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Conservation of Normality for Master-Slave and Strict
Discrete-Event System Composition

Florian Wenck” and Jan H. Richter*

Abstract—1In this work the normality property of speci-
fication languages for discrete-event systems under partial
observation is investigated in a modular context for large-scale
systems-modelling. This is related to work on controllability
done previously in a similar context [1]. The problem of
preserving normality under master-slave (biased synchronous
composition, BSC) and strict composition (strict product com-
position, SPC) operations is defined, and sufficient conditions
for preserving normality under application of these operators
are provided.

[. INTRODUCTION

Discrete-event systems (DES) are characterized by the
occurrence of discrete state transitions induced by events.
The need to treat complex DES by using modular ap-
proaches arises for three reasons. First, reduction in com-
putational complexity is desired. Second, for large-scale
systems, modular plant modelling is the only feasible ap-
proach. Regarding their underlying physical structure, real
complex systems in manufacturing should be treated as a
composition of subsystems, such as shops or work cells.
Finally, sometimes the overall supervisory task needs to be
divided into subtasks to run on more than one supervisor.

The best known methods for supervisor synthesis are
exponential in the number of modules constituting a global
plant. Most likely, no polynomial time methods exist due
to the computational complexity. The complexity issue
has been examined in detail by Gohari and Wonham [2].
Inspired by this fact, much subsequent research work dealt
with the refinement of structured approaches for supervisor
design to decrease computational complexity. The original
modular approach [3] introduces the concept of modular
design to allow for modular specifications, defined on the
global plant. Hence the global plant has to be expressed
explicitly for the computation of supremal controllable
sublanguages. The approach has been refined by de Queiroz
and Cury, who introduce the concept of local modularity to
avoid the explicit computation of the global plant [4], [5].

Regardless whether the monolithic or a modular approach
is used, some of the events generated by the plant cannot
be observed by the respective supervisory control. The
cause is irrelevant from a theoretical point of view, however
in an application-oriented perspective an event can be
unobservable for several reasons. First, two events may
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be indistinguishable to a supervisory control, due to the
presence of faulty sensors. Second, due to the lack of
sensors, the observation of a particular known existing event
(e.g. inside of a melting furnace) is impossible. Such events
can be named as virtual events. Last, in case of distributed
systems, the availability of sensor signals can be restricted
to local areas.

Dealing with unobservable events leads to partial obser-
vation problems, first proposed by Lin and Wonham [6] and
Cieslak et. al. [7]. In addition to the controllability property,
observability and normality became important to solve
supervisory control problems under partial observation.

Recently, we examined the conservation of controllability
from a composition oriented view, providing results for the
two composition operators considered here [1]. In that work,
a broader perspective regarding composition operators was
taken than here. This work is an extension of our previous
results on controllability for the property of normality with
prior restriction to SPC and BSC.

The notion of normality for specification languages is
key to the solution of supervisory control problems under
partial observation. Composition operators remain the basis
of module-oriented system modelling. The focus of this
work is on the conservation of normality under the applica-
tion of two special compositional operators, namely biased
synchronous composition and strict product composition.

The remaining part of this paper is structured as follows.
Section II provides a brief review of the foundations for
this study. Next, the two relevant composition operators are
introduced and explained (Section III). The problem of con-
serving normality under composition is defined and results
are provided for the aforementioned operators (Section IV).
An example to illustrate our ideas follows (Section V). The
paper concludes with a summary and outlook on future
research ideas (Section VI).

II. PRELIMINARIES

In this work, DES are treated using the Supervisory Con-
trol Theory (SCT) framework introduced by Wonham et. al.
[8]. Plants are modelled as deterministic finite automata
(dfa).

Let X denote a finite alphabet of events and the Kleene-
closure X* the set of all finite strings, derived by concate-
nation of events from X, including the empty string €. The
prefix closure of a language L C X* is denoted by L.

