 even when
queue 1 is smaller. On can surmise that this may be due
to the reallocation since the power is reallocated to queue
1 when queue 2 empties. This simple example highlights
the importance of the reflection directions on the control
policy and motivates further investigation of affects of the
reflection directions and the strength of the completely-S
assumption.

Some initial real-time simulations with Poisson arrivals
and departures specified by the rates λ̄d

i (j) × (p̄i(j) +
ui(j, x)) using the heavy traffic policies show promising
results. Figure 3 is a case comparing against “wedge policy”
(i.e., for any j, the boundary is the 45-degree line in Figure
2). There are many variables in this simulation (arrival
process, channel process, closeness to the heavy traffic
condition) and full scale simulation study is planned for
a future paper.

REFERENCES

[1] H. J. Kushner, Heavy Traffic Analysis of Controlled Queueing and
Communication Networks, Springer, 2002.

[2] R. Buche and H. J. Kushner, “Control of Mobile Communications
With Time-Varying Channels in Heavy Traffic”, IEEE Transactions
on Automatic Control, Vol. 47, No. 6, June 2002, pp. 992-1003.

[3] A. L. Stolyar, “ Max Weight scheduling in a generalized switch:
State space collapse and workload minimization in heavy traffic”,
The Annals of Applied Probability, Vol. 14, No. 1, February 2004.

Fig. 2. Optimal reserve control policies as a function of the
queue state space and channel state. The channel state is given by
(λ̄d

1(1), λ̄d
2(1), λ̄d

1(2), λ̄d
2(2)) = (0.06, 0.1, 0.08, 0.08).

Fig. 3. Heavy traffic vs. wedge policy. Pathwise cost (analog to (5) with
α1 = 3, α2 = 2) 8.5% lower with heavy traffic than wedge policy

[4] S.N. Ethier and T.G. Kurtz, Markov Processes, Wiley, New York,
1986.

[5] H.J. Kushner, P. Dupuis, Numerical Methods for Stochastic Control
Problems in Continuous Time, Second Edition Springer, New York,
2001.

[6] M.I. Reiman and R.J. Williams, ”A boundary property of semi-
martingale reflecting Brownian motions”, Prob. Theory Rel. Fields,
vol. 77, pp. 87-97, 1988.

[7] H.J. Kushner and G. Yin, Stochastic approximation and recursive
algorithms and applications, Springer, New York, 2003

3974


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