A plant model dfa is represented by a generator G =
(X,X,0,x9) with state set X, event alphabet Y, partial
transition function 0 : X x ¥ — X and initial state xg.
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Marker states are not relevant in our context and thus
omitted. The automaton generates the regular language
L(G), expressing uncontrolled plant behavior. The event
alphabet is partitioned into the subsets of controllable and
uncontrollable events ¥ = Y. UX,., and into the subsets
of observable and unobservable events ¥ = X, UX .. In
general, the two partitions are independent from each other.
When DES are used to model technical systems such as
manufacturing cells, controllable events are in practice often
also observable. Hence the assumption X, C ¥, is valid for
most technical systems, an often useful fact. A specification
language K C L(G) represents legal plant behavior.

Let P denote the natural projection, which is a map
P:X* — X! deleting all unobservable events from a given
string, preserving the order of all remaining events. A full
definition of the natural projection is available in [9]. The
corresponding inverse natural projection P~! : £ — 2% of
a given string ¢, produces the set of all strings T = P~ (1)
with the property P(T) =t. Note that P~! is not an inverse
function in the sense that P~!(P(s)) = s for s € £*. P and
P~ ! are extended to be defined over languages by applying
them to all the strings in the considered language.

The standard definition for normality of a pair (K,G) with
respect to the natural projection P, with L(G) prefix-closed,
is used: K is (L(G),P)-normal if and only if

K =P '[P(K)]NL(G), (1)

that is, if K can be exactly reconstructed from its natural
projection P(K). In other words: For K to be (L(G),P)-
normal, K must be a union of some subsets of L(G)
which each consists of those strings in L(G) that are
indistinguishable from each other regarding their natural
projection. A graphical illustration of the normality property
can be found in [10].

In general, normality is both stricter and better suited for
analytic manipulation than observability, a related property
not presented here. The paper assumes that all controllable
events are observable. It is known under this assumption
that normality and observability are equivalent, if K is
in addition controllable. The reduction of observability
to normality is valid in the course of most application
problems, as mentioned before. This explains the choice
of normality for investigation in this work.

Concerning the composition of automata representing
DES, only the two operators relevant for this work are
presented in the following section. For a more general
treatment, the reader is referred to [1] and [11].

III. COMPOSITION OF DES

Fundamentally, composition of DES can be seen as the
replacement of several influencing subsystems by a com-
posed system under some given constraints. The resulting
composed system must reflect the mutual influence of the
subsystems.

In the SCT context, composition means synchronization
of deterministic finite automata. Regarding modelling activ-

ity, the degree of synchronization of e.g. two dfa depends
on how the subsets of private events (occurrence of such an
event in one subsystem is independent from the other) and
common events (such events can only occur in both sub-
systems simultaneously) are preset by the system modeler.
This subdivision reflects the influence of the subsystems.
Here, this is done by defining the corresponding transition
function for each presented composition operator, thus event
subdivision is not necessary a-priori. The basis for the
definition of all following composition operators are two
Generators G| = (X1,X1, 61,x01) and Gz = (X3,%2, 62, %02)
with disjoint state sets X; MNX, = 0 but generally overlapping
event sets. The result of any composition is a generator G =
G1l|()G2 = (X,Z,8,x0) with the state set X = X x X, event
set X C X UX, and initial state xo = (xo1,X02), where (-) is
one of {BSC, SPC}, defined below. Each operator is defined
by a distinct transition function presented below, with o € X
a single event, and x € X a state. The notation 6(x,0)!
denotes that 6(x,o0) is defined. The notation —6(x,o)!
embodies the opposite.
Definition 1 (Biased Synchronous Comp. (BSC)): BSC

assigns the two input DES different roles. The generator
G, is called master, G; is called follower.

5(x,0) =

01(x1,0) X &a(xp,0) if O1(x1,0)!
A 82()62, G)!

{x1} X 82(x2,0) if =6 (x1,0)!
A\ 52()62, G)!

undefined otherwise.

In BSC, introduced by Lafortune and Chen [12], the master
may execute state transitions whenever it can, completely
independent from the follower. The follower moves syn-
chronously, if possible. The language generated by G is
exactly the master generator language: L(G) = L(G») [12].
In [12], Lafortune and Chen introduced the biased synchro-
nous composition in the context of control. Generally, BSC
can be used for plant modelling as well.

Consider the model of a simple operator desk for a valve,
containing only two push-buttons to open and close the
valve, respectively. In addition, consider the model of the
valve consisting of two states representing the status (open,
close) and two state transitions representing somehow the
opening and closing. Defining the operator desk model as
master and applying BSC on those subsystems lead to
a composed system representation reflecting exactly the
characteristic of the push-buttons, namely they can be
pushed any time. The case were the valve is already closed
and the button to close the valve is pressed, is an instance
of a situation where the follower cannot follow its master.

Definition 2 (Strict Product Comp. (SPC)): SPC treats
the two input DES symmetrically. An event may occur
in the output DES if it can occur simultaneously in both
input DES.

o(x,0) =
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Defined on,

normal w. r. t.
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Composition

Fig. 1. Established normality check of unions and intersection of normal
specifications

01(x1,0) X &2(x2,0) if & (x1,0)!
N6 (x2,0)!
undefined otherwise.

SPC, mentioned in Heymann [13] and often named Cross
Product, forces the generators Gi, G, into complete lock-
step operation. The language generated by G is simply the
intersection of the source languages: L(G) = L(G1)NL(G).
It is equivalent to Wonham’s meet operator [9] if X| = X,.
Note that | NX; = 0 results in an empty generator, thus
Y1 NX; #£ 0 is assumed.

With reference to the valve example, the application of
SPC on the same subsystems results in a composed system
representation not reflecting the above mentioned button
characteristics. In this composed system representation the
operator desk behaves as a switch.

IV. CONSERVATION OF NORMALITY UNDER
COMPOSITION

In this Section, the main results are presented. First, the
problem of conserving normality under the application of
compositional operators is further specified (Subsections I'V-
A and IV-B). Sufficient conditions are subsequently pro-
vided for the normality of the global plant specification
(Subsections IV-C and IV-D).

A. Problem Definition

It is known from the general SCT that the set
of all (L(G),P)-normal sublanguages .4 (K,L(G)) of a
given language L(G) is closed under arbitrary unions:
(K1 € /(K,L(G))) N (Ky € (K, L(G))) = K1 UK, €
A (K,L(G)) [9]. The same holds for intersections. In both
cases, the original specification languages and their unions
and intersections are considered normal with respect to a
common, distinct language L(G), representing a monolithic
plant. This prior knowledge is depicted in Fig. 1.

Now consider the situation where G is a composed
system, consisting of two components (n = 2). K| and K, are
defined on modules G| and G, respectively. One possible
way of analyzing the normality of unions and intersections
of modular specifications in that context would be to
directly check the normality of the modular specifications
against the composed plant. In case of successful testing

>
Defined on,
normal w. r. t.

>
Composition

Fig. 2. Tllustration of this works key idea

the above results about unions and intersections apply
immediately. This approach however involves the explicit
computation of the composed plant.

The objective of the approach presented here is to
avoid, when possible, the explicit computation of both the
composed plant and the combined specification in order
to judge the normality of the union or intersection of
the modular specifications. For this purpose the following
common framework is introduced.

Let G, G> be generator modules as defined in Section I1I,
and G be the composed generator. Let K; C L(G;), Ky C
L(G;) be normal specifications local to G| and Gj:

Ky = P'[P(K)]NL(G)) (2)
K, = P '[P(Ky)]NL(Gy) 3)

Let possible combinations of modular specifications be
intersection Kn = K; N K3 and union K, = (K UK2) NL(G).
Intersecting two different plants’ local specifications means
that when considered together, they may only perform
common tasks. Taking the union respectively means that
they may each perform any specified operation individually
and independently from each other. The restriction to L(G)
for K, is necessary for the specification to be consistent
with the context of the composed system.

Problem 1: Let n = 2 local specifications K; C L(G),
K> C L(G,) be given, each locally normal with respect
to their n = 2 generator modules G|, G, as indicated by
Eqgns. 2 and 3. Decide if their intersection Knh = K; N K>
and union K, = (K UKz) N L(G) are (L(G),P)-normal
with respect to the composed plant G = G1||(.)G2, with the
composition operator ||y € {BSC,SPC}.

This problem is illustrated in Fig. 2 to support the
intuitive understanding of the problem.

Some notes on the underlying natural projection P to-
gether with a lemma necessary for subsequent proofs follow.

B. The Natural Projection P

Some observations concerning the natural projection P
are necessary. The same natural projection is assumed to be
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valid for both plant modules. This implies that the modular
plants have to agree on the observability of common events.
Mixtures, as they were allowed for the deduction of the
global controllable event subalphabet in [1], are not possible
for our approach to analyzing normality under composition,
due to the use of a common natural projection.

Formally, this amounts to X, C (£;UX;) and P: (£; U
)t — Xk

The following lemma is used in subsequent proofs as
well as a property relative to the inverse natural projection
mentioned afterwards. Otherwise, all subsequent proofs are
based on basic set operation properties like distributivity
of concatenation, union and intersection and the use of
identities like K; NK, C K1 N K.

Lemma 1 (Supporting Lemma): Let A C X}, B C X3 be
languages on the alphabets X, X,. Let X, C (X1 UX,) and
P: (X1 ULp)* — X¢ the corresponding natural projection.
Then

P(ANB) C P(A)NP(B). 4)
Proof: Since ANB C A, then P(ANB) C P(A). Simi-
larly, ANB C B leads to P(ANB) C P(B). Thus

P(ANB) C P(A)NP(B)

|

The following property is taken from de Queiroz and
Cury [4].

Property 1 (Inv. Natural Projection Identity): Let A,B C
¥ be languages on the alphabet X, and let P :X* — X%
denote the natural projection related to X¥. Then

Pl A)nP1(B)=P ' (ANB). 5)
Proof: See [4]. |

For subsequent proofs it should be noted that P~ [P(K)]N
L(G) DK is a tautology.

Sufficient conditions to ensure the normality of the com-
bined specifications for the SPC and BSC operators follow.

C. Results On Strict Product Composition (SPC)
As mentioned in Definition 2, G = G;||spcGa2, L(G) =
L(G))NL(Gy).
Proposition 1 (Kn = K| NK; for SPC): K is (L(G),P)-
normal (K = P~'[P(K)]NL(G)) if
1) KiNK; =K1 NK», i. e. Kj, K> are nonconflicting
Proof:
P~[P(K)|NL(G) 6)
= P U P(KiNK2)|NL(G1)NL(G»)
p! [P(F] ﬂfz)] NL(G1)NL(G)
if K, K, nonconflict
C P UP(K)NP(KL)]NL(G)NL(G,)
PP(K))]NPP(Ky)]NL(G) NL(G,)
P~ K

= P! [P(K1)|NL(G1) NP~ [P(K2)|NL(G2)
= ?1 ﬂfg

KiNK,, if K;, K> nonconflict
= F-

The condition in Propos. 1 is used for the second and the
last but one equation. Lemma 1 is used for the third step.
The fourth step requires Property 1. P(K;),P(K>) C X%, due
to the agreement on observable common events mentioned
before. All other steps are based on well-known identities.
|
The nonconflicting condition of Propos. 1 unsurprisingly
requires that the modular specifications do not lead to
contradicting behavior in the context of the composed plant.
Proposition 2 (K, = (Ky UK>) NL(G) for SPC): K is
(L(G),P)-normal (K = P~'[P(K)]NL(G)) if
1) L(G) =L(G), i. e. L(G) is prefix-closed
2) KiNL(G) = K1 NL(G), i. e. Ky, L(G) are noncon-
flicting
3) KbNL(G) = KxNL(G), i. e. Kz, L(G) are noncon-
flicting
Note that K can be written as K = (K; NL(G))U (K2 NL(G))
and condition 1 of Propos. 2 is trivial since L(G) is always
prefix-closed by its definition as a generated language of G.
Proof:

P~'[P(K)]NL(G) (7
= P~'P((K1NL(G)) U (K2 NL(G))]
NL(G1)NL(G,)
= P'[P(K;NL(G) UK, NL(G))]
NL(Gi)NL(G2)
= P YP(KyNL(G))UP(K2NL(G))]
NL(G1)NL(G?)
(P~'[P(K1NL(G)]UP' [P(K2NL(G))])
NL(G1)NL(G2)
= (P'[P(K1NL(G)]NL(GI)NL(G2))
U(P~'[P(K2NL(G))]NL(G1) NL(Gy))
- (K1NL(G1)NL(Gy))
U (K, NL(G1)NL(G,)
= (K1 NL(G)) U (K2 NL(G))
(K1 NL(G)) U (K2NL(G))
if L(G) is prefix-closed
(KiNL(G))U(KaNL(G))
if (L(G),K;) nonconflict, i = 1,2
(K1 UK2)NL(G)
K.

Together with the aforementioned tautology, this establishes
(L(G), P)-normality for K. The conditions of Propos. 2 are
used in steps 8 and 9. |
The nonconflicting test in Propos. 1 involves the language K
explicitly, however not the global plant. The nonconflicting
test in Propos. 2 involves the language L(G) explicitly,
however not the combined specification. Both propositions
have a benefit: The computation of K for intersection is
easy, and the global plant need not be computed. For union,
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the computation of the global plant is necessary but the
combined specification need not be computed in addition.

The result is not surprising in the light of the intuitive
interpretation of the nonconflicting conditions on both mod-
ular specifications.

D. Results On Biased Synchronous Composition (BSC)

Here, G = Gi||gscGa2, L(G) = L(G,) by Definition 1.

Proposition 3 (Kh = K| NK; for BSC): K is (L(G),P)-
normal (K = P~'[P(K)|NL(G)) if

1) P UP(K))]NL(Gy) C Ky, i. e Ky is (L(Ga),P)-
normal.
2) KiNK, =K;NK», i. e. K;, K> nonconflict
Proof:
P[P(K)]NL(G) (8)
= P P(KiNKy)]NL(Gy)
= P~ P(K,NK>)|NL(G,)
if K, K, nonconflict
C P~ P(K,)NP(K2)]NL(Gy)
= PHP(KN)INP![P(K2)]NL(Gy)
P UP® )| NLG) NP PE)] NL(G)
- K\ NK, if K; is (L(G»),P)-normal

= KiNK; if K;, K, nonconflict
K.

The steps rely on the same basic identities and Lemma 1 as
for Propos. 1 and 2, except for step 6, which requires the
new condition 1 of Propos. 3. This condition requires that
the follower specification be normal with respect to the mas-
ter plant. The nonconflicting condition intuitively requires
that both specifications do not lead to a contradiction for
the composed plant. |

Proposition 4 (K, = (K1 UK>)NL(G) for BSC): K is
(L(G),P)-normal (K = P~'[P(K)|NL(G)) if
D PUP(K1)|NL(G2) C K1,
normal.
2) KiNL(G,) =
3) KLNL(G) =

1. e. K1 is (L(G2)7P)-

K1NL(G,), i. e. K1, L(G,) nonconflict
K>NL(G,), i. e. Ky, L(G,) nonconflict

(K1 NL(G))U

Note for the following proof that here K =
(K> NL(G)).

(b) Generator G,

(a) Generator G

Fig. 3. Plant modules used to obtain the composed plant

Proof:
P~![P(K)|NL(G) ©)
HP((KiNL(G2)) U (K2NL(Gy)))]
NL(G,)
[P(K1NL(G2) UK; NL(G2))]| NL(Ga)
(P~'[P(Ki NL(G2))]
UPP(K2NL(G,))]) NL(G2)
(P~'[P(KiNL(G2))]NL(G2))
U(P[P((K2NL(G2))]NL(G2))
[P(K1)]NL(G2) NP~ [P(L(G))] NL(Ga))

= P

= P71

N

c (P

ékl QL(G2>

(P'[P(K2)]NL(G2) NP~ [P(L(G2))] N

(-

L(Gy))

=K, CL(Gy)
(K1 NL(G2))U(K2NL(Gy))
= (K1 NL(G2)) U (K2 NL(G))
= (K1 ﬂKz) ﬂL(Gz)
= K.

In addition to the requirement that K be (L(G>), P)-normal,
both modular specifications must nonconflict with the mas-
ter plant language L(G,) according to step 8, conditions 2
and 3 of Propos. 4. |

V. ILLUSTRATIVE EXAMPLE

The ideas developed above are now illustrated by an
example. This example uses the same automata as in [1].
Consider two plant generators G; = (X1,X1,01,%01), G2 =
(X2,X0,02,x02) with 21 ={a,B,7,0,r}, 2o ={a,B,v,r},
Yo = {B}, state set and transition structures as in Fig. 3.
The corresponding natural projection is {a,f,y,0,r}* —
{o,y,8,r}*. Given are locally normal specifications K; =
{aB,adr} and K, = {af, ay}. This results in Kn =K; N
K, ={aB}, KL =KiUK, ={aB,ay,odr}.

The composed generator Gspc is shown in Fig. 4(a).
Observe that Gspc is blocking, but would not be so if
state ¢ of Go were marked. The intersected specification
Kn =K NK, ={ap} is (L(Gspc),P)-normal if the con-
dition of Propos. 1 holds: 1 — (1) Kj, K, are nonconflict-
ing as K1 NK, = {e,a,af,ad,adr}N{e a,af,ay} =
{e,a,af} ={af} =K NK, v. Since K;, K, are each
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(a) Generator Gspc (b) Generator Ggsc

Fig. 4. Automata graphs of composed plants

(L(Gj),P)-normal w. r. t. their own plant i, by Propos. 1
their intersection Kn is (L(Gspc),P)-normal. This is easily
verified by inspection of Fig. 4(a). Note that the composed
plant was not used for this decision.

For K, = (K1 UK>) N L(Gspc) = {af, oy}, Propos. 2
is relevant. Condition 2 — (1) is naturally met, because
L(Gspc) is generated by an automaton. By condition
2 - (2 (Ki,L(Gspc)) is nonconflicting because
K N Z(Gspc) = {8,06,05[3,066,0557’} N Z(Gspc) =
{e.a,af} = {ap,adr}NL(Gspc) = KiNL(Gspc)
v. 2 - (2 (KyL(Gspc)) is nonconflicting
because K, N L(Gspc) = {€,a,aB,ay} N L(Gspc) =
{e,a,ap,ay} = {af,ay} NL(Gspc) = K2NL(Gspc) V.
Ky is (L(Gspc),P)-normal, which is easily verified by
inspection. Observe that in this case, the composed plant
language was required for the last two conditions, but the
combined specification language was not used.

Finally the composed generator Ggsc, with G| master
and G, follower, is shown in Fig. 4(b). Checking the con-
ditions of Propos. 3 yields: 3 — (1) P"'[P(K2)|NL(Gy) =
{e,a,af,ay} C{e,a,af,ay} v, 3 — (2) the same as
in 1 — (1). Since Kj, K, are each (L(Gj),P)-normal w. r.
t. their own plant i, by Propos. 3, their intersection Kn is
(L(Ggsc), P)-normal, which is easily verified by inspection
of Fig. 4(b) as well.

When K, = (K; UKy) N L(Gpsc) = {af,ay,adr},
Propos. 4 is applied, with condition 4 — (1) the same as
in Proposition 3. 4 — (2) (K2,L(Ggsc)) is nonconflicting
because K, N L(G)) = {e,a,aB,ay} N L(G)) =
{s,a,aﬁ,ay} = {aﬁ,ay} = KZHL(GI) 7‘/ i - 3
(K1,L(Ggsc)) is nonconflicting because K; N L(Gj) =
{e,a,aB,a8,adr} N L(G,) = {e,a,af,ad,adr} =
{Ot[)’,OCSI"} = KlﬂL(Gl) v'. Thus, K is (L(Ggsc),P)-
normal, as easily verified using Fig. 4(b).

VI. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

The notion of normality was investigated within the
context of composed systems. Sufficient conditions on the
conservation of normality under the application of two

compositional operators of master-slave and strict type were
presented and illustrated by an example. The approach
extends prior work on controllability to partial observation
problems where all controllable events are observable.

B. Future Works

Directions for further research include the analysis of
other compositional operators mentioned in [1] with fo-
cus on the most general operator Prioritized Synchronous
Composition (PSC). The derivation of conditions for all
remaining operators, which are specializations of PSC, from
the results on PSC should be possible.

Furthermore, the quantification of the computational
benefit of the presented methods and expansion to multi-
component systems (n > 2) remain to be investigated in
detail.

In addition, the conditions found should be weakened
from sufficient to necessary and sufficient conditions.

Finally, investigations regarding the conservation of other
properties related to supervisory control design and DES
analysis under composition, such as nonblocking, separa-
bility or optimality, represent potentially useful expansion
of this ongoing line of research.
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